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Abstract: When ¢ is an analytic map of the unit disk D into itself, and X is a Banach
space of analytic functions on D, define the composition operator Cy, by C,(f) = f o ¢, for
f € X. This paper deals with a collection of subclasses of Bloch space by means of composition
operators from a subspace B° of Q, to E(p,q) and Ey(p,q) and gets a new characterization
of spaces E(p,q) and Eo(p,q).
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1. Introduction

First, we introduce some basic notations, used in this paper. Throughout the paper, the
unit disk and circle in the finite complex plane C will be denoted by D = {z € C : |z| < 1} and
0D ={z € C : |z| = 1}, respectively. H(D) will denote the space of all analytic functions on D

and dm Lebesgue measure on D, normalized so that m(D) = 1. For a € D, 0,(2) = {== is the

Mébius transformation of D to itself and g(z,a) = log|1=2%| is the Green function of D with

singularity at a. It is easy to check that
1—[a]*)(1 = [2]*)

1 —az|?

1 foa(z)? =4

Every analytic self-map ¢ of the unit disk D induces through composition a linear composition
operator C,, from H (D) to itself. It is a well-known consequence of Littlewood’s subordination
principlel!! that the formula Co(f) = f o ¢ defines a bounded linear operator on the classical
Hardy and Bergman spaces. So C, : H? — HP? and C, : AP — AP are bounded operators. A
problem that has received much attention recently is to relate function theoretic properties of
¢ to operator theoretic properties of the restriction of C,, to various Banach spaces of analytic
functions?~7). One goal here is to characterize these analytic function ¢ € E (p,q) or Eo(p,q)
that induce bounded or compact composition operators from a space to another space, where

E(p,q) and Ey(p,q) were recently studied by Tan H.O. in [8] and [9], defined as follows:
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Forp>0,g>0and p+ q > 1, define

E(p,q) ={f:feH(D) and Sup/ [F/()P(1 = [2*)P72(1 = |oa(2)*) 7dm(z) < oo},

a€D

Bo(p.) =7 : f € H(D) and Tim [ |F(:)P(1= s~ = o () dim(z) = 0}
and B is a space of analytic functions f with f’ € H> . Set

1o = 1 (O] + 11/l

and

1710 = sp [ 1P~ PP = @R dm(e),
acD JD

Tan H.O. in [8], [9] gives the characterizations of E(p,q) and Ey(p,q) via a Carleson measure
condition. We will get a new characterization of spaces E(p,q) and Ey(p, q) by the boundedness

or compactness of composition operators from a subspace B° of Q, to E(p, q) and Ey(p, q), where
Qu={f:f e HD) and sup [ |()Pg"(z a)dm(:) < o} (g > 0).

For 0 < ¢ < oo, we say that a positive measure p defined on D is a bounded ¢-Carleson
measure provided p(S(I)) = O(|I]9) for all subarcs I of dD, and a positive measure p defined
on D is a compact g-Carleson measure provided p(S(I)) = o(|I1?) (|I| — 0) for subarcs I of 9D,
where |I| denotes the arc length of I and S(I) denotes the usual Carleson box based on I,

I
sy={cepi-Hopcr Zerl
27 |z

Throughout this paper, the letter C' denotes a positive constant which may vary at each

occurrence but it is independent of the essential variables.

2. Preliminary material
Here we collect some Lemmas which will be used in the main results.

Lemma 18 Supposep >0, >0,p+¢>1and ¢ € H(D). Then the following statements are

equivalent:

(1) ¢ € Ep,q);
(2) dpipp,q(2) is a bounded g-Carleson measure, where dj, ;, 4(2) = |¢'(2)[P(1—|2]?)P T4~ 2dm(z).

Lemma 28 Supposep > 0,¢g>0,p+¢>1and ¢ € H(D). Then the following statements are

equivalent:

(1) ¢ € Eo(p, q);
(2) dprg,pq(z) is a compact g-Carleson measure.



No.3 LIU Yong-min, et al: Composition operators from B° to E(p,q) and Eo(p,q) spaces 473

10]

Lemma 3! For 0 < q < oo, a positive measure pu on D is a bounded q-Carleson measure if

—al?
sup [ (G yau(e) < o

aeD Jp |1 —az|?

and only if

and p is a compact g-Carleson measure if and only if

Lemma 4 Suppose p > 0,q >0, p+ ¢ > 1 and ¢ is an analytic self-map of D, then C, : B® —
E(p, q) is compact if and only if for any bounded sequence f,, in B® with {f,} — 0 uniformly on
compact subsets of D, ||Cy(frn)|lp,g — 0 as n — oo.

Proof It is easy.

Lemma 5 Supposep >0,¢q>0,p+q>1 and ¢ € E(p,q). Then

- P(1 — |z|?)Pr9—2dm(z
lellse > (5 s PE m'q') =

for all I on D.

Proof VzeS(I),1—%§|z|<1,takeb:(1—II) then b € D,

Bk

1| LIt
et Hp MR
1o | 2 | T 4772<71'7
I 1P |1 1, _
oz MM gy
19 472 7r( 47T)>27T’
wd 1 LI
1B =1 (= Bl =1 My <
so )
11 bz|2<u
Thus

ll15.q = sup / [ @I (1= 2772 (1~ [oa(2) ) "dm(2)
a€D JD
—lo.(2)]2
= sup [ (Dl P (1~ Pt 2am(e)

acD
— sup / Al o1 )1 = 22y 2dm(2)
aceD JD |1_a2|2
1— [b? B
> [ G P - )
D |1—bz|

> [, G I|> @ P~ 2Py +e2dm(2)

s |9/ GO P2 dms)
=) T ’
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for all I on D. This completes the proof.

3. The proof of main results
We have three main theorems, which will appear as Theorems 1, 2 and 3 in this section.

Theorem 1 Suppose p > 0,q > 0, p+ q > 1, and ¢ is an analytic self-map of D. Then the
composition operator Cy, : B — E(p, q) is bounded if and only if ¢ € E(p,q).

The proof of the theorem is based on the above several lemmas.

Proof We first prove that the condition is sufficient. If ¢ € E(p, ¢), by Lemma 1, dp, p o(2) =

|’ (2)|P(1 — |2]?)PT92dm(z) is a bounded g-Carleson measure. Therefore,

= Ssu H z Q.
aepl) D |1 — EZ|2 P

So, for all f € BO,

1foellpq = SUP/ [ ()P’ ()P (1 = [2[*)P72(1 = |oa(2)[*)dm(2)
a€D JD

<11 s [ Al gy 2
< Wl sup | (Gr—op) Ao
< Mf|2.

Conversely, we assume that C,, : B — E(p, q) is bounded. Then C,(f) € E(p, q) for all f € BC.
Taking f(z) = z gives ¢ € FE(p,q), as desired.

Theorem 2 Suppose p > 0,q > 0, p+ q > 1, and ¢ is an analytic self~map of D. Then the
composition operator Cy, : B® — E(p,q) is compact if and only if ¢ € E(p,q) and for every
€ >0, thereis a §, 0 < d < 1, such that

/ X5 (2)|¢' ()P (1 = [2[)PF2dm(z) < elI]7, (1)
S(I)

for all arcs I on 0D, where Ds = {z € D : |p(z)| > 0}, xp, (2) denotes the characteristic function
of Dé-

Proof If C, : B — E(p,q) is compact, then Cy, : B — E(p, q) is bounded, so ¢ € E(p,q) by
Theorem 1. For any bounded sequence {f,} in B® with f, — 0 uniformly on compact subsets
of D, we have by Lemma 4 ||Cy(fn)[b, — 0 as n — oo. Set fn(z) = 2"/n. Since {z"/n}
is a bounded sequence in B° and converges uniformly to 0 on compact subsets of D, we have

H“"—:ng — 0 as n — oo. Hence, for any given € > 0, there is an N > 0, such that if n > N, then

" e _
—pq = sup/ " P ()P (1 = 12)P 72 (1 = |pa(2)]?)7dm(2)
n acD JD

1—|al? e _

= swp [ (T ool 0 (- )
a€D JD |1_a2|

<eE.
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From Lemma 5, for any given € > 0, there is an N > 0, such that if n > N, then
| @I el P - R () < Celt]
S(I)
for all I. For any 6, 0 < § < 1, we have
PN [ o @I P - ) ()
S(I)
< [, Xo I T P e
I
< Ce|I|?
for all I, since |¢(2)| > § on Ds. Choosing d so that 6PV =P = C, we obtain
/ X5 (2)@' (2)[P(1 = [} 2dm(z) < e|I]?
S(I)

for all I.

To prove that C, : B — E(p,q) is compact, for any bounded sequence {f,} in B® with

fn — 0 uniformly on compact subsets of D, we must have that

Hcap(fn)”p,q—’() as n — o0.

Given any € > 0, there is a 4, 0 < ¢ < 1, such that (1) holds. Since (D — Djs) is a relatively

compact subset of D, {f,} and {f/,} converge uniformly to 0 on ¢(D — Ds), and there exists an

N7 such that for all n > N7 and for all arcs I on 9D

1
i /S(I) XD—D;s (In(e(2)Ple' ()P (1 = [P~ 2dm(z) < [lll} 4

and
ﬁ/sm X5 ()| ()P le (2)[P(1 = |2[*)PH~2dm(z) < || fallgoe-

Since {f,} is a bounded sequence in B°, there is a C > 0 such that || f,,||ze < C. Thus, we get

/ [Fale(@)IP1e' (2)[P(1 = [2*)PT72dm(2) < CelI|
S(I)
for all I on 9D. Thus for all a, § < |a|] < 1,

/D |(fn 0 @) ()71 = [21*)P72(1 = |oa(2)]*)"dm(2)

(1 —la[*)(1—|2[*)
I1—az?

= / [(Fo @) ()P~ 227 Yadim(z)
D

~al?
= /;ﬂ)qufn 0 @) (2)P(1 - [22)P+42dm(z) < Ce.

11— az)?

Therefore, for all n > N;

sup / (fao @) ()P = [2)P72(1 — |oa(2)[*)?dm(2) < Ce.
6<|a|l<1J D



476 Journal of Mathematical Research and Exposition Vol.26

Vae D, te (0,1) and Dy = {2 € D : |p(z)| > t}, set
Ii(a) = /D (fa09) ()P (1= |2)P72(1 ~ |oa(2)]*) 7dm(2),

then I;(a) is a continuous function of a. Since f,, o ¢ € E(p,q), lim;—1 ;(a) = 0. For a fixed
a € D, there is a t, such that I;_(a) < e. Using continuousness of I;(a), there is a neighborhood
U(a) C D of a such that I;, (b) < € for all b € U(a). Since {a € D : |a| < 6} is compact, there
exists a to € (0,1) such that when |a| < d, I;,(a) < ¢, that is,

sup / |(fno @) ()P = 2P 72 (1 = |ou(2)*)?dm(z) <.
D

la|<é to
Since {f] o ¢} converges uniformly to 0 on compact subsets D — Dy, of D, there exists an Na
such that for all n > Ny

sup / [Fr ()P (2)P(1 = |2)P72(1 = |oa(2)[*) dm(z)
D—Dy,

jal<s
<Ei1|1<p§/ o' (2)|P(1 = [2*)P~2(1 = |oa(2)|?) "dm(2)

<ellelpq

So
e / (fn 0 @) (2)[P(1 = 2)P2(1 — |ou(2)|?)%dm(z) < Ce.

jaj<s /D

Therefore, there exists an N, for all n > N

1Co ()2,
—sup/ [(fa 0 @) (NP = [22P~2(1 — |04 (2)[2)1dm(z)+

= sup/ |(fr o @) ()P (1 = [21*)P72(1 = |oa(2)]*) "dm(2)+

la|<é&
swp [ | o ) P = 221 o o)yt
6<|al<1J D

< Ce.

Thus,

1Ce(fr)llp.g = 0 as n— oo

The proof of Theorem 2 is completed.

To give another result, we need the following notations!®/. Let 6 € [0,27), h € (0,1) and
S(h,0) = {2 € D:1—h < |z] <1,/ —argz| < h} be the Carleson box at e®. It is easy
to see that that the measure y defined on D is a bounded g-Carleson measure is equivalent to

SUDPge[0,27),he(0,1) “(S,(L];’e)) < 00, and that the measure p defined on D is a compact g-Carleson

measure is equivalent limp_.g W = 0 uniformly on 6 € [0, 27).

Now we establish the third result of this section.
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Theorem 3 Suppose p > 0,q > 0, p+ g > 1 and ¢ is an analytic self-map of D. Then the

following statements are equivalent:

(1) ¢ € Eo(p.q);

2) The composition operator C, : B® — Ey(p, q) is bounded;
]

3) The composition operator C,, : B® — Ey(p, q) is compact.
]

Proof (1)— (2). If ¢ € Ey(p,q), by Theorem 1, the composition operator Cy, : B® — E(p, q) is
bounded. So it is enough to show that C,,(B") C Ey(p,q). Since ¢ € Ey(p,q), by Lamma 2, for
every € > 0, there exists a 6 > 0 such that for all f € B°

[ oo @Pa =[Py 2dm(e)
S(1)
= [P P~ [ 2dmz)
S(1)
p '(DP(1 — 1212)P T2 dm (2
QW@AJMNO 227+ dm(2)

:W%/ At pq < Cel|1,
S(I)

provided |I| < §. So by Lemma 2, we get f oy € Ey(p,q).

(2)— (1) is obvious.

(3)— (2) is easy.
Finally, we show that (1)— (3). Suppose that ¢ € FEy(p,q). To prove that the composition
operator Cy, : B® — Ey(p,q) is compact, we need to show that Cy,(B°) C Ey(p,q) and the
composition operator C, : B° — E(p,q) is compact. The first inclusion is obvious since (1)
implies (2). Now we prove compactness of Cy,. For any bounded sequence {f,} in BY with

fn — 0 uniformly on compact subsets of D, we must prove
1Co(fr)llh, — 0 as n — oo.

Since ¢ € Fy(p,q), from Lemma 2 for ¢ > 0, there is a 4, 0 < § < 1, such that for b < § and
6 € [0, 2m)

/ " (2)[P(1 = [2[*)PT472dm(2) < eh?. (2)
S(h,0)

For h, h < §, 0 € [0,27) and || f»||go < C, we have

[ Aoy GIPa = R 2dm(e)
S(h,0)

“fa

<Mallso [ 1P = ) 2dm(z) < Ceh
S

)

)

) (eI ()P (1 — [T 2dm(2)

For h, h > §, 6 € [0,2m), choose hg < § and a positive integer m such that 2(m — 1)hg < 27 <
2mhg, so m < hlo + 1, to set

K={zeD:1-h<|z|<1-ho},
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and 0; = 2(j — L)ho (j = 1,2,---,m). Vz € S(h,0), if €K, Jj € {1,2,---,m}, such that
|argz — 0] < ho, and 1 — hg < |z|, so z € S(ho,0;). Consequently, there exist 61,02, --,6,, €
[0,27) and a compact subset K of D such that

S(h79) CcKU (LmJ S(ho,ej))

j=1

Since {f},} converges uniformly to 0 on a compact subset K of D, then there exists an N > 0,
such that for all n > N and h € (0,1)

[ ooy P = zProams) <« [ P02 2am(e) < cont ()
K K
For S(ho,0;), j =1,2,---,m, using (2) we have
[ P e tam(e) < bl @)
S(ho,0;)
From (3) and (4), we have for h > d and n > N
[ U @P -t 2am(e)
S(h,0)
— [ P P ()
)

S(
<(] + /’“ )|(fn 0 @) (2))IP(1 = |2[*)PH9"2dm(2)
K S(ho,0;)

SC’hq—Fm ()Pl (2)|P(1 — |2)*)PHe2dm(2
€ ;/S(Mj)lf(w())l P (2)[P(L = |2]%) (2)

< Ceh?+Ce Y hi < Cehf. (5)

j=1

Combining (2) and (5), we get for all m > N, h € (0,1) and 6 € [0, 27) that
/ (fa o @) (2)IP(1 = [2[*)PF972dm(2) < Ceh.
5(h,0)
Hence, we obtain
/ [Fa(p(2))IP1' (2)[P(L = [2*)PT12dm(z) < CelI|?
5(I)
for all I on dD. As in the proof of Theorem 2, we have

||C<p(fn)||p,q—>0 as n — o0.

The proof is finished.
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