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1 t uvxwxyxzx{x|x}x~
Liénard �x�x�

x′′(t) + f1(t, x(t))|x′(t)|2n + f2(t, x(t), x(t − τ0(t)))x
′(t) + g(t, x(t − τ1(t))) = p(t) (1.1)~

ω- �x�x� ~x�x�x�x�x�x����� ω > 0 �x�x�x� f2, τ0, τ1 , p : R → R � f1, g : R×R → R ��x�x� �x� τ , g � p �x� t � ω- �x� ~x��x� �x�x� Liénard �x�x�
x′′(t) + f(x(t))x′(t) + g(x(t)) = p(t), (1.2)

�
x′′(t) + f1(x(t))|x′(t)|2 + f2(x(t))x′(t) + g(x(t)) = p(t). (1.3)� � �xyx�x�x�x~x x¡x¢x£ �¥¤x¦x§ � �x�x� ~x�x�x�x�x�x¨x©xªx«x¬xx~x®x¯ �¥°�± �x²x³x~´xµx¶x·

[1−7]. ¸x§x¹xºx�e§ yxzx{x|x}x~ Liénard �x�x�x�x�x� �x�x�x~ ´xµx»�¼¾½x¿ [8−10].�xÀxÁx~xÂxÃ
[8]
� �ÅÄxÆxÇx�ÅÈÅÉxÊ ´xµxËxÌxÍ yxzx{x|x}x~ Liénard �x�x�

x′′ + f(t, x(t), x(t − δ(t)))x′ + β(t)g(x(t − τ(t))) = p(t), (1.4)~ �x�x� �x�x�ÅÎxÏxÐx¡ Mawhin ÑxÒxÓxÔx�ÅÕ ÂxÖx×xØxÙ ËxÌxÍxÚxÛÜxÝ
A Þ F = sup(t,x,y)∈R3 |f(t, x, y)| < 1

ω , β1 = maxt∈[0, ω] β(t) ≥ β0 = mint∈[0,ω] β(t) >

0 ßxàxá (H0)âäã�åçæ
: 2004-02-13 èäé åçæ : 2005-12-10êäëäì�í
: îäï�ðçñäòäóäôäõ (10371034), öä÷äø�ðçñäòäóäôäõ (05JJ40009)
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(i) lim sup|x|→+∞ |x−1g(x)| ≤ r � (ii) lim|x|→+∞ g(x)sgn(x) = +∞.ûxü �Åýxþ r < 1−Fω

β1ω2 ÿ �Å�x� (1.4)
�x�

ω- �x�x� ���� � ÂxÃ [8] � � àxá (H0) ��� ~���� Í � Ù�� Ë �x� (1.4) �x�x� �x�x~�	�
����x�Ú� ���xß ÂxÃ [ 8,9,10]
~���� ÚxÛ�� ²������ àxá (H0)(i) ��� ��� ·�� � �x�Åþxàxá (H0)� ��� ÿ � �x� (1.4) �x�x� ~x�x�x� »���� ÂxÃ���� ´xµ ����� � (1.2), (1.3) � (1.4) � �� !

(1.1)
~�"�#�$�%x�'&�( �') � ´xµ �x� (1.1)–(1.4) �x�x� ~x�x�x��*x� Ô �+�, � ��-�. +, ��/xÂxÐx¡�0x~���1�2�3�4�5

Mawhin ÑxÒxÓxÔ �76�8 Ω
~x×�9�: � � � ��� àxá (H0) �� ~���� Í � Ù�� Ë �x� (1.1) �x�x� �x�x~�	�
����x��;�� �=< � ��>�? Ë ± �xÂxÃ��¾~ ¸x�Ú� ��/xÂ�@�A�B Í�C�D�E

|x|k = (

∫ ω

0

|x(t)|kdt)1/k, |x|∞ = max
t∈[0,ω]

|x(t)|, f ′
1(x) =

df1(x)

dx
,

h′
i(x) =

dhi(x)

dx
, i = 1, 2, · · · , n,

X = {x|x ∈ C1(R, R), x(t + ω) = x(t), ∀ t ∈ R},

Ó ,�F �x� E
‖x‖X = max{|x|∞, |x′|∞},

Y = {x|x ∈ C(R, R), x(t + ω) = x(t), ∀ t ∈ R},

Ó ,�F �x� E
‖x‖Y = |x|∞.

ý X, Y Gx� Banach H�I �Å� X JxÓ ,�K ��L�M E
L : D(L) ⊂ X −→ Y, Lx = x′′, D(L) = {x|x ∈ X, x′′ ∈ C(R, R)}, (1.5)

Ó ,�N�K ��L�M N : X −→ Y,

Nx = −f1(t, x(t))|x′(t)|2 − f2(t, x(t), x(t − τ0(t)))x
′(t) − g(t, x(t − τ1(t))) + p(t). (1.6)

O Ù
KerL = R, ImL = {x|x ∈ Y,

∫ ω

0
x(s)ds = 0}.

&�(
L
!�P�Q ��R ~ Fredholm

L�Mx��S�T
U L�M

P : X → KerL � Q : Y → Y/ImL �
Px(t) = x(0) = x(ω), Qx(t) =

1

ω

∫ ω

0

x(s)ds.

ý ImP = KerL ß KerQ = ImL.
S

LP = L|D(L)∩KerP ,
O�V

LP

!�W�X ~ �Åß � X �
L−1

P : ImL → D(L) ∩ KerP, L−1
P y(t) = − t

ω

∫ ω

0

(t − s)y(s)ds +

∫ t

0

(t − s)y(s)ds. (1.7)

2 Y[Z(t[\�
(1.4) � (1.5)

O �x� L�M �x� Lx = λNx ] Í�^ �x��_�`
x′′+λ[f1(t, x(t))|x′(t)|2+f2(t, x(t), x(t−τ0(t)))x

′(t)+g(t, x(t−τ1(t)))] = λp(t), λ ∈ (0, 1). (2.1)
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exÝ
2.1 (Mawhin ÑxÒxÓxÔ )[11] Þ X , Y Gx� Banach H�Ix� L : D(L) ⊂ X → Y

!�P
Q ��R ~ Fredholm

L�M � N : Ω → Y
�

Ω J ! L- f ~ �Åß Ω � X
�¾~x��:�g�6 ����hxÞÍ�^ àxá���� E

(1) Lx 6= λNx, ∀x ∈ ∂Ω ∩ D(L), ∀λ ∈ (0, 1);

(2) Nx 6∈ ImL, ∀x ∈ ∂Ω ∩ KerL;

(3) deg{QN, Ω ∩ KerL, 0} 6= 0.ýx�x� Lx = Nx
�

Ω ∩ D(L)
�7i ¿ �x�x¨�j � �exÝ

2.2 (Wirtinger
� _�k )[11] Þ x ∈ C2(R, R) ß x(t + ω) = x(t), ý

|x′(t)|22 ≤ (
ω

2π
)2|x′′(t)|22. (2.2)

exÝ
2.3 hxÞ

(H1)
�x� �x� d > 0 l

x(g(t, x) − p(t)) > 0(m x(g(t, x) − p(t)) < 0), ∀ t ∈ R, |x| ≥ d

���x���xÞ x(t) �x�x� (2.1)λ

~�n +
ω− �x�x�x�Åý �
|x|∞ ≤ d +

√
ω|x′|2. (2.3)

o�p Vrq7s�t � ÂxÃ [8],
(�u�v�wx�

3 x[y[z[{ÜxÝ
3.1 hxÞ Í�^ àxá���� �

(H2)
�x��| �x� d � M ��l x(g(t, x)− p(t)) > 0, ∀ t ∈ R, |x| ≥ d, �xß�l Í�^ àxá�} ¨

��� E
(i) þ t ∈ R, x ≤ −d ÿ � g(t, x) ≥ −M, ß ∀ t ∈ R, f1(t, x) ≥ 0,

(ii) þ t ∈ R, x ≥ d ÿ � g(t, x) ≤ M, ß ∀ t ∈ R, f1(t, x) ≤ 0;

(H3) F2 = sup(t, x, y)∈R3 |f2(t, x, y)| < 1
4ω .ýx�x� (1.1)

i ¿ �x�x¨�j
ω- �x�x� �o�p C

(2.1)
~x�x�

ω- �x�x��~�� ~�6�8 � Ω1. ∀x(t) ∈ Ω1, �x�x� (2.1) ��� v 0
�

ω� �x�
∫ ω

0

f1(t, x(t))|x′(t)|2dt+

∫ ω

0

f2(t, x(t), x(t − τ0(t)))x
′(t)dt+

∫ ω

0

(g(t, x(t − τ1(t))) − p(t))dt = 0. (3.1)

Ú 8 àxá (H2),
Vrq

|x′|∞
��: ���x¦�� vxw àxá (H2)(i) ��� ~�$�% ( àxá (H2)(ii) ��� ÿ Ws�t�Vrq

).� àxá (H2)(i) ���x� (3.1)
�

∫
[x(t−τ1(t))>d]

|g(t, x(t − τ1(t))) − p(t)|dt
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=

∫
[x(t−τ1(t))>d]

(g(t, x(t − τ1(t))) − p(t))dt

= −
∫

[x(t−τ1(t))≤d]

[g(t, x(t − τ(t))) − p(t)]dt −
∫ ω

0

f1(x(t))|x′(t)|2dt−

∫ ω

0

f2(t, x(t), x(t − τ0(t)))x
′(t)dt

≤
∫

[x(t−τ1(t))≤d]

|g(t, x(t − τ(t))) − p(t)|dt +

∫ ω

0

|f2(t, x(t), x(t − τ0(t)))x
′(t)|dt

≤ ω(max{|g(t, x)| : t ∈ R, |x| ≤ d} + M) + ωF2|x′|∞. (3.2)

� !
∫ ω

0

|f1(t, x(t))|x′(t)|2|dt =|
∫ ω

0

f1(t, x(t))|x′(t)|2dt|

=|
∫ ω

0

(−f2(t, x(t), x(t − τ0(t)))x
′(t) − (g(t, x(t − τ1(t))) − p(t))dt|

≤
∫ ω

0

|f2(t, x(t), x(t − τ0(t)))x
′(t)|dt +

∫ ω

0

|g(t, x(t − τ1(t))) − p(t)|dt

≤ωF2|x′|∞ +

∫
[x(t−τ1(t))>d]

|g(t, x(t − τ(t))) − p(t)|dt+

∫
[x(t−τ1(t))≤d]

|g(t, x(t − τ(t))) − p(t)|dt

≤2ω(max{|g(t, x)| : t ∈ R, |x| ≤ d} + M) + 2ωF2|x′|∞. (3.3)

��+ �
x(0) = x(ω),

v����x�x� �x� ζ ∈ [0, ω] l Ù x′(ζ) = 0,
v��

Schwarz
� _�k �

|x′(t)| = |x′(ζ) +

∫ t

ζ

x′′(s)ds| ≤
√

ω|x′′|2. (3.4)

&�( � � (3.2), (3.3) � (3.4)
�

|x′|∞ ≤
∫ ω

0

|x′′(s)|ds

= λ

∫ ω

0

|f1(t, x(t))|x′(t)|2 + f2(t, x(t), x(t − τ0(t)))x
′(t) + (g(t, x(t − τ1(t))) − p(t))|dt

≤ 4ω(max{|g(t, x)| : t ∈ R, |x| ≤ d} + M) + 4ωF2|x′|∞.

v���� àxá (H3)
�

|x′|∞ ≤ 4ω(max{|g(t, x)| : t ∈ R, |x| ≤ d} + M)

1 − 4ωF2
:= D1. (3.5)

�
(2.3) � (3.5)

W Ù � �x� ] λ �x� ~�| �x� M1 l
‖x‖X ≤ |x|∞ + |x′|∞ < M1.
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°xÞ ∀x ∈ Ω2 = {x|x ∈ KerL ∩ X, ß Nx ∈ ImL}, ý �x�x� �x� M2 l Ù
x(t) ≡ M2, ß ∫ ω

0

[g(t, M2) − p(t)]dt =

∫ ω

0

g(t, M2)dt = 0.

�
(H2)

W �
|x(t)| ≡ |M2| < d, ∀ x(t) ∈ Ω1. (3.6)S

M = M1 + d + 1.
C

Ω = {x|x ∈ X, ‖x‖
X

< M}.�
(1.6) � (1.7)

O � N
�

Ω J ! L- f ~ � ��+ � M > max{M1, d}, � � (3.6)
W � @ Ô 2.1~ àxá (1) � (2) ��� �

�x¦xÓ , �x����� H(x, µ):

H(x, µ) = −(1 − µ)x − µ · 1

ω

∫ ω

0

g(t, x)dt; µ ∈ [0 1].

� àxá (H2)
W �

xH(x, µ) 6= 0, ∀ x ∈ ∂Ω ∩ KerL.�xÙ
H(x, µ)

!���� ��� � v��x�
deg{QN, Ω ∩ KerL, 0} = deg{− 1

ω

∫ ω

0

g(t, x)dt, Ω ∩ KerL, 0}

= deg{−x, Ω ∩ KerL, 0} 6= 0.

&�( ��� ��@ Ô 2.1
O �x�x� (1.1)

i ¿ �x�x¨�j
ω- �x�x� � 2s�t ÓxÔ 1

~ Vrq ���x¦ W B Vrq¾Í�^xÚ� ��� �ÜxÝ
3.2 hxÞxàxá (H3) ��� � ß Í�^ àxá���� �

(H̄2)
�x��| �x� d � M , l x(g(t, x)− p(t)) < 0, ∀ t ∈ R, |x| ≥ d, �xß�l Í�^ àxá�} ¨ �

� E
(i) þ t ∈ R, x ≥ d ÿ � g(t, x) ≥ −M, ß ∀ t ∈ R, f1(t, x) ≥ 0;

(ii) þ t ∈ R, x ≤ −d ÿ � g(t, x) ≤ M, ß ∀ t ∈ R, f1(t, x) ≤ 0,ýx�x� (1.1)
i ¿ �x�x¨�j

ω- �x�x� �s�t �xÓxÔ 3.1
~ Vrq ���x¦ � W B Vrq¾Í�^xÚ� ��� �ÜxÝ

3.3 hxÞ f2(t, x(t), x(t − τ0(t))) ≡ f2(x(t)), f1 = f1(t, x(t − τ0(t))), ßxàxá (H2)( m
(H̄2)) ��� � ýx�x� (1.1)

i ¿ �x�x¨�j
ω- �x�x� ����

1 � � � /xÂx~ Ú�����xË ÓxÔ A
�¾���x~ àxá (H0), �xß /xÂxwx~ �x� (1.1)

¼
± �xÂxÃ [1–11]

�¾~ �x����� �x� � &�(�/xÂx~ Ú� < �����x� Ë J���± � ÂxÃx~ ¸   ÚxÛ �
�[�[�[�[�
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Periodic Solutions for a Liénard-Type Equation with Deviating

Arguments

MENG Hua, LIU Bing-wen
(Dept. Math., Hunan University of Arts and Science, Changde 415000, China )

Abstract: We use the coincidence degree theory to establish new results on the existence of ω-periodic
solutions for the Liénard-type equation with deviating arguments

x
′′(t) + f1(t, x(t))|x′(t)|2 + f2(t, x(t), x(t − τ0(t)))x

′(t) + g(t, x(t − τ1(t))) = p(t).

The results improve and extend some existing ones in the literature.

Key words: Liénard-type equation; deviating arguments; periodic solution; coincidence degree.


