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y
G z|{|}|~ c = c(G) �|�|�|�|�|� y z|�|��~�� v(G) �|�|�|�|�|�|� y z|����~|�

v∗(G) �|�|�|�|�|{|} y z|�|�|�|�|�|�|�|�|���|�|�|�|�|�|�| |¡|¢|£|�|� y z|¤|¥|¦�§|¨|�©|ª ¤|«|¦­¬|®|¯°|±
A ² G �|�|�|{|} y ¦­³|´|µ|£|¶|·|�|�|¸|¹|¯

(1) v∗(G) = 1;

(2) v(G) = 1;

(3) G ∼= M(pn) = 〈a, b|apn

= bp = 1, b−1ab = a1+pn−1

〉,

�»º p �|¼|�|½|¾ p > 2 ¿|¦ n ≥ 2, ¾ p = 2 ¿|¦ n ≥ 3.À»ÁÃÂ|Ä
[3] Å|Æ 1 Ç Â|Ä [1] z|È|�|Å|Æ|É|§|� Â|Ä [2] Ê»ËÃÌ|¯°|±

B ² G �|�|�|{|} y ¦­³|´ v(G) ≥ c(G) − 1 � G Í Hamilton
y �

¾ G �|Î|Ï y z|Ð|Ñ|¦ Â|Ä [3] Ò|Ó|�|Ô|Õ|®|µ|�°�±
C ² G ��Î�Ï�{�} y ¦­³�´ v∗(G) ≥ c(G) − 1; ¾�½�Ö�¾ G � Abel z�� G ∼=

M(pn), n ≥ 3 ¿|¸|×|Ø|É|�
�Ù¬Ù�ÙÚÛËÜÅÙÆ C ºÜÝÙÞ G ÍÙÎÙÏÙzÙßÙàÙ�Ùá|âÙãÙäÙz|�æåÜ®|² G ∼= S(2n) = 〈a, b|a2n−1

=

b2 = 1, b−1ab = a−1+2n−2

〉, ç v∗(G) = 2 è c(G) = n − 1, ¾ n ≥ 5 ¿|¦ v∗(G) < c(G) − 1.

�|�êéìë|z|í|·|�|¯­î|ã|ä|Å�Æ C ºÃÝ|Þ “
y

G Í|Î|Ï ” z|ï|²|ß|à|ð G z|¤|¥|®|ñêòó|Â|ô|õ Ì À �|í|·|¦­ö|§|®|µ|�|÷|ø|z|¤|«|�°|±
1 ² G �|�|�|{|} y ¦­³|´|µ ª ¤|ù|ú|�|Ø|É|¯

(i) v∗(G) ≥ c(G) − 1;

(ii) G � Hamilton
y|û

(iii) G ºÃü|î|�|�|� y K ý|§ K/Z(K) �|�|�|þ|ÿ��|þ|¥|Þ D(2n), n ≥ 3 � C2 × C2.

þ|¿|¦��| ������|£|á|¸��|¸|×|Ø|É|z|ß|à��|Ì�	�
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ó|Â�&�' z y�( Í|�|�|� D(2n) � 2n Ï�)�*�+ y ¦ Q(2n) � 2n Ï|Õ�,�-�.|� y ¦ S(2n) =

〈a, b|a2n−1

= b2 = 1, b−1ab = a−1+2n−2

〉 � 2n Ï�/�)�*�+ y ¦ è Ki(G) Ú�0 G z|µ»º21 y ª z3
i 4|�

1. 5767879
Í|Ì|ý|Å|Æ|z|Ê»Ë2:|£�;�<|¦�=|Ò|Ó�>|��?|Æ|�@|±

1 ² G �|��A�B p-
y ¦ G �|�|��C|�|Í p z|�|�|� y ¦Ã½ v∗(G) = 2, ³|´|µ ª ¤

ù|ú|�|Ø|É|¯
(1) G ∼= D(2n) = 〈a, b|a2n−1

= b2 = 1, b−1ab = a−1〉, n ≥ 3;

(2) G ∼= S(2n) = 〈a, b|a2n−1

= b2 = 1, b−1ab = a−1+2n−2

〉, n ≥ 4;

(3) G ∼= Q(2n) = 〈a, b|a2n−1

= 1, b2 = a2n−2

, b−1ab = a−1〉, n ≥ 3.D�E Á Þ G �|� Abel p-
y ¦ G �|�|��C|�|Í p z|�|�|� y ¦GF�H [4, Å|Æ 5.14], G þ

¥|Þ D(2n), n ≥ 3; � S(2n), n ≥ 4; � Q(2n), n ≥ 3; � M(pn), n ≥ 3(p > 2) � n ≥ 4(p = 2).

è Á Å�Æ A IKJ v∗(M(pn)) = 1. µK*�Ê Ë G ∼= D(2n) � S(2n) � Q(2n) ¿ ( � v∗(G) =

2. L G ∼= D(2n), n ≥ 3.
À ¿ 〈a〉 M�� 2n−1 � 2 ÏK.�¼�� ÀKN .�¼KIK	�Í���������~�¯

{〈b〉, 〈ba2〉, 〈ba4〉, . . .} � 2n−1/2 = 2n−2 �|�|�|z|�|�|�|�|�|� y ¦ìè|½ Á Þ CG(b) = 〈b, aq〉, O
è |G : CG(b)| = 2n−2, P|�| |¥|Ø 〈b〉 z�Q�R|�|�|�­~�S�T|¦�I|§ G z�U|�|�|�|�|�|�|�|� y
�|�|~ {〈ba〉, 〈ba3〉, 〈ba5〉, . . .}. V�W�X|¨|¦ G Y2Z|�|�|�|�|�|�|�|�|� y �|�|~|¦[P v∗(G) = 2.

L G ∼= S(2n) � Q(2n) ¿�I|~�S|Ô|Ó v∗(G) = 2.@|±
2

[2] ®|« N � G, ½ N ≤ H ≤ G, ³|´ {H1, H2, . . . , Hr} � H î G ºÃz|�|�|�|�
~|¾|½|Ö|¾ {H1/N, H2/N, . . . , Hr/N} � H/N î G/N ºÃz|�|�|�|�|~|�
��\|¦ v∗(G/N) ≤ v∗(G).Á ?|Æ 1, ®|« v(G/N) = v(G) 6= 0 � G z�]|�|�|� y N Ø|É|¦Ã³|´ N ^�_|Þ G z�`|�

�|�|�|� y ºÃ¦ba v∗(G/N) = v∗(G) 6= 0 ¿|¦ À �|¤|ù|á�c|Ø|É|� åÃ®|¯ v∗(S(2n)/〈a2n−1

〉) =

v∗(D(2n−1)) = 2, 〈b〉 � S(2n) z|�|�|�|�|�|�|�|� y ¦da 〈a2n−1

〉 6≤ 〈b〉. ë|è|¦d� G Í p-
y z

Ð|Ñ|¦��| |â|Ê»Ë@|±
3 ² G �|�|� p-

y � v∗(G/Kc(G)) = v∗(G) 6= 0, �»º Kc(G) � Z(G) z�e|�|�|�
p Ï|� y ¦­³|´ p = 2 ½

(1) G �|�|�|�|�|� y K ∼= Q(2n), n ≥ 3; �|�
(2) 〈x〉G ∼= D(2n), n ≥ 3, �»º 〈x〉 � G z�]|� 2 Ï|� y �D�E ² x � G z|�|� p Ï�.|�Ü®|«���`|� x

( � 〈x〉 î G ºÃ�|�|¦Ü³|´ Á Þ G �|�|�
p-
y ¦ 〈x〉 ≤ Z(G).

Á ï|²|¦ 〈x〉 = Kc(G). O|è G f|��e|�|z|�|� p Ï|� y ¦ G �|�|�|Í|Õ
,�-�.|� y �­è|¾ G �|�|¿|¦ v∗(G) = 0. P G Í|Õ�,�-�.|� y ¦ G ∼= Q(2n), n ≥ 3.g ² G ºh_���������z p Ï�� y 〈x〉, ç x 6∈ Kc(G). îK`�� ÀKi z p ÏK. x ºhjKk�ý
〈x〉G l ��m�n�I|â|Ï|z x, o�p H = 〈x〉G. ² H/K � G z|�|�|È�q|�|¦­³|´ |H/K| = p. rs

K 6= 1, t|² N � G z�^�_|Þ K z�u�n|�|�|� y ¦­ç Á p
y ø�v�J N ≤ Z(G) ½ |N | = p.

a|ï|² Kc(G) � Z(G) z�e|�|¼|�|Ï|� y ¦GP N = Kc(G), Kc(G) ≤ K〈H .
g�w�x

K z|�|� p

Ï�. y, ç 〈y〉G ≤ K.
Á Þ 1 6= 〈y〉G ½ N � G z�u�n|�|�|� y ¦�P Kc(G) ≤ 〈y〉G ≤ K < H .Á

x zKjKkKJ 〈y〉 � G, O�è Kc(G) = 〈y〉.
À Ú Ë Kc(G) � K zKe������ p Ï�� y ��q
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~ ¦ K Í|�|� y �|Õ�,�-�.|� y ��L K Í|Õ�,�-�.|� y ¦ ç�?|Æ|¤|ù (1) Ø|É|���|µ|² K Í
��� y ¦ À ¿ H �����KC���Í p z������ y K. ®�« H � Abel z�¦­ç Á Þ H zK���K��Ø
. ( Í p Ï�¦ H ÍK��¸ Abel z���O�è K = Kc(G) ½ H = 〈x〉Kc(G) = 〈x〉 × Kc(G).

À
Ú Ë 〈xKc(G)〉/Kc(G) = H/Kc(G) � G/Kc(G); � v∗(G/Kc(G)) = v∗(G) �K���­®�« H �
� Abel z�¦�� [4, p151 Å�Æ 5.14] H þ�¥�Þ D(2n), n ≥ 3; S(2n), n ≥ 4; Q(2n), n ≥ 3 �
M(pn), n ≥ 3 ( ¾ p > 2 ¿ ) � n ≥ 4(¾ p = 2 ¿ ) ú�����L H ∼= M(pn), ç Á Å�Æ A I�§
v∗(G) = 1, H z|�|�|�|�|�|� y�( î H ºÃ�|�|� ~ ¿ Á Þ H � G, O|è 〈x〉 î H ºÃ�|�|� (�
ç 〈x〉g � H, ∀g ∈ G.H = 〈〈x〉g |g ∈ G〉 ÍK��¸ Abel, �K� ). 〈x〉g = 〈x〉hg , hg � H zK]��K.
¼|��q ~ ¦ H = 〈x〉H .

g î�q|Í H Í p-
y ¦�P H/Φ(H) ���|¸ Abel z|¦ Φ(H)〈x〉 � H,

&
'

Φ(H)〈x〉 î H ºÃz|�|����^|¦ H = 〈x〉. ���|��q ~ ¦ H = 〈〈x〉g1 , 〈x〉g2 , . . . , 〈x〉g|G| 〉 ºÃz
〈x〉gi , i = 1, 2, . . . , |G| 	��|Í H z|�|� p = 2 Ï|�|�|� y �|�|~|��a Á ?|Æ 1 J v∗(D(2n)) �
v∗(S(2n)) � v∗(Q(2n))

( Í 2. `��|¦ �| |� H z�Q�R|�|�|�|�|�|� y z|�|�|~|� ë|è Q(2n)

f|��e|�|z|�|� p = 2 Ï�.|¦ S(2n) z|�|�|�|�|�|�|�|� y z|�|�|~|���|ÚK.|z|Ï�á|þ�¦�O|è
H ∼= D(2n), n ≥ 3.

À ��?|Æ|z|¤|ù (2).@|±
4 ² G �|�|� y ¦­ç v∗(G) = 0 ¾|½|Ö|¾ v(G) = 0.D�E ®|« v∗(G) = 0, ç|¾ G ��A�B|¿|¦��| ���� G � Hamilton

y �������|¦�L|ü|î
G z|�|�|�|� y H, �|  x G z�`|�|�|�|�|� y ºÃÏ|Í�m�n|z|�|�|¦�p|Í K. ç K z�`|���|�y�( �|�|Þ G, è K î G ºÃ�|�|�|�2O|è K f|��e|�|z|�|��u��|� y � À���� K Í|�|�|¦2�
v∗(G) 6= 0. ���|��P G � Hamilton

y ¦ v(G) = 0.

2. �7�7�797�����
°|±

1 � D�E ®|« v∗(G) = 0, ç Á ?|Æ��[J G z�`|�|� y�( Í G z|�|�|� y ¦hO|è G

�|�|� Abel z|¦ À ¿ c(G) = 1, v∗(G) = 0, Å|Æ»ºÃ¤|ù (i) Ø|É û �|� G � Hamilton
y ¦­Å

Æ»ºÃz|¤|ù (ii) Ø|É|�
®|« v∗(G) = 1,

Á Å|Æ A J G ∼= M(pn) : p Í|¼|�|½ p ≥ 3 ¿ n ≥ 2, è|¾ p = 2 ¿ n ≥ 3.~ ¿ c(G) = c(M(pn)) = 2, Å|Æ»ºÃ¤|ù (i) Ø|É|�
®|« v∗(G) ≥ 2. �| ����|Å|Æ»º (i), (ii), (iii)  |�|�|�|Ø|É|�G�|ç|¦ ² G ��u�n|Ï�¡|¬|�

W�J c(G) ≥ 4. µ�*�	|��¢|Ð|Ñ�£|ù|�
¤�¥

1. G z»º21 Z(G) ^�_|�|�|¼|�|Ï��|� y N 6= Kc(G). r|ë|¦ N � G z��|�|�|�y ¦ Á ?|Æ§¦ ¦ v∗(G/N) ≤ v∗(G). t N 6= Kc(G), P c(G/N) = c(G).
g î�q|Í G ��u�n|Ï�¡

¬|¦ G {|}|¦�O|è G/N {|}�o|½�� G/N è��|Å|Æ»º (i), (ii), (iii)  |�|�|�|Ø|É|�
®|« v∗(G/N) ≥ c(G/N)− 1. ç c(G) − 1 = c(G/N)− 1 ≤ v∗(G/N) ≤ v∗(G).

À � G ��u
n|Ï�¡|¬����|�
®|« G/N � Hamilton

y ¦­ç c(G) = c(G/N) = 2, � c(G) ≥ 4 ���|�
®|« (K/N)/(Z(K/N)) �|�|�|þ|ÿ���� D(2n) � C2 × C2 þ|¥|¦­ç�q

((K/N)/(Z(K)/N))/((Z(K/N))/(Z(K)/N)) ∼= (K/N)/(Z(K/N))

� (K/N)/(Z(K/N)) ∼= K/Z(K), I���X|¨|¦ K/Z(K) �|�|�|þ|ÿ���� (K/N)/(Z(K/N)) þ
¥|¦�O|è K/Z(K) �|�|�|þ|ÿ���� D(2n) � C2 × C2 þ|¥|¦ À ���|Þ G ��u�n|Ï�¡|¬|�



560 6 5 # $ 7 % ^ 26 �
¤�¥

2.
g î�I|² G z»º21 Z(G) Z|��¨|Þ Kc(G) z|¼|�|Ï��|� y N, O|è|�|� Z(G)

ó
© �|¼|�|Ï|z|¦ �|� G z»º21 Z(G) z��|�|¼|�|Ï��|� y�ª ¸|Þ Kc(G).

&�' ¨ G {|}|¦ ®|«
G á|� p-

y ¦�I|² G = P1 × P2 × . . . × Pr, r > 1, Pi � G z Sylow pi- � y ¦ i = 1, 2, . . . , r.

ç Z(G) = Z(P1) × Z(P2) × . . . × Z(Pr), r > 1. �»º2�|� Z(Pi) > 1.
À � Z(G) �|¼|�|Ï|z|¦

�|� Z(G) z��|�|¼|�|Ï��|� y�ª ¸|Þ Kc(G) ���|��P G �|�|� p-
y �&�'

G/Kc(G), W�J c(G/Kc(G)) = c(G) − 1, è�� G/Kc(G) è��|Å|Æ»ºÃz|¤|ù (i), (ii),

(iii) ú|�� |Ø|É|�Z®|« G/Kc(G) � Hamilton
y � G/Kc(G) z»º21�«|�|�|�|þ|ÿ���� D(2n) �

C2×C2 þ|¥|� ~�S|Þ|Ð|Ñ 1 I � Ó����|�¬O|è� |� c(G)−2 = c(G/Kc(G))−1 ≤ v∗(G/Kc(G)).

þ|¿|¦ v∗(G/Kc(G)) ≤ v∗(G). q ~ ¦ v∗(G) ≥ c(G) − 2. U|��­�*|¦ G �|�|��u�n|Ï�¡|¬|�bO
è v∗(G) ≤ c(G) − 1. P v∗(G) = c − 2 = v∗(G/Kc(G)). �|��?|Æ§® ¦ G �|�|�|� y H þ|¥|Þ
D(2n) � Q(2n). L H ∼= D(2n), ç H/Z(H) ∼= D(2n−1) ¾ n ≥ 4 � C2 × C2 ¾ n = 3. ���|�
L H ∼= Q(2n), ç|¾ n ≥ 4 ¿|¦ H/Z(H) ∼= D(2n) è|¾ n = 3 ¿|¦ v∗(G) = 0. ¯����|�°|±

2 ²|�|�|{|} y G z w ñ|�|�|� y K z»º21�« K/Z(K) °|þ|ÿ���� D(2n), n ≥ 3

� C2 ×C2 þ|¥|� ³|´ c(G) = 1 + v∗(G) ¾|½|Ö|¾ G � Abel z|�|� G ∼= M(pn), o|½|¾ p > 2

¿ n ≥ 2, ¾ p = 2 ¿ n ≥ 3.D�E ¾ c(G) = 1 ¿|¦­¸|×|Ø|É|¾|½|Ö|¾ G � Abel z|�­¾ c(G) = 2 ¿|¦ v∗(G) = 1,
Á

Å|Æ A I�J|¦­¸|×|Ø|É|¾|½|Ö|¾ G ∼= M(pn). ½ n ≥ 2(p > 2 ¿ ) � n ≥ 3(p = 2 ¿ ).

¾ c(G) ≥ 3 ¿|¦±�| ����|¸|×|á|Ø|É|¦±O|è�²|Ø|Å|Æ§¦ z|Ê»ËÃ� ï|²|ü|î G â|ý v∗(G) =

c(G) − 1.

² G �|�| »ºÃÏ�m�n|z|�|�|¦­®|«|ü|î Z(G) z�]|�|¼|�|Ï|� y N 6= Kc(G), ³|´
c(G) − 1 = v∗(G) ≥ v∗(G/N) ≥ c(G/N) − 1 = c(G) − 1

���
v∗(G/N) = c(G/N) − 1, o|½ c(G/N) = c(G) ≥ 3. �|Å|Æ 1 Ê»Ë|ºÃÐ|Ñ 1 ~�S|z|Ô|Æ�I

J G/N z w�³ �|�|�|�|� y K/N ´|á|þ|¥|Þ Hamilton
y ¦­�»º21�«�µ�Z|�|þ|ÿ���� D(2n)

� C2 × C2 þ|¥|� À � G ��u�n|Ï�¡|¬����|�
q ~ ¦ Kc(G) � Z(G) z�e|�|¼|�|Ï|� y �bP�¶|Å|Æ 1, Ð|Ñ 2 Ê»ËÃz 3 ��·�I�J G �|�

� p-
y � Kc(G) � p Ï|�|� y ¦ è G/N z|{|}|~|� c(G)− 1.

Á Þ G/N á|� Hamilton
y ¦

�|�|�|� y K/N z»º21�«�°|þ|ÿ���� D(2n) � C2 × C2 þ|¥|¦�o|½
v∗(G) = C(G) − 1 = C(G/N) ≤ v∗(G/N) + 1 ≤ v∗(G) + 1,

G Í�u�n|Ï�¡|¬|��P|¾ c(G) ≥ 4 ¿|¦ c(G/N) < 1 + v∗(G/N). ����¸|ý v∗(G/N) = v∗(G) =

c − 1 ≥ 3. F�H�?|Æ 3, G �|�|�|� y K þ|¥|Þ D(2n) � Q(2n), n ≥ 3. ¾ n ≥ 4 ¿|¦�°|ù|ñ
¢|Ð|Ñ|¦ ( � K/Z(K) ∼= D(2n−1). è C(Q(8)) = 2, D(8)/Z(D(8)) ∼= C2 × C2,

( ���|��q ~ ¦
c(G) ≤ 3. ¹|��º|¦ c(G) = 3, v∗(G/N) 6= v∗(G) = 2. O|è v∗(G/N) = c(G/N)−1 = c(G)−2 = 1.

�|�|Å|Æ A, G/Kc(G) ∼= M(pn) = 〈ā, b̄|āpn−1

= b̄p = 1, āb̄ = ā1+pn−2

〉, o|½ v∗(G) = 2.

®�« Kc(G) ∩ 〈a〉 = 1, ³�´ Kc(G) � Z(G) zKe�� p Ï�� y ¦­áKI�â�Ø�É 〈a〉 � G. L
ap 6= 1, ç 〈ap〉 � G á|â|Ø|É|�­³|´ G »�¼|��½|�|�|�|�|�|�|� y �|�|~|¯ 〈a〉, 〈b〉, 〈ap〉. ���
Þ v∗(G) = 2. O|è ap = 1, n = 2. ���|�
®�« Kc(G) ≤ 〈a〉,

~ ¿ 〈a〉 � G zKC���Í p zKuK��� y ¦­½ v∗(G) = 2. ���K?�Æ 1,

G ∼= D(2n), n ≥ 3; � S(2n), n ≥ 4; � Q(2n), n ≥ 3. ¾ n ≥ 4 ¿�¦�°�ù�ñK¢�Ð�Ñ�¦ ( �
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G/Z(G) ∼= D(2n−1). ���|�­è n = 3 ¿|¦ c(D(8)) = c(Q8) = 2. ���|Þ c(G) = 3. Å|Æ|Ê�¾|�
¿7À7Á7Â7Ã
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The Number of Conjugacy Classes of Nonnormal Cyclic Subgroups in

Nilpotent Groups

ZHONG Xiang-gui1, LI Shi-rong2

(1. School of Math. & Comput. Sci., Guangxi Normal University, Guilin 541004, China;
2. School of Math. & Info. Sci., Guangxi University, Nanning 530004, China )

Abstract: This paper proves that for a nilpotent group G of nilpotency class c = c(G), the number
v∗(G) of conjugacy classes of nonnormal cyclic subgroups satisfies the inequality v∗(G) ≥ c(G)− 1, or G
is a Hamiltonian group, or there is a normal subgroup K of G such that K/Z(K) has a homomorphic
image isomorphic to the dihedral group D(2n) with n ≥ 3 or C2 × C2.
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