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(1) _a`abacadaeafgahai
En- j O ∈ Rn d C∞ kalamanao M -En p daqaradasatauavaw Mk-M d k xy w jkf - m f d k x Taylor za{a|aw P k

n -n } k xa~axaza{a| ma�a� da�����a�a�aw J(f)-m f da�a����uavaw�a�a�a�a��� eaf o��a�a�a�a� [1] � [2] �a�ada�a�����a�a�a�aw a¡
1

[2] ¢ f ∈ M4 ⊂ Ex,y(E2), £a¤ j4f = 0 ¥a¦a§a¨a©abªcada�a«a¬ o�­ f da¨a®
Hessain ¯a°a±a²ad ( ³ i j f ∈ M4 da©a´aµ o f da¨a® Hessain ¶a· � j4f).

ja¸a§a¹aµ o�� [2] �aºa» ª¼
[2] ¢ f ∈ M4 ⊂ Ex,y, £ª¤ f dª¨ª® Hessain ¯ª°ª±ª²ªd o�½ f c �ª¾ª¿ dª¨ª®

Hessain.ÀaÁ � daÂaÃ � iÄa¼
1

[2] ¢ f = xy(x − αy)(x + y) (

À
p α 6= 0, 1), ½ M 2J(f) = M5.Äª¼

2
[2] ¢ f = A1x

4 + A2x
3y + A3x

2y2 + A4xy3 + A5y
4, Ai ∈ R(i = 1, 2, 3, 4, 5), Å

f = 0 ¦a§a¨a©abacada�a«a¬ o�½ f Æa¬aÇacaÈ o c �a¾ xy(x − αy)(x + y)(α 6= 0,−1).Äa¼
3

[3] £a¤ f ∈ En É Mk+1 ⊂ M2J(f), ½ g c �a¾ f , ÊaË g − f ∈ Mk+1. ÌaÍaÎ o
£a¤ f ∈ En É Mk+1 ⊂ M2J(f), ½ g c �a¾ f , ÊaË jkg − jkf = 0. Ï�¸aÐaÑ o £a¤ f ∈ En

É Mk+1 ⊂ M2J(f), ½ f ¯ k- Òa§adaw� [2] ÓªÔªÕª�ªÖª×ªØªÙªd
Á �ÛÚªÜ

( ÝªÞªß � §ªu 1 àªá ), âªÆªãªäª�ª� o��ª� dªºª»
¯ i � [2] da§au 2 ¯�åa¦adaw

Àaæ
×ad
Á ��çaèaé ¯a�aêadaw �a�aëaìaíaî o bªïaðaäaw a¡

2
[4] f ∈ En

­ � ¯a�añ k- Òa§ad (Sufficient) ¯aò i�ó ra`aÞ f �aôacad k-jet dm g ¯aõaÌaÍ ¾ f d ( ³ i õaÌaÍaö�c � òada÷a¯ C∞ õaÌaÍ ).

Ï�øa�aÑ i � [2] p §au 2 daùa¦aúa¹aûaßa¯ i £a¤ f ∈ M4 ⊂ Ex,y, É j4f = 0 ¥a¦a§a¨
©abacada�a«a¬ o�½ fC∞ õaÌaÍ ¾ j4f.

üþý�ÿ��
: 2004-05-08; ��� ÿ�� : 2005-07-17�����	�
: 
��	��
�������� (10261002), ����������������� (20013060).
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� � [1] ��� � [2] §au 2

æ
×ad “ ã�� ” ¯ Whitney  [1], Wt(x, y) = xy(x − y)(x − ty),

(x, y, t) ∈ R3

À
ºa»a¯ ( ! ��"�# ):

£a¤añ�$�% l t &�'a� (1, +∞), ½ Wt � ó r t ¯a°a±a²ad ( (�) “ °a±a² ” ¯aÞ � [2] b
cadaúa¹ ). *�+ o Wt = 0 Ï�¨a©abacada«a¬�, � w «�-aø o Wt � Wt

′ ¯�. � ôaáad o âa¦a�ab/ jara` C1- 0 � caÈ h 1�2 Wt′ ◦h = Wt ( (a¥�1�3�4�5ada¬aÇ�6 l�7 � dh

Á �
). 8�9 o;:

Ñ Nt = xy(x− ty), Wt = xy(x−y)(x− ty). � ¾ Nt, Ï�§au 2( ³ i (�)ada§au 2 ¯ � [1] p d§au 2, < [5, P.189] Arnold dara`a§au o � ba¯ � [2] da§au 2), � ¾�=�> d t, t′ ∈ (1, +∞), Nt� Nt′ ¯ C∞- ÌaÍadaw âa¯ o � ¾ Wt, ?�@�AabaôacawCB [3]( ³ i (�)ad [3] ¯ � [1] pED � 3d T.C.Kuo dar í %�F ��Gao <�H � d ��G [6]) Ñ�I Wt � Wt
′ ¯ C0- ÌaÍadaw

Ê�B � [1] d�(�Jaºa» 7�KaoML�N�O bQPER oMS�T�U <�V�Waw Ý � (�Jaºa»a÷a¯�B�X�Yaua»Z�[ d ��\ p "�] Ú 7 d w â ç F�^ T�_�` i � [1] a N D�b � daø � ºa»a� � [2] §au 2 D�b� daºa»a¯a�aðat�'�+ad i A�c � [1] a N D ò�dad “ ã�� ” 7 � o � [1] a N daºa»a¯�� ¾�=�>
Öa§ad t0 � t1 ∈ (1, +∞) É t0 6= t1,

½ Wt0 � Wt1 ba�a¥ C∞ õaÌaÍ o � Êa¥a¯ C0 ÌaÍaw �� [2] da§au 2 daºa»�ea¯ i � ¾ ó raÖa§ad t0 ∈ (1, +∞), Wt0(x, y)+r(x, y) ¯aÞ Wt0(x, y)C∞

õaÌaÍad o
À
p r ∈ M5. Ý ��f � [2] da§au 2, g f = Wt0 +r, ½ f ∈ M4,

�
f da¨a® Hessain

¶a· � Wt0 , h Wt0(x, y) = 0 ¦a§ � ¨a©abacada�a«a¬ o f � [2] da§a¹ 2( H � da§a¹ 1),f d
¨a® Hessain Wt0 ¯a°a±a²ad oji f = Wt0 + r c � (C∞ õaÌaÍ ) ¾a¿ da¨a® Hessain Wt0 .k Ô o (a¯a_a`aÇ�la�aðat�'�+adaeafawMm�nada¯ � [1] d�a N�o�p (a_aàaeafad�'�+ o �q

Whitney  Wt(x, y), t ∈ (1, +∞) p d =�> _a`abaca}�raba�a¥ C∞ õaÌaÍ�a � � [2] §au
2 b ��U d “ ã�� ” 7�s c�ta× o (a¯abaåa¦adaw

(2) “ ã�� ” baã
j�u�v � ø � _a`aÇ�lªbªcaeªfªd�wyx ø o �a�yzªÎ�{ª§y(a_ í ��\ Dy|�} dy~aËªeªf��

w�Hada¯a°aw� �aø o � =�> Öa§ad t0 � t1 ∈ (1, +∞) É t0 6= t1, 2�& Wt0 � Wt1 É Wt0 6= Wt1 , Ô �
Wt0 � Wt1 da¨a® Hessain

k Ô � + � Wt0 � Wt1 , (�Aa¯ � Wt0 da¨a® Hessain ¯ Wt0 ,
�

ba¯ Wt1 ; c�� o Wt1 da¨a® Hessain ¯ Wt1 ,
� ba¯ Wt0 . Ï�¸ o Wt0 � Wt1 � �ada���aba¯ra`�0 � m Þ ¿ da¨a® Hessain � �ada���aw�Ýa¸ o ba¥��

À
p � r oj� £ � � Wt0

p � Wt1da¨a® Hessain
��� 3 � [2] da§au 2.

é Aa¯ � o Wt0 � Wt1 ¯�� C∞ õaÌaÍaba¯ � [2] §au
2 D Ë����adaºa»aw

8ar���� o � ¾ ó raÖa§ad t0 ∈ (1, +∞), Wt0(x, y) = xy(x− y)(x− t0y) = 0 ¦a§ � ¨a©ab
cada�a«a¬ ojp Wt0

�
M4 pE� J m da¨a® Hessain, ½ f §a¹ 1([2, P.288, §a¹ 2]), (�J m d

¨a® Hessain ¯a°a±a²adaw � M4 p c Wt0

� ¨a® Hessain d m d��aÙ � {Wt0 + r|∀r∈M5}. �
ïarax��

Á
Wt0 ��� M2J(Wt0 ) = M5. ¾ ¯ o Ï � u 3([2, P.287 �af 1 d�^���� � ]), ½ Wt0¯ 4- Òa§ad (sufficient).

� � ¾ ó raÖa§ad r ∈ M5, f = Wt0 + r, ½ j4f = j4Wt0 = Wt0 . Ï�añ 4- Òa§ada§a¹ o f c �a¾ Wt0 . < f c �a¾a¿ da¨a® Hessain. (aåa¯�� ¾��a¾ M4 É c
Wt0

� À ¨a® Hessain d ó r m f , � [2] §au 2 D Ë b � daºa»aw
(3) Wt0(x, y) � Nt0(x, y) d���I
� ¾ ó raÖa§ad t0 ∈ (1, +∞), ��� caµa�a� 7���� Wt0(x, y) � Nt0(x, y) d���I�*�Ya�� ¾ u��aø � D »

Á
d����aw¢ f ∈ En, 3 Γf ��� f j����y0 � caÈ�� Ln a�3aµad���I o 3 Γkf ��� jkf ∈ Jk

n j
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¤ � Lk
n a�3aµad���Iaw Lk

n = {jkh|h ∈ Ln}.

Lk
n p d���¥�¦ [3]: ∀P, Q ∈ Lk

n, ½ P · Q ¯aä�§aza{a|�¨�© P � Q
� 2�&ara`ax l ≤ k2

daza{a|�¨�© P ◦ Q, Ô�^aï�ªaê k ®�«�¬ ( <�«�­ax l > k da{ ).

Lk
n j Jk

n øad�a�3 [3]: ¢ f ∈ Jk
n , ϕ ∈ Lk

n, ½ f ◦ ϕ ¯aò f � ϕ ä�§�^aï�ªaê k ®�«�¬aw® F�¯�° ½�±�² π : Jk
n → Jk−1

n , f `→ jk−1f(∀f ∈ Jk
n). a¡

3
[3] ��I Γkf ­ � k- ³ad o £a¤ Γkf j π−1(Γk−1f) p ³aw

Γkf ¯ k- ³ad � Ëa©a´a¯ i�ó r�1�2 πg = πjkf É g − jkf ∈ P k
n ¯ �a��´ d g ∈ Jk

n , Æ
Ï Lk

n ¯ac �a¾ jkf daw
w�Ha§au [3] � f ∈ En, £aµa©a´a¯aÌaÍad i a) Γkf ¯ k— ³adaw b)MJ(f) ⊃ Mk. j�µ

�ad = ra©a´aµ o j En p d���I Γf ¯ Jk
n p d Γkf ¶ Ú ° ½�±�² i jk : En → Jk

n d�·�¸aw¹�º
1

[3] Å MJ(f) ⊃ Mk, ½ g c �a¾ f , ÊaË g − f ∈ Mk É jkg − jkf ∈ P k
n

�a��´ w
§a¹ 4[3] ��I Γkf ­ � k- »a�ad o £a¤ Γkf = π−1(Γk−1f).

Γkf ¯ k- »a�ad � Ëa©a´a¯ iÛó r�1�2 πg = πjkf d g ∈ Jk
n , Æ�Ï Lk

n ¯ac �a¾ jkf daw
1�3�caøa�a�a��w�Ha§aua��z��

Á i
¼�½

1 ÏE� =�> Öa§ad t0 � t1 ∈ (1, +∞), ÊaË t0 6= t1, Wt0(x, y) ba�a¥ C∞ õaÌaÍ ¾
Wt1(x, y) ¾a�aÐa× i � ó raÖa§ad t0 ∈ (1, +∞), Γ4Wt0(x, y) ba¯ 4- ³adaw¿ÁÀ ã

Á i ÅÁ� � t0 ∈ (1, +∞), Γ4Wt0(x, y) ¯ 4- ³ d o ÏCwÁH § u o ( Ì Í ¾ MJ(Wt0 ) ⊃

M4.
®�Â

t1 ∈ (1, +∞) 1 t0 6= t1 É t1
�a��Ã�Ä

t0,
S ��Å

Á i
Wt1−Wt0 = xy2(x−y)(t0−t1) ∈

M4 É j4Wt1 − j4Wt0 = Wt1 − Wt0 = xy2(x − y)(t0 − t1)
�a��´ w ¾ ¯ o ÏE�af 1 �aÐa× Wt1c �a¾ Wt0 , ¸aÞ�� =�> Öa§ad t0 � t1 ∈ (1, +∞) É t0 6= t1, Wt1 ba�a¥ C∞ õaÌaÍ ¾ Wt0 dºa»�Æ�Çaw¼�½

2 � ó r t0 ∈ (1, +∞), Wt0(x, y) b ��� MJ(Wt0) ⊇ M4. i Γ4Wt0(x, y) ba¯ 4- ³
daw ¿ÁÀ « ÃÁÈ ¦ MJ(Wt0 ) = [3x3y−2(t0+1)x2y2+t0xy3, x4−2(t0+1)x3y+3t0x

2y2, 3x2y2−

2(t0 + 1)xy3 + t0y
4, x3y − 2(t0 + 1)x2y2 + 3t0xy3]. � MJ(Wt0) ⊂ M4 = [x4, x3y, x2y2, xy3, y4]

É MJ(Wt0) 6= M4. ã
Á i Å MJ(Wt0) = M4 ½ MJ(Wt0)/M

5 ∼= M4/M5, < R{3x3y− 2(t0 +

1)x2y2+t0xy3, x4−2(t0+1)x3y+3t0x
2y2, 3x2y2−2(t0+1)xy3+t0y

4, x3y−2(t0+1)x2y2+3t0xy3} ∼=

R{x4, x3y, x2y2, xy3, y4}. É�Ê�Ëaza¯ P 4
2 da¨�Ì�Í�Îa�a� o � õ�Êa¯ P 4

2 -5 Ìa�����a�a� o Æ�Çaw¼�½
3 � ó r t0 ∈ (1, +∞), Γ5Wt0(x, y) ¯ 5- »a�adaw¿yÀ � ó rªÖª§ªd t0 ∈ (1, +∞), àªá ¾ [2] � u 4 �y�

Á
M2J(Wt0(x, y)) = M5, ï

Ï � u 3[3], ÊªË g(x, y) − Wt0(x, y) ∈ M5, ½ g(x, y) c �ª¾ Wt0(x, y). *y+ o £ª¤ g ∈ J5
2É g(x, y) − Wt0(x, y) ∈ M5, ½ g(x, y) c �ª¾ Wt0(x, y). < / jy�y�Ï0 � cªÈ h ∈ L2 1y2

g = Wt0 ◦ h.
®�Â

j5h ∈ L5
2, Ða³�R�& (i) Ï ¾ g ∈ J5

2 É g − Wt0 ∈ M5, D c g = Wt0 + r,

À
p r ∈ P 5

2 . i πg = πj5Wt0 = Wt0 . (ii) Ï ¾ g = Wt0 ◦ h(h ∈ L2) �aÐa× g ≡ Wt0 ◦ j5h (modulo

M6)- < Wt0 � j5h ä�§�^ad 5 ®�«�¬aÌ ¾ g. ïa³�R j5Wt0(x, y) = Wt0(x, y) � Lk
n j Jk

n øa�3ada§a¹�c } §a¹ 4 Öa×ad Γkf ¯ k- »a�ad � Ëa©a´aÑ Γ5Wt0(x, y) ¯ 5- »a�adaw
r�ÑaÎ o � ¾ Öa§ad f ∈ En, £a¤ Γkf ¯ k— ³adaw ÏEw�Ha§aua� Γf = (jk)−1Γkf. Å

Γkf ÓaÔaba¯ k- ³adaw�â�e ��� ��� M2J(f) ⊃ Mk+1 ½�Ò � Γf = (jk)−1Γkf [3].¾ ¯ �a� 2�&a£aµa��� i



616 ( & � � G � � 26 �
Γkf ¯ k- ³ªd ⇔ MJ(f) ⊃ Mk ⇒ M2J(f) ⊃ Mk+1 ⇒ Γf = (jk)−1Γkf ⇒ f ¯ k-

Òa§ad ( ³ i Ï MJ(f) ⊃ Mk ¾a� M2J(f) ⊃ Mk+1. âa¯ o £a¤ M2J(f) ⊃ Mk+1, Ó�¾a�
MJ(f) ⊃ Mk, f = Wt0 Aa¯�(��adara`���Î ).¼�½

4 � ó raÖa§ad r ∈ M5, f = Wt0 + r c �a¾ Wt0 ¸a»�¬aÌaÍ ¾ Wt0 ¯ 4- Òa§adaw¿�À Ê�Ôa³�Rar�ÕaÞ Wt0 Øa�aôacad 4-jet d m d��aÙ � {Wt0 + r|∀r∈M5}, ï�Ö�3a�añ
4- Òa§ada§a¹a�a« Ã Ða×aw

ÏÛºª» 1 �ªºª» 2 Ñ i ∀t0 � t1 ∈ (1, +∞) É t0 6= t1, Wt0 � Wt1 b C∞ õªÌªÍª¯
∀t0 ∈ (1, +∞), Γ4Wt0 b 4- ³ad �a� ©a´ o É Γ4Wt0 ¦a�aba¯ 4- ³adaw � Ï�ºa» 3 �aºa» 4

Ñ i ∀t0 ∈ (1, +∞), Γ4Wt0 Ó Ô ba¯ 4- ³ d o â ∀t0 ∈ (1, +∞), Wt0 �Á� M2J(Wt0 ) = M5, Γ5Wt0¯ 5- »a�adaw Ýa¸ o Wt0 ¯ 4- Òa§ad É ∀t0 ∈ (1, +∞), Wt0 �añ 4- Òa§aÌaÍ ¾a� [2] §au 2 � ¾
M4 p r�Õ�c Wt0

� À ¨a® Hessain d m Wt0 +r(∀r ∈ M5) D Ë b � daºa» i ∀r ∈ M5, Wt0 +r× ¯ac �a¾a¿ da¨a® Hessain Wt0 dawØ ø D �ao � [1] d “ ã�� ” ¥ É Êa¥�3 7 �a§ “∀t0 ∈ (1, +∞), Γ4Wt0 ¯ 4- ³ ” (araºa» o� ba¥ é ba�a¥�3 7 �a§ “∀t0 ∈ (1, +∞), Wt0 ¯ 4- Òa§ ” daºa»awÙ(�Aa¯ � [1] a N � � [2] §
u 2 D t “ ã�� ” Ú�Ûad�Üaº D jaw

3ac��ad���Ý�Þ�ß�F�à � [1] p
æ
} d Nt(x, y) = xy(x − ty), t ∈ (1, +∞), byá��

Á i �ó raÖa§ad t0 ∈ (1, +∞), � MJ(Nt0) = M3, < Γ3Nt0(x, y) ¯ 3- ³adaw k Ô o Nt1 − Nt0 =

xy2(t0 − t1) ∈ M3, D c o � ¾�=�> Öa§ad t0 � t1 ∈ (1, +∞) É t0 6= t1, ÊaË t1 � t0
�a��Ã

Ä ojS ��Å
Á

j3Nt1(x, y) − j3Nt0(x, y) = Nt1(x, y) − Nt0(x, y) = xy2(t0 − t1)
�a��´ w ¾ ¯�Ï

�af 1, S ��2�& Nt1(x, y) � Nt0(x, y)C∞ õaÌaÍaw Ï�¸�zaÐa× (
ÚaÜ�â

): � =�> Öa§ad t0 �
t1 ∈ (1, +∞) É t0 6= t1, Nt1(x, y) ¯ C∞ õaÌaÍ ¾ Nt0(x, y) daw
ãåäåæåçåè
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A Faulty Counter Example

CEN Yan-ming
(Dept. of Math., Guizhou University for Ethnic Minorities, Guiyang 550025, China )

Abstract: The author of [1] gives a careless counter example Wt(x, y) = xy(x− y)(x− ty) for Theorem
2 in [2]. For this reason, we have to discuss some main problems with the author of [1].

Key words: Whitney’s families; k-open; k-saturated; k-finitely determined.


