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Abstract: Let (M; Hi, Ha; Fo) be a SD-splitting for bordered 3-manifold M. The splitting is
reducible (weakly reducible, respectively) if there exist essential disks D1 C Hy and D2 C H»
such that 9D1,0D2 C Fy and D1 = D2 (0D1 N D2 = 0, respectively). A SD-splitting
(M; Hy, H2; Fo) for bordered 3-manifold M is of inner genus 1 if Fy is a punctured torus. In
the present paper, we show that a weakly reducible SD-splitting of inner genus 1 is either
reducible or bilongitudional.
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1. Introduction

It is a well known fact that any closed orientable connected 3-manifold M admits a Heegaard
splitting V Ur W, where V., W are handlebodies with the same genus, VUr W =M, VW =
0V = OW = F. For a bordered compact orientable 3-manifold M, there is a natural way,
still called Heegaard splitting of M, to generalize the above splitting, namely M = V Up W,
VAW =0,V =0,W = F, where V, W are compression bodies.

There is another way, called SD-splitting, to generalize Heegaard splittings for bordered
3-manifold as follows: Any bordered compact orientable 3-manifold M adimits a splitting as
M =V Urp W, where V, W are homeomorphic handlebodies, and the union is made along a
connected surface F' C 0V, OW, and OF cuts each component of M into two homeomorphic
planar surfaces, and some additional condition is satisfied (see section 2 for the definition).

The existence of SD-splittings for a bordered 3-manifold was first proved by Downing[? in
1970, and Roeling!® further discussed some properties of genus of such splittings for bordered 3-
manifolds with connected boundary. Suzukil¥ reported some results on SD-splittings for bordered
3-manifolds in slightly modified and generalized forms.

Heegaard splittings have been extensively studied so far. However, quite few is known about
SD-splittings. In [4] the bordered 3-manifolds with genus 1 D-splittings and SD-splittings are
characterized.

In this paper, we show that a weakly reducible SD-splitting of inner genus 1 is either

reducible or bilongitudional.
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Some preliminaries are included in Section 2, and the main result and its proof, together

with some corollaries, are included in Section 3.

2. Preliminaries

Throughout this paper, we work in the piecewise-linear category. All 3-manifolds are as-
sumed to be compact, connected, orientable and with nonempty boundary. For related manifolds,
we assume that they are in general position. For the definitions of incompressible surface, 0-
incompressible surface, irreducible 3-manifold, the connected sum of 3-manifolds, the boundary
connected sum of 3-manifolds, etc., we refer to [5].

The following definition is due to Suzukil®!, which is a modified and generalized version of

Downing’s definition!:

Definition 2.1 For every bordered 3-manifold M with m boundary components By, Bg, - -+ |
B, there exist handlebodies H, and Hy in M which satisfy the followings:

(0) Hy = H,,

(1) M = H; U Hs,

(2) HyNHy=0H, NOH, = F, is a connected surface,

(3) H;NB; =0H; N B; = Fj; is a disk with g(B;) holes, and hence, Fy; = Fy; (j = 1,2;
1=1,2,---,m),

(4) Fj; is incompressible in H; (j =1,2;i=1,2,---,m).

We call M = Hy Up, Hy a Downing splitting (or simply, D-splitting) of genus n = g(H;) =
g(Hs) for M, and denote it by (M; Hy, Ho; Fy). Call Fy a D-splitting surface in M. Call the
minimum genus of such splittings for M the D-genus of M and denote it by D,(M).

We call such a D-splitting for M a Special Downing splitting (or simply, SD-splitting) of
genus g for M, if the D-splitting Hy Ur, Hy satisfies the following additional condition:

(5) there exists a complete system of disks D) = {D|o, - -, D\ } for H; with the property:
0Dji N (Fj1 U---U Fjy,,) consists of at most one simple arc (j = 1,2;k =1,2,---,n), and the
resulting surface obtained by cutting each Fj; along all these arcs is a disk.

Call Fy a SD-splitting surface in M. Call the minimum genus of SD-splittings for M the
SD-genus of M and denote it by SD,(M).

Definition 2.2 Let H; Ugr, Hy be a SD-splitting for a bordered 3-manifold M. H, Ug, Hz is
weakly reducible if there exist essential disks D1 C Hy and Dy C Hy with 0Dy,0Dy C Fy such
that 0D1 N O0Ds = ) is reducible if there exist such disks with 0D; = 0Ds.

Clearly, a stabilized SD-splitting is reducible, and a reducible SD-splitting is weakly re-
ducible.

Definition 2.3 A SD-splitting (M; Hy, Ha; Fy) for bordered 3-manifold M is of inner genus 1

if Fy is a punctured torus.

Definition 2.4 A SD-splitting (M; Hy, Ha; Fy) for bordered 3-manifold M is bilongitudinal if
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there exist essential disks D1 C Hy, and Dy C Hy with dD,,0D> C Fy and a simple closed curve
C C Fy such that C intersects dD; in one point for each i = 1, 2.

3. Weakly reducible SD-splitting of inner genus 1
Here is the main result of the paper:

Theorem 3.1 Let V Ugr, W be a SD-splitting of inner genus 1 for a bordered 3-manifold M.
Suppose V Ug, W is weakly reducible. Then either V Ug, W is reducible or it is bilongitudional.

Proof With no loss we assume that the boundary of M is connected. (The case that the
boundary of M is not connected can be proved similarly.) Suppose the genus of V Up, W
(therefore V, W) is g+1. Then Fp is a (g+1)-punctured torus. Since VUp, W is weakly reducible,
there exist essential disks (D, D) C (V, Fy), (E,0F) C (W, Fy) such that 9D N OF = §.

Let B1,---, Bg41 be the g+ 1 boundary components of Fy. Then, by definition, there exists
a complete disk system D = {Dq,--+,Dy,Dy11} of V, such that D; N Fy = a; is a proper arc
in Fy, 1 <1i < g, and the surface obtained by cutting Fy open along {a;,1 < i < g} is a once-
punctured torus in which Dgy; lies. Thus, we may assume, without loss of generality, that a;

connects B; to B;+1, 1 <1 < g. See Figure 1 below.

Figure 1

We divide it into two cases to discuss:

Case 1. One of 0D and OF, say dD, is separating in Fj.

In the case, we claim that 0D cuts Fy into a once punctured torus and a (g + 3)-punctured
sphere.

Suppose 9D cuts Fy into a punctured torus Ty and a punctured sphere Sy, and there
is a partition {By,, -, By} U {Bi,,, -, Bi,,,} of 0Fy such that By, ---,B; C 0Tp and
B -,B C 0S50, 1 <k < g+ 1. By our choice, there must be some a; (1 < j < g)
which connects some B;, lying in d7p to some B;, lying in 9Sp on Fy. Since 9D is separating
in Fy, the number of the intersection points of a; and 9D is odd. Denote {D1,---,D,} by D'

On the other hand, we may assume that D and D’ are in general position, thus the number of

ik+17 o ig+1

0D N0dD; = 0D Nay;, which are the end points of a collection of pairwise disjoint simple arcs on
D, is even. The contradiction shows that the claim holds.

If OF is separating in Fy, by a similar argument as above, we can show that 0D cuts Fy
into a once punctured torus and a (g 4+ 3)-punctured sphere. Since 0D NOE = (), it is easy to
see that OF is parallel to 9D in Fy. Thus (V, W; Fp) is reducible.
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If OF is nonseparating in Fy, then OF is a non-separating curve on Ty. Since F is an
essential disk in W, we can see D bounds a disk in W. Thus (V, W; Fp) is again reducible.

Case 2. Both 0D and OF are nonseparating in Fp.

There are two subcases:
Subcase 1. 9D and JOF are parallel on Fy. In this subcase, (V, W; Fp) is reducible.

Subcase 2. 9D and OF are not parallel on Fy. If this subcase happens, the surface ob-
tained by cutting Fy open along 0D is a (g + 3)-punctured sphere, and the surface obtained
by cutting Fy open along 9D U JFE are two connected punctured spheres S; and S3. Moreover,
there is a partition {B;,,---, B;, } U{Bj,.,, -+, Bi,,, } of 0Fy such that B;,,---,B;, C 051 and
B -, B C 05,1 <k <g+1. See Figure 2 below:

g1y " tg+1

Figure 2

Clearly, there exists a simple closed curve C on Fj such that C intersects both 9D and 0F
in a single point. Thus the SD-splitting (V, W; F}) is bilongitudional.
This finishes the proof of Theorem 3.1.

Next we give an application of Theorem 3.1. First, we prove the following lemma.

Lemma 3.1 Let M be a bordered 3-manifold with connected boundary S of genus g. Then M
has a SD-splitting of genus g if and only if M is a handlebody of genus g.

Proof The proof is done by induction on genus g. If g = 0, then it is clear that M is a 3-ball.
If g =1, by Theorem 2.1, M is a solid torus.

Now we consider the case g > 1. Let (V, W; F) be the SD-splitting of genus g in M. Then
Fy is a (g + 1)-punctured 2-sphere. Let V Ugy\r V = M’. By g(S) = g and the condition
(5) in Definition 2.1, there exists a complete system of meridian-disks D = {D1,---,D,} of V
such that 9D; N (OV\Fy) = «; is a simple arc, i = 1,2,---,g, and (OV\Fp)\(a1 U --- U ag) is
a disk. Since OV\Fj is incompressible in V(or M’), it is J-compressible in M'. Let D; be a
d-compression disk of V\Fy in M', 3; = D; N Fy, oy = D; N (OV\Fp), and o; U 3; = 9D;,
i=1,2,---,g. Note that «; connects the distinct boundary components of OV\ Fy. d-compress
OV \Fy along D;(i <1i < g)in M’ to get a disk B? and compress V along D to get a 3-ball B3.
The resulting 3-manifold is B3# > B3, where # denotes the boundary connected sum. It is clear
that B? is O-parallel in B3# 2 B3. Then 0V\Fy is O-parallel in M’, which implies that 0V'\ Fy
is parallel to Fy. Similarly, Fy is parallel to OW\Fy. Then V = Fy x I 2 W. So V UFO W=M

is homeomorphic to a handlebody of genus g.
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The other direction is obvious. This finishes the proof of Lemma 3.1.

Now we come to

Corollary 3.1 Let M be a bordered 3-manifold with connected boundary S of genus g. Suppose
that M admits a weakly reducible SD-splitting of inner genus 1 which are not bilongitudinal.
Then M is either Hy, or L(p,q)#H,, or S* x S'#H,, where H, is a handlebody of genus g.

Proof Let (V,W;F,) be a SD-splitting of inner genus 1 for the bordered 3-manifold M. By
assumption, (V, W; Fp) is not bilongitudional, so from Theorem 3.1 we know that (V, W; Fp) is
reducible. Thus, there exist essential disks D C V and E C W with 9D = 0FE. Let S= DUE.
Then S is an essential 2-sphere in M. If S separates M, then M = Mi#sM,, i.e. M is
a connected sum of M; and Ms, where M; is a closed 3-manifold with a genus 1 Heegaard
splitting, and My is a bordered 3-manifold with connected boundary of genus g which admits a
SD-splitting of genus g. Thus M is either S, or L(p,q), or S? x S', and by Lemma 3.1, M, is
a handlebody H, of genus g. So M is either H,, or L(p,q)#H,, or S? x S'#H,.

If S is nonseparating in M, we can choose an essential separating 2-sphere in M with similar
property as S. By applying the above argument, the conclusion follows.

This completes the proof of Corollary 3.1.
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