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Abstract: Let E be a real Banach space and K be a nonempty closed convex subset of E.
Let {T;}X; be N strictly pseudocontractive self-maps of K such that F' = ﬂfil F(T;) £ 0,
where F(T;) = {x € K : Tix = z}, {an} C [0,1] be a real sequence, and {u,} C K be a
sequence satisfying the conditions:

(i)0<a<a, <1,

(i) S (1 — @) = +00;

(i) Yo, | < +oo.
Let o € K and {x,}5=, be defined by

Tn = QnTn—1 + (1 - Oln)Tnan +un—1, n=>1,

where T, = Thmoan, then

(i) limn—co [|zn — p| exists for all p € F;

(ii) limp—oo d(zn, F') exists, where d(xn, F) = infper |[|zn — p|;

(iii) liminfp— oo || Zn — Thxnl| = 0.
Another result is that if {a }pey C [1—27", 1], then {z,} is convergent. This paper generalizes
and improves the results of Osilike in 2004. The ideas and proof lines used in this paper are
different from those of Osilike in 2004.
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1. Introduction

Let E be a real Banach space and J denote the normalized duality mapping from E into
28" given by J(z) = {f € E* : (z, f) = ||z||*> = || f||*}, where E* denotes the dual space of E
and (-,-) denotes the generalized duality pairing. A mapping T with domain D(T) and range
R(T) in E is called strictly pseudocontractive in the terminology of Browder and Petryshyn [
if there exists A > 0 such that

(Te =Ty, j(x —y)) < |z —yll* = Mz —y — (Te = Ty)|?, (1)
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for all x,y € D(T) and some j(x —y) € J(x —y). Without loss of generality we may assume
A € (0,1). If T denotes the identity operator, then (1) can be written in the form

(I =T~ (I =Ty, j(x —y) = AT = T)x — (I =Tyl (2)

The class of strictly pseudocontractive mappings has been studied by various authors!*~7-10].
Let K be a nonempty convex subset of Banach space E, and T;,¢ = 1,2,3,---,N, be a
finite family of nonexpansive self-maps of K. In [9], Xu and Ori introduced the following implicit

iteration process: For xp € K and {a,,} C (0,1), the sequence {z,} is generated by
Tn = QpTp—1+ (1 - an)Tnxnu n>1, (3)

where 1), = TrmodN -

n [10], Osilike considered the scheme (3) for finite family of strictly pseudocontractive
self-maps T;,7 = 1,2,3,---, N, of K and proved some convergence theorems for finite family of
strictly pseudocontractive mappings which extended the results of Xu and Oril%.

In this paper, we will continue to investigate the problems of approximation of common
fixed points of a finite family of strictly pseudocontractive mappings by implicit iteration process

with errors. We generalize and improve the results of Osilike['%!,

0]

The ideas and proof lines used
in this paper are different from those of Osilike
If K is a nonempty convex subset of Banach space F and T : K — K is a strictly pseudo-
contractive mapping, then for every u,v € K and « € (0, 1], the operator S, : K — K defined
by
Sex =au+ (1—a)Tz+wv

satisfies
(Sa = Say,j(z —y)) = (1 = a)(Tz = Ty, j(z —y)) < (1 - )]z —y|?,

for all z,y € K, thus S, is a strongly pseudocontractive mapping. Since S, is also Lipschitz, it
follows from [1,10] that S, has a unique fixed point z,, € K. Thus there exists a unique x, € K
such that z, = au + (1 — a)Tz, + v. This implies that the following implicit iteration scheme
with errors

Tp = pZp—1 + (1 — an)Thzy + u, (4)

can be employed for the approximation of common fixed points of a finite family of strictly
pseudocontractive mappings, where {u,} C K is a sequence, and (3) is special form of (4) when

Up = 0.

Lemma OAAP Let {a,}5%,,{b,}%, and {6,}3°, be three sequences of nonnegative real

numbers satisfying the inequality
Gp41 < (1 + 571)@11 + bnu nz 1.

IfY°° 0 < 400 and Y2 | b, < +oo,then lim, .o a, exists.
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2. Main results

Theorem 1 Let E be a real Banach space and K be a nonempty closed convex subset of E.
Let {T;}Y., be N strictly pseudocontractive self-maps of K such that F = ﬂiv VF(T) # 0,
where F(T;) = {z € K : Tyx = x}, and let {a,} C [0,1] be a real sequence and {u,} C K be a

sequence satisfying the conditions:
(i) 0<a<a, <1
(i) 321 (1 —an) = +oo;
(i) 250 ] < +oc.
Let xg € K and {x,}22, be defined by (4). Then
(i) limp oo [|n — pl| exists for all p € F;
(i) lim,— oo d(xp, F) exists, where d(xy,, F) = infper ||z — p.

(iii) liminf, o [|[n — Than| = 0.
Proof For any p € F, we have that
2 = pl* = (&0 — p, j(xn — D))
= an(Tn-1 =P, j(@n —p)) + (1 — ) (Tnzn — p, j(@n — p)) + (un, j(
< apllzn—1 = pllllzn —pl + (1 — an)lzn —p||2+
[un—1llllzn = pll = (1 = an)A|zn — Tnan|?

1 (1 —an)A
e =Pl < ll#n— = pll + =llunll = anlzn =7l
Qo || Tp, _pH

1
lzn —pll < l2n-1 =PIl + —lun-1].
an

From condition (i), we have

1
lzn =l < lzn—1 = pll + = llun-1]-

Tn — p)>

(6)

Since Y0 | |lun|| < 400, by Lemma OAA, we obtain that the limit lim, o ||z, — p|| exists. The

proof of conclusion (i) is completed.

It follows from Inequality (6) that
1
0< d(l’n,F) < d(xn—laF) + a”un—lna

by Lemma OOA, we obtain conclusion (ii).

It follows from conclusion (i) that, {x,} is bounded, then there exists a constant M > 0,

such that for any n > 1, we have ||z, — p|| < M. Therefore, it follows from Inequality (5) and

condition (i) that

1 1
lzn =PIl < ll#n—1 = pll + ~llunll = 370 = @n) M|z = Town®

n n
1
E (1= aj)llz; = Ti;|* < llwo = pll = lwn = plI+ = D lu
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i |

o0
Z (1= an)l|zn = Tozall® < llzo — pll + = Z l[unll-
n= n=1

From condition (iii), we know that
Zl—an 1Zn — Tnn* < 400. (7)

By condition (ii), we know
liminf ||z, — Tz, | = 0.
This completes the proof of Theorem 1.

In Theorem 1, let {u,,} = {0} and the condition (i) be substituted by the condition > 7> (1—
an)? < 400, then the result of Theorem 1 is the theorem of Osilike-119].

Theorem 2 Let E be a real Banach space and K be a nonempty closed convex subset of E.
Let {T;}| be N strictly pseudocontractive self-maps of K such that F = NN, F(T;) # (), where
F(T;) = {z € K : T)xz = z}, {an} C [0,1] be a real sequence, and {u,} C K be a sequence
satisfying the conditions:

(i) 0<a<a,<p<1;

(i) 350 uall < +oc.
Let xg € K and {x,}2°, be defined by (4). Then

(i) limp oo [|n — pl| exists for all p € F’;

(ii) lim, oo d(zp, F') exists, where d(z,,, F') = inf,er |z, — p||;

(iii) limp—oo |20 — Tnn| = 0.

Proof It follows from Condition (i) and Inequality (7) that

% ;“ = B)lln = Tnal® < % ;u — )|z — Tuza|® < +o0. (8)
Thus from Inequality (8) we have that lim,, . |2, — Thzy| = 0. The proofs of conclusions (i)

and (ii) are the same as Theorem 1. This completes the proof of Theorem 2.

Theorem 3 Let E be a real Banach space and K be a nonempty closed convex subset of E.
Let {T;}X.; be N strictly pseudocontractive self-maps of K such that F = N F(T;) # (), where
F(T;) ={z € K : T,x =z}, and let {a, }52; be a real sequence satisfying the conditions:

(i) 0<a<a,<l1;

(i) 321 (1 —an) = +oo;

(i) 3775 flunl] < +oc.
Let 9 € K and {z,}52, be defined by (4). Then {x,} converges strongly to a common fixed
point p € F if and only if liminf,,_, o d(z,, F) = 0.

Proof Suppose that {z,} converges strongly to a common fixed point p € F. In view of
the fact that 0 < d(zp, F) < ||z, — pl|, we see that

liminf d(x,, F) = 0.

n—oo
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Conversely, assume that lim inf,, . o d(x,, F') = 0, by Theorem 1, then we have also lim,, oo d(z,, F) =
0. Hence there must exist p, € F such that lim, . ||z, — pn|| = 0. It follows from Inequality
(6) that

|Zntm — Zoll < [|Zntm — Pall + |20 — Dol

1
< zngm—1 —pall + E||un+mf2” +l|zn — pall
1 n+m—2
< -~ Z [l || + 2]|zn — pull — 0, as n — oo.
=n

Thus {z,} is a Cauchy sequence. Suppose lim,_, @, = ¢, then it follows from lim,, o ||z, —
pn|l = 0 that lim,, . p, = ¢. Since strictly pseudoconrtactive mappings are Lipschitz mappings,

we have

llg — Tigll < llg = pull + llpn — Tigll < | Tipn — Tigl|

S Hq_an +LHpn - q” - Oa as n — oo,
forall [ =1,2,3---, N, that is ¢ € F'. This completes the proof of Theorem 3.

Theorem 4 Let T, K, {a,} and {x,} be as in Theorem 2. If {x,} converges strongly to a
point q € K, then ¢ must be a common fixed point of {T;,}1V_;.

Proof If {z,,} converges strongly to a point ¢ € K, then
| Tnzn — Thql| < Lijzy, —¢|| =0, as n — oo.

Thus it follows from lim,, . ||2n, — Thay|| = 0 that ||¢ — Thq|| — 0, (n — o0o). That is, for any
1=1,2,3,---, N, we have ¢ = T;q. This completes the proof of Theorem 4.

Lemma Let ay,as,as, -, a, be real numbers, then

n n—1

(Z a;)? < Z 2'a? + 2" a2,

i=1 i=1
Proof If n = 2, then (a1 +a2)? < 2a% +2a3. If n = 3, then (a1 +a1+a3)? < 243 +2(az+a3)? <
2a3 + 2(2a3 + 2a3) < 2a? + 2%a3 + 2243, which leads to

n n—1

(Z a;)? < Z 2'a? +2" a2, ¥n > 2.

i=1 i=1
The proof is done.

Theorem 5 Let E be a real Banach space and K be a nonempty closed convex subset of E.
Let {T;}Y be N strictly pseudocontractive self-maps of K such that F = NN, F(T;) # (), where
F(T;,) ={x € K : T;x = x}, and let {a, }52; C [1 — 27", 1] be a real sequence. Let o € K and
let {2, }22, be defined by

Ty = QpTp—1 + 6nTnIn + InUn, On + 671 + TYn = 1. (9)
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Here {an}, {Bn}, {7} C [0,1] are real sequences and {u,} € K is bounded. Then {x,} is

convergent.

Note It is easy to prove that the implicit iteration processes (4) and (9) are equivalent.

Proof It is now well known that

Iz +yl1? < llz)l* + 2(y, i (= + v)),

(10)

for all z,y € F and for all j(z +y) € J(x +y). Let p € F, it follows from Inequality (10) that

[ _pH2 = lan(@n-1 =) + Bn(Tpzn — ) + Yn(un _p)H2

< lan(@n—1 = p) + Ba(Tozn = )|l + |7 (un — p) I
< Oén2||xn71 _p”2 + 26n<TnIn _pvj(x - y)>+
29n|un — pllllan(@n—1 = p) + Bu(Tazn — p)|| 4+ [lun — pl1*.

Since T; : K — K, I =1,2,3,---, N is strictly pseudocontractive, we have

(Tiw = Tiy, j(x =) < lz =yl = Aillz = Tz — (y = Tw)lI* (s € (0,1)).
Let A = 11£i§nN{/\i}, then

(Tyw = Ty, j(w = 9)) < [l — yl2 = Mlz = Ti — (y — Tig) (1 € (0,1)).
Thus, it follows from (11) that

l|zn —p||2 Sozn2||11?n71 - pH2 + 206, ||zn —p||2 = 2\Bn |7 — Tnxn”2+

2771”’“/71 _p””an(wn—l _p) + ﬁn(Tnxn _p)” + ’7n2Hun _p||2'
Now we prove that {x,} is bounded. For xy = yo € K, {y,} is defined by

It follows from [10] that {y,} is bounded. Since {y,} and {u,} are bounded, we have

Hyn - In” < O‘nHynfl - ‘Tnle + ﬂn”Tnyn - Tnxn” + 'Yn”Tnyn - un”
S O‘nHynfl - xnle + LﬁnHyn - xn” + FYnMv

which leads to

|| < —% |+ M

n — ITn|ll S 75 ||Yn—1 — Tn— 1T _713

y 1=, T T,
< [1 + O'n]Hyn—l - xn—lH + ’7an'

(11)

Using the assumptions of theorem and Lemma OAA, we know that lim, _, ||yn — x| exists.

Since {y,} is bounded, it follows that {,} is bounded. Therefore, it follows from (12) that

lzn — pH2 < Oén2||517n71 - pH2 + 206, || zn —p||2 = 2\Bn |7 — Tnxn”2 + 29 Mo + ”Yn2M27

(13)
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where M is a constant. Since lim,, o a,, = 1,lim, o B, = 0, there exists a positive integer NV
such that 8, < (1 —X)/2,¥n > N. Thus 1 — 23, > A,¥n > N. Hence it follows from (13) that
foralln > N

2 2
2 an, 2 2\Bn o | 29 Mo+ Mo
lan = pl* < 7= lons =PI = 7255 lon = T2 4 2252
w2+ 26, — 1 2)0Bn
= (14 22 sl = e = Tuall + nlun — To [P+
2771M2 +’7n2M2
A
208, 290 Mo + 7,2 M.
< 14+ 22y~ pl? = Al — Ty 4+ 22200 M (14)
Since o, € [1—27",1] and ay,+ 6, +7vn = 1, we have D2, % <ooand ) 2, w <

oo. It follows from Lemma OAA that lim,_, ||z, —p|| exists. Therefore, {||x, —p||} is bounded.

Thus, there exists a positive integer number R such that ||z, —p||> < R,Vn > 1. From (14) we

have
n " "9 i Mo + 72 M.
A | Z Billwimr — Tixl|> < lan — pl* + R_ Z it Z %
1=N-+1 i=N-+1 i=N-+1
Hence -
Zﬁn”xn—l - Tnxn”2 < 0. (15)
n=1

From implicit iteration process (9), we obtain that
”In - Infln < ﬁn”Tnxn - ‘Tnle + 'Yn”Un - Inle-

Hxn_xn—le S 6712”Tnxn_xn—1||2+2ﬁn’7n”Tnxn_xn—IHHUn_xn—l” +’7n2”un_xn—1”2' (16)

Since {x,} is bounded, it follows from (16) that

Hxn - In71||2 < 6n2HTnIn - In71||2 =+ 'YnMB + FYnQMS- (17)
Since
n+m—1
|Zntm = @1l < D7 i —all,
i=n—1

it follows from Lemma OAA that

n+m—2
lZntm — 177%1”2 < Z 2'||zip1 — 5171H2 + 2n+m71”‘rn+m - ‘Tnerfl”Q- (18)
1=n—1
Combining (17) and (18), we obtain that
n+m—2
Tnt+m — Tn-1| > i+1 ||[Ti+1 — T4
| 12 < 2'Bi1” 1+
i=n—1
n+m—2
Y (i My 470 Ms) + 27 B | Ttmntm = Tt |24+
i=n—1

'YnerMS +'Yn+m2M3- (19)
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Since B, < 27", from (19) we obtain

n+m—1
[2ntm — 2 l> <Y Billwioy — T >+
=n

n+m—2
. 2 n+m—1 2 _ 2
K2

Z (’7 1 M3+ i1 M3) +2 Brtm HTn-i-mxn-i-m xn-i-m—lH +
i=n—1
Yntm Mz + Yrtm” M3. (20)

It follows from (15) and lim, .o Bp = 0,limy, o0 ¥ = 0, Yoo | (1 M3 + 102 M3) < oo that

lim ||Zptm — Tn-1] = 0.
o0

n—

Thus {x,} is a Cauchy sequence, and {x,,} converges strongly to a point p € E. This completes

the proof of Theorem 5.

Theorem 6 Let the assumptions of Theorem 5 hold and {z,} be defined by (9). Then {z,}
converges strongly to a common fixed point p € F if and only if lim,, o d(z,, F) = 0.

Proof Suppose that {x,} converges strongly to a common fixed point p € F. In view of fact
that 0 < d(z,, F) < ||z, — |, we see that lim, . d(2,, F) = 0.

Conversely, assume that lim,, o d(z,, F) = 0. By Theorem 2.1, we have z,, — p. Hence
d(p, F) = 0. It is easy to prove that the set of fixed points of strictly pseudocontractive mappings
is closed, so F is closed and p € F, that is, {x,} converges strongly to a common fixed point

p € . This completes the proof of Theorem 6.
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HIRERRRENEE R A ERRREAFKAT R

WAKAE Y, FRA, RXE, ARR?
(L RIEETARZFHZBERCER, K 300160; 2. AZFEFEM TRFGREER, WAL AZHE 050008 )

W% ¥ K R Banach ZEH] B RHREAMEE, (T} =1V B N PRAEAGLEE F o™
HONERRR, {an} C[0,1] IR, {un} C K &P, HE Tt

H0<a<a, <1;

(i) Yopeq (1 — an) = +oo;

(i) 3 unl] < +oc.
W xo e K, {x,} HITF=EX

Tp = QpTp_1 + (1 - an)Tn-In + Up—-1, N Z 15

(i) limy— oo lz — pll FHE, XFTE p € F;

(ii) imy,— oo d(xp, F) TFHE, 4 d(xp, F) = infpep |z, — plJ;

(iil) liminf, e ||@n — Tnan| = 0.
XGRS, MR {x,} C [1-277,1], W {2, } W8 SCHEREGE ST R T Osilike(2004)
BATHIZER, IEMERAE.
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