
Æ27)Æ1: F V Y ' 
 9 4 Vol.27, No.1

200782e JOURNAL OF MATHEMATICAL RESEARCH AND EXPOSITION Feb., 2007

Article ID: 1000-341X(2007)01-0098-09 Document code: A

Implicit Iteration Process with Errors for Common Fixed
Points of a Finite Family of Strictly Pseudocontractive

Maps

SU Yong-fu1, LI Su-hong1, SONG Yi-sheng1, ZHOU Hai-yun2

(1. Department of Mathematics, Tianjin Polytechnic University, Tianjin 300160, China;
2. Department of Mathematics, Shijiazhuang Mechanical Engineering College, Hebei 050003, China )

(E-mail: suyongfu@tjpu.edu.cn)

Abstract: Let E be a real Banach space and K be a nonempty closed convex subset of E.
Let {Ti}

N
i=1 be N strictly pseudocontractive self-maps of K such that F =

⋂N

i=1
F (Ti) 6= ∅,

where F (Ti) = {x ∈ K : Tix = x}, {αn} ⊂ [0, 1] be a real sequence, and {un} ⊂ K be a
sequence satisfying the conditions:

(i) 0 < a ≤ αn ≤ 1;
(ii)

∑
∞

n=1
(1 − αn) = +∞;

(iii)
∑

∞

n=1
‖un‖ < +∞.

Let x0 ∈ K and {xn}
∞

n=1 be defined by

xn = αnxn−1 + (1 − αn)Tnxn + un−1, n ≥ 1,

where Tn = TnmodN , then
(i) limn→∞ ‖xn − p‖ exists for all p ∈ F ;
(ii) limn→∞ d(xn, F ) exists, where d(xn, F ) = infp∈F ‖xn − p‖;
(iii) lim infn→∞ ‖xn − Tnxn‖ = 0.

Another result is that if {αn}
∞

n=1 ⊂ [1−2−n, 1], then {xn} is convergent. This paper generalizes
and improves the results of Osilike in 2004. The ideas and proof lines used in this paper are
different from those of Osilike in 2004.
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1. Introduction

Let E be a real Banach space and J denote the normalized duality mapping from E into

2E∗

given by J(x) = {f ∈ E∗ : 〈x, f〉 = ‖x‖2 = ‖f‖2}, where E∗ denotes the dual space of E

and 〈·, ·〉 denotes the generalized duality pairing. A mapping T with domain D(T ) and range

R(T ) in E is called strictly pseudocontractive in the terminology of Browder and Petryshyn [1]

if there exists λ > 0 such that

〈Tx − Ty, j(x − y)〉 ≤ ‖x − y‖2 − λ‖x − y − (Tx − Ty)‖2, (1)
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for all x, y ∈ D(T ) and some j(x − y) ∈ J(x − y). Without loss of generality we may assume

λ ∈ (0, 1). If I denotes the identity operator, then (1) can be written in the form

〈(I − T )x − (I − T )y, j(x − y)〉 ≥ λ‖(I − T )x − (I − T )y‖2. (2)

The class of strictly pseudocontractive mappings has been studied by various authors[1−7,10].

Let K be a nonempty convex subset of Banach space E, and Ti, i = 1, 2, 3, · · · , N , be a

finite family of nonexpansive self-maps of K. In [9], Xu and Ori introduced the following implicit

iteration process: For x0 ∈ K and {αn} ⊂ (0, 1), the sequence {xn} is generated by

xn = αnxn−1 + (1 − αn)Tnxn, n ≥ 1, (3)

where Tn = TnmodN .

In [10], Osilike considered the scheme (3) for finite family of strictly pseudocontractive

self-maps Ti, i = 1, 2, 3, · · · , N , of K and proved some convergence theorems for finite family of

strictly pseudocontractive mappings which extended the results of Xu and Ori[9].

In this paper, we will continue to investigate the problems of approximation of common

fixed points of a finite family of strictly pseudocontractive mappings by implicit iteration process

with errors. We generalize and improve the results of Osilike[10]. The ideas and proof lines used

in this paper are different from those of Osilike[10].

If K is a nonempty convex subset of Banach space E and T : K → K is a strictly pseudo-

contractive mapping, then for every u, v ∈ K and α ∈ (0, 1], the operator Sα : K → K defined

by

Sαx = αu + (1 − α)Tx + v

satisfies

〈Sαx − Sαy, j(x − y)〉 = (1 − α)〈Tx − Ty, j(x− y)〉 ≤ (1 − α)‖x − y‖2,

for all x, y ∈ K, thus Sα is a strongly pseudocontractive mapping. Since Sα is also Lipschitz, it

follows from [1,10] that Sα has a unique fixed point xα ∈ K. Thus there exists a unique xα ∈ K

such that xα = αu + (1 − α)Txα + v. This implies that the following implicit iteration scheme

with errors

xn = αnxn−1 + (1 − αn)Tnxn + un (4)

can be employed for the approximation of common fixed points of a finite family of strictly

pseudocontractive mappings, where {un} ⊂ K is a sequence, and (3) is special form of (4) when

un = 0.

Lemma OAA
[8] Let {an}∞n=1, {bn}∞n=1 and {δn}∞n=1 be three sequences of nonnegative real

numbers satisfying the inequality

an+1 ≤ (1 + δn)an + bn, n ≥ 1.

If
∑∞

n=1 δn < +∞ and
∑∞

n=1 bn < +∞,then limn→∞ an exists.
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2. Main results

Theorem 1 Let E be a real Banach space and K be a nonempty closed convex subset of E.

Let {Ti}N
i=1 be N strictly pseudocontractive self-maps of K such that F =

⋂N

i=1 F (Ti) 6= ∅ ,

where F (Ti) = {x ∈ K : Tix = x}, and let {αn} ⊂ [0, 1] be a real sequence and {un} ⊂ K be a

sequence satisfying the conditions:

(i) 0 < a ≤ αn ≤ 1;

(ii)
∑∞

n=1(1 − αn) = +∞;

(iii)
∑∞

n=1 ‖un‖ < +∞.

Let x0 ∈ K and {xn}∞n=1 be defined by (4). Then

(i) limn→∞ ‖xn − p‖ exists for all p ∈ F ;

(ii) limn→∞ d(xn, F ) exists, where d(xn, F ) = infp∈F ‖xn − p‖.

(iii) lim infn→∞ ‖xn − Tnxn‖ = 0.

Proof For any p ∈ F , we have that

‖xn − p‖2 = 〈xn − p, j(xn − p)〉

= αn〈xn−1 − p, j(xn − p)〉 + (1 − αn)〈Tnxn − p, j(xn − p)〉 + 〈un, j(xn − p)〉

≤ αn‖xn−1 − p‖‖xn − p‖ + (1 − αn)‖xn − p‖2+

‖un−1‖‖xn − p‖ − (1 − αn)λ‖xn − Tnxn‖
2

‖xn − p‖ ≤ ‖xn−1 − p‖ +
1

αn

‖un‖ −
(1 − αn)λ

αn‖xn − p‖
‖xn − Tnxn‖

2 (5)

‖xn − p‖ ≤ ‖xn−1 − p‖ +
1

αn

‖un−1‖.

From condition (i), we have

‖xn − p‖ ≤ ‖xn−1 − p‖ +
1

a
‖un−1‖. (6)

Since
∑∞

n=1 ‖un‖ < +∞, by Lemma OAA, we obtain that the limit limn→∞ ‖xn−p‖ exists. The

proof of conclusion (i) is completed.

It follows from Inequality (6) that

0 ≤ d(xn, F ) ≤ d(xn−1, F ) +
1

α
‖un−1‖,

by Lemma OOA, we obtain conclusion (ii).

It follows from conclusion (i) that, {xn} is bounded, then there exists a constant M > 0,

such that for any n ≥ 1, we have ‖xn − p‖ ≤ M . Therefore, it follows from Inequality (5) and

condition (i) that

‖xn − p‖ ≤ ‖xn−1 − p‖ +
1

a
‖un‖ −

1

M
(1 − αn)λ‖xn − Tnxn‖

2

λ

M

n∑

j=1

(1 − αj)‖xj − Tjxj‖
2 ≤ ‖x0 − p‖ − ‖xn − p‖ +

1

a

n∑

j=1

‖uj‖



No.1 SU Y F, et al: Implicit iteration for common fixed points of strict pseudocontractive maps 101

λ

M

∞∑

n=1

(1 − αn)‖xn − Tnxn‖
2 ≤ ‖x0 − p‖ +

1

a

∞∑

n=1

‖un‖.

From condition (iii), we know that

λ

M

∞∑

n=1

(1 − αn)‖xn − Tnxn‖
2 < +∞. (7)

By condition (ii), we know

lim inf
n→∞

‖xn − Tnxn‖ = 0.

This completes the proof of Theorem 1.

In Theorem 1, let {un} = {0} and the condition (i) be substituted by the condition
∑+∞

n=1(1−

αn)2 < +∞, then the result of Theorem 1 is the theorem of Osilike-1[10].

Theorem 2 Let E be a real Banach space and K be a nonempty closed convex subset of E.

Let {Ti}N
i=1 be N strictly pseudocontractive self-maps of K such that F = ∩N

i=1F (Ti) 6= ∅, where

F (Ti) = {x ∈ K : Tix = x}, {αn} ⊂ [0, 1] be a real sequence, and {un} ⊂ K be a sequence

satisfying the conditions:

(i) 0 < a ≤ αn ≤ β < 1;

(ii)
∑∞

n=1 ‖un‖ < +∞.

Let x0 ∈ K and {xn}∞n=1 be defined by (4). Then

(i) limn→∞ ‖xn − p‖ exists for all p ∈ F ;

(ii) limn→∞ d(xn, F ) exists, where d(xn, F ) = infp∈F ‖xn − p‖;

(iii) limn→∞ ‖xn − Tnxn‖ = 0.

Proof It follows from Condition (i) and Inequality (7) that

λ

M

∞∑

n=1

(1 − β)‖xn − Tnxn‖
2 ≤

λ

M

∞∑

n=1

(1 − αn)‖xn − Tnxn‖
2 < +∞. (8)

Thus from Inequality (8) we have that limn→∞ ‖xn − Tnxn‖ = 0. The proofs of conclusions (i)

and (ii) are the same as Theorem 1. This completes the proof of Theorem 2.

Theorem 3 Let E be a real Banach space and K be a nonempty closed convex subset of E.

Let {Ti}N
i=1 be N strictly pseudocontractive self-maps of K such that F = ∩N

i=1F (Ti) 6= ∅, where

F (Ti) = {x ∈ K : Tix = x}, and let {αn}∞n=1 be a real sequence satisfying the conditions:

(i) 0 < α < αn < 1;

(ii)
∑∞

n=1(1 − αn) = +∞;

(iii)
∑+∞

n=1 ‖un‖ < +∞.

Let x0 ∈ K and {xn}∞n=1 be defined by (4). Then {xn} converges strongly to a common fixed

point p ∈ F if and only if lim infn→∞ d(xn, F ) = 0.

Proof Suppose that {xn} converges strongly to a common fixed point p ∈ F . In view of

the fact that 0 ≤ d(xn, F ) ≤ ‖xn − p‖, we see that

lim inf
n→∞

d(xn, F ) = 0.
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Conversely, assume that lim infn→∞ d(xn, F ) = 0, by Theorem 1, then we have also limn→∞ d(xn, F ) =

0. Hence there must exist pn ∈ F such that limn→∞ ‖xn − pn‖ = 0. It follows from Inequality

(6) that

‖xn+m − xn‖ ≤ ‖xn+m − pn‖ + ‖xn − pn‖

≤ ‖xn+m−1 − pn‖ +
1

α
‖un+m−2‖ + ‖xn − pn‖

≤
1

α

n+m−2∑

i=n

‖ui‖ + 2‖xn − pn‖ → 0, as n → ∞.

Thus {xn} is a Cauchy sequence. Suppose limn→∞ xn = q, then it follows from limn→∞ ‖xn −

pn‖ = 0 that limn→∞ pn = q. Since strictly pseudoconrtactive mappings are Lipschitz mappings,

we have

‖q − Tlq‖ ≤ ‖q − pn‖ + ‖pn − Tlq‖ ≤ ‖Tlpn − Tlq‖

≤ ‖q − pn‖ + L‖pn − q‖ → 0, as n → ∞,

for all l = 1, 2, 3 · · · , N , that is q ∈ F . This completes the proof of Theorem 3.

Theorem 4 Let Tn, K, {αn} and {xn} be as in Theorem 2. If {xn} converges strongly to a

point q ∈ K, then q must be a common fixed point of {Tn}N
n=1.

Proof If {xn} converges strongly to a point q ∈ K, then

‖Tnxn − Tnq‖ ≤ L‖xn − q‖ → 0, as n → ∞.

Thus it follows from limn→∞ ‖xn − Tnxn‖ = 0 that ‖q − Tnq‖ → 0, (n → ∞). That is, for any

l = 1, 2, 3, · · · , N , we have q = Tlq. This completes the proof of Theorem 4.

Lemma Let a1, a2, a3, · · · , an be real numbers, then

(

n∑

i=1

ai)
2 ≤

n−1∑

i=1

2ia2
i + 2n−1a2

n.

Proof If n = 2, then (a1 +a2)
2 ≤ 2a2

1 +2a2
2. If n = 3, then (a1 +a1 +a3)

2 ≤ 2a2
1 +2(a2 +a3)

2 ≤

2a2
1 + 2(2a2

2 + 2a2
3) ≤ 2a2

1 + 22a2
2 + 22a2

3, which leads to

(

n∑

i=1

ai)
2 ≤

n−1∑

i=1

2ia2
i + 2n−1a2

n, ∀n ≥ 2.

The proof is done.

Theorem 5 Let E be a real Banach space and K be a nonempty closed convex subset of E.

Let {Ti}N
i=1 be N strictly pseudocontractive self-maps of K such that F = ∩N

i=1F (Ti) 6= ∅, where

F (Ti) = {x ∈ K : Tix = x}, and let {αn}∞n=1 ⊂ [1 − 2−n, 1] be a real sequence. Let x0 ∈ K and

let {xn}∞n=1 be defined by

xn = αnxn−1 + βnTnxn + γnun, αn + βn + γn = 1. (9)
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Here {αn}, {βn}, {γn} ⊂ [0, 1] are real sequences and {un} ∈ K is bounded. Then {xn} is

convergent.

Note It is easy to prove that the implicit iteration processes (4) and (9) are equivalent.

Proof It is now well known that

‖x + y‖2 ≤ ‖x‖2 + 2〈y, j(x + y)〉, (10)

for all x, y ∈ E and for all j(x + y) ∈ J(x + y). Let p ∈ F , it follows from Inequality (10) that

‖xn − p‖2 = ‖αn(xn−1 − p) + βn(Tnxn − p) + γn(un − p)‖2

≤ [‖αn(xn−1 − p) + βn(Tnxn − p)‖ + ‖γn(un − p)‖]2

≤ αn
2‖xn−1 − p‖2 + 2βn〈Tnxn − p, j(x − y)〉+

2γn‖un − p‖‖αn(xn−1 − p) + βn(Tnxn − p)‖ + γn
2‖un − p‖2. (11)

Since Ti : K → K, I = 1, 2, 3, · · · , N is strictly pseudocontractive, we have

〈Tix − Tiy, j(x − y)〉 ≤ ‖x − y‖2 − λi‖x − Tix − (y − Tiy)‖2(λi ∈ (0, 1)).

Let λ = min
1≤i≤N

{λi}, then

〈Tix − Tiy, j(x − y)〉 ≤ ‖x − y‖2 − λ‖x − Tix − (y − Tiy)‖2(λ ∈ (0, 1)).

Thus, it follows from (11) that

‖xn − p‖2 ≤αn
2‖xn−1 − p‖2 + 2βn‖xn − p‖2 − 2λβn‖xn − Tnxn‖

2+

2γn‖un − p‖‖αn(xn−1 − p) + βn(Tnxn − p)‖ + γn
2‖un − p‖2. (12)

Now we prove that {xn} is bounded. For x0 = y0 ∈ K, {yn} is defined by

yn = αnyn−1 + (βn + γn)Tnyn.

It follows from [10] that {yn} is bounded. Since {yn} and {un} are bounded, we have

‖yn − xn‖ ≤ αn‖yn−1 − xn−1‖ + βn‖Tnyn − Tnxn‖ + γn‖Tnyn − un‖

≤ αn‖yn−1 − xn−1‖ + Lβn‖yn − xn‖ + γnM,

which leads to

‖yn − xn‖ ≤
αn

1 − Lβn

‖yn−1 − xn−1‖ +
γnM

1 − Lβn

≤ [1 + σn]‖yn−1 − xn−1‖ + γnM1.

Using the assumptions of theorem and Lemma OAA, we know that limn→∞ ‖yn − xn‖ exists.

Since {yn} is bounded, it follows that {xn} is bounded. Therefore, it follows from (12) that

‖xn − p‖2 ≤ αn
2‖xn−1 − p‖2 + 2βn‖xn − p‖2 − 2λβn‖xn − Tnxn‖

2 + 2γnM2 + γn
2M2, (13)
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where M2 is a constant. Since limn→∞ αn = 1, limn→∞ βn = 0, there exists a positive integer N

such that βn < (1 − λ)/2, ∀n ≥ N. Thus 1 − 2βn ≥ λ, ∀n ≥ N . Hence it follows from (13) that

for all n ≥ N

‖xn − p‖2 ≤
α2

n

1 − 2βn

‖xn−1 − p‖2 −
2λβn

1 − 2βn

‖xn − Tnxn‖
2 +

2γnM2 + γn
2M2

1 − 2βn

= [1 +
αn

2 + 2βn − 1

1 − 2βn

]‖xn−1 − p‖2 −
2λβn

1 − 2βn

[αn‖xn−1 − Tnxn‖ + γn‖un − Tnxn‖]
2+

2γnM2 + γn
2M2

λ

≤ [1 +
2βn

λ
]‖xn−1 − p‖2 − λβn‖xn−1 − Tnxn‖

2 +
2γnM2 + γn

2M2

λ
. (14)

Since αn ∈ [1−2−n, 1] and αn+βn+γn = 1, we have
∑∞

i=1
2βn

λ
< ∞ and

∑∞

i=1
2γnM2+γn

2M2

λ
<

∞. It follows from Lemma OAA that limn→∞ ‖xn−p‖ exists. Therefore, {‖xn−p‖} is bounded.

Thus, there exists a positive integer number R such that ‖xn − p‖2 ≤ R, ∀n ≥ 1. From (14) we

have

λ

n∑

i=N+1

βi‖xi−1 − Tixi‖
2 ≤ ‖xN − p‖2 + R

n∑

i=N+1

σi +

n∑

i=N+1

2γiM2 + γi
2M2

λ
.

Hence
∞∑

n=1

βn‖xn−1 − Tnxn‖
2 < ∞. (15)

From implicit iteration process (9), we obtain that

‖xn − xn−1‖ ≤ βn‖Tnxn − xn−1‖ + γn‖un − xn−1‖.

‖xn−xn−1‖
2 ≤ βn

2‖Tnxn−xn−1‖
2+2βnγn‖Tnxn−xn−1‖‖un−xn−1‖+γn

2‖un−xn−1‖
2. (16)

Since {xn} is bounded, it follows from (16) that

‖xn − xn−1‖
2 ≤ βn

2‖Tnxn − xn−1‖
2 + γnM3 + γn

2M3. (17)

Since

‖xn+m − xn−1‖ ≤
n+m−1∑

i=n−1

‖xi+1 − xi‖,

it follows from Lemma OAA that

‖xn+m − xn−1‖
2 ≤

n+m−2∑

i=n−1

2i‖xi+1 − xi‖
2 + 2n+m−1‖xn+m − xn+m−1‖

2. (18)

Combining (17) and (18), we obtain that

‖xn+m − xn−1‖
2 ≤

n+m−2∑

i=n−1

2iβi+1
2‖xi+1 − xi‖

2+

n+m−2∑

i=n−1

(γi+1M3 + γi+1
2M3) + 2n+m−1βn+m

2‖Tn+mxn+m − xn+m−1‖
2+

γn+mM3 + γn+m
2M3. (19)
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Since βn ≤ 2−n, from (19) we obtain

‖xn+m − xn−1‖
2 ≤

n+m−1∑

i=n

βi‖xi−1 − Tixi‖
2+

n+m−2∑

i=n−1

(γi+1M3 + γi+1
2M3) + 2n+m−1βn+m

2‖Tn+mxn+m − xn+m−1‖
2+

γn+mM3 + γn+m
2M3. (20)

It follows from (15) and limn→∞ βn = 0, limn→∞ γn = 0,
∑∞

n=1(γnM3 + γn
2M3) < ∞ that

lim
n→∞

‖xn+m − xn−1‖ = 0.

Thus {xn} is a Cauchy sequence, and {xn} converges strongly to a point p ∈ E. This completes

the proof of Theorem 5.

Theorem 6 Let the assumptions of Theorem 5 hold and {xn} be defined by (9). Then {xn}

converges strongly to a common fixed point p ∈ F if and only if limn→∞ d(xn, F ) = 0.

Proof Suppose that {xn} converges strongly to a common fixed point p ∈ F . In view of fact

that 0 ≤ d(xn, F ) ≤ ‖xn − p‖, we see that limn→∞ d(xn, F ) = 0.

Conversely, assume that limn→∞ d(xn, F ) = 0. By Theorem 2.1, we have xn → p. Hence

d(p, F ) = 0. It is easy to prove that the set of fixed points of strictly pseudocontractive mappings

is closed, so F is closed and p ∈ F , that is, {xn} converges strongly to a common fixed point

p ∈ F . This completes the proof of Theorem 6.
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(1. I$�[
U.UdEUP�I$ 300160; 2. ? k*S��UdEUP��� ? k 050003 )��: > K B� Banach +! E j�+�L�� {Ti}i = 1N B N �(������ F 
X�MWG_R� {αn} ⊂ [0, 1] B�D1� {un} ⊂ K BT1�<5lQ6J"
(i) 0 < α ≤ αn ≤ 1;
(ii)

∑∞

n=1(1 − αn) = +∞;
(iii)

∑∞

n=1 ‖un‖ < +∞.> x0 ∈ K, {xn} `QA�℄
xn = αnxn−1 + (1 − αn)Tnxn + un−1, n ≥ 1,;j Tn = TnmodN , gaQ6#3

(i) limn→∞ ‖xn − p‖ 	f��Ha p ∈ F ;

(ii) limn→∞ d(xn, F ) 	f�� d(xn, F ) = infp∈F ‖xn − p‖;
(iii) lim infn→∞ ‖xn − Tnxn‖ = 0.Nj2\�#�B�=� {xn} ⊂ [1−2−n, 1],g {xn}C/�Nj#��%b,h0 Osilike(2004)m&
#��i7��Z�K�yzq: X�MWG_R�(O�^�A���������C/�-�


