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1 � �w�	}^!�Eyg�1(4[*�U�1�>�
ut − div(|∇um|p−2∇um) = f(u), x ∈ Ω, t > 0, (1.1)

u(x, t) = 0, x ∈ ∂Ω, t ≥ 0, (1.2)

u(x, 0) = u0(x), x ∈ Ω, (1.3)AJ p > 2, m ≥ 1, f [ �Z`� Ω v Rn(n ≥ 1) J*U`�� ∂Ω 1*�F/��<T;�	$R^yg4 m = 1 U1E��0.$_<}X�m*!�Eju (1.2),

(1.3) 1}^yg�
ut − div(|∇u|p−2∇u) = f(u), x ∈ Ω, t > 0. (1.4)

1993 7�:�94w� [1] J�	$C� (1.4) �0.$4 f  �, u [ ∇u 1ju}�1>i(41}X�=Df�1$4}^ju}C� (1.1) 1��[>i(41�
1

p

∫

Ω

|∇u0(x)|pdx −

∫

Ω

F (u0(x))dx ≤ −
4(p − 1)

pT (p− 2)2

∫

Ω

u2
0(x)dx, (1.5)AJ� F (u) =

∫ u

0 f(s)ds. Q�H1[�f�1$OX(4 T > 0 W0 (1.5) Y���6�4�, T 1U��>� Levine 3K4w� [2] JmV$=K}X�D�1$>i�[F>i�1(49��f/1}X'(.yg (1.4) YU��}^ju
1

p

∫

Ω

|∇u0(x)|pdx −

∫

Ω

F (u0(x))dx < 0.�f��: 2005-10-26; ���: 2006-01-04; m���: 2006-01-18jp�z: WpQJ��g� (10371050)
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Messaoudi 4w� [3] J�1$TG;'5"�50.�>1}X�=DfP#�>-R1ju

1

p

∫

Ω

|∇u0(x)|pdx −

∫

Ω

F (u0(x))dx ≤ 0.

Wang Jing 34w� [4] J�	$O}1?7
 p-Laplace C�1d^�Eyg
∂u

∂t
= div(|∇u|p−2∇u) + f(x, u, t),��1$C��1��(4[u��qw[Mw{4w� [5]JP#$R^C�5>!�Eyg�1�>[*��wmV$w� [3] 1}X�M��	$yg (1.1)–(1.3) , m ≥ 1 U�1I��P#$Lyg1��>1ju�v$w1p>�{/℄�P#yg (1.1)–(1.3) �1��(41}X�=O}X[w� [4] J}X1mV�

2 n`℄���IC� (1.1) 4W0 u = 0, |∇u| = 0 17$na�%&{/��� �19$�}0{/P#yg (1.1)–(1.3) V$�19$�b� 2.1 �-R um ∈ Lp(0, T ; W 1,p
0 (Ω))∩L∞(Ω× (0, T ))D ∂um

∂t
∈ L2(QT ) 1Z` uvyg (1.1)–(1.3) 4 Ω × (0, T ) R1V$��OX |∇um|p−2∇um 4 Ω × (0, T ) R���h�D;L℄4 t = T K�v'1s�Z` ϕ ∈ W 1,p

0 (QT ), *
∫

Ω

u0(x)ϕ(x, 0)dx +

∫∫

QT

(

uϕt − |∇um|p−2∇um∇ϕ + fϕ
)

dxdt = 0. (2.1)}0{/P#z1M�9��bt 2.1 S f ∈ C(R) -R
|mum−1f(u)| ≤ g(um), (2.2)AJ� g(u) ∈ C1(R), g(u) > 0. 6;L#1 um

0 ∈ L∞(Ω) ∩ W 1,p
0 (Ω), (4 T ′ ∈ [0, T ], W0yg

(1.1)–(1.3) *� u -R
um ∈ L∞

(

Ω × (0, T ′)
)

⋂

Lp
(

0, T ′; W 1,p
0 (Ω)

)

, (um)t ∈ L2
(

Ω × (0, T ′)
)

. (2.3){/(?6aCAP#�1�),C� (1.1) 1na��*O}1?6ayg
∂u

∂t
= div

(

(|∇um|2 + ε)(p−2)/2∇um
)

+ f(u), (x, t) ∈ Ω × (0, T ), (2.4)

u = ε, x ∈ ∂Ω × (0, T ), (2.5)

u(x, 0) = u0ε(x) + ε, x ∈ Ω, (2.6)AJ 0 < ε < 1, u0ε(x) ∈ C∞(Ω), W0 |(u0ε + ε)m|L∞(Ω) ≤ |(u0 + 1)m|L∞(Ω), |∇um
0ε|Lp(Ω) ≤

|∇um
0 |Lp(Ω), =D (u0ε + ε)m → um

0 , W 1,p(Ω). {/C/R^?6ayg(4FIS8� uε,



1� rx�4���Lob:|D��2)5Æl("X6#~2�? 159D uε ≥ ε, �tw� [6] 9� 4.1. o uε vyg (2.4)–(2.6) 1��}0{/P#T, uε 1�	�HRn�4�^J( C �Z�`�4�l�^�5G�l1E��t 2.1 (4 T ′ ∈ (0, T ) W0 (2.4)–(2.6) Y1� uε -R
|um

ε |L∞(QT ′ ) ≤ C, (2.7)AJ� QT ′ = Ω × (0, T ′), C [� �, T ′ 1�`��y ) w(t) -R�tHC�
dw

dt
= g(w), (2.8)

w(0) = |(u0(x) + 1)m|L∞(Ω). (2.9))w� [7] 5>919� 5.1, C/(4� �, |(u0(x) +1)m|L∞(Ω) 1 T0 ∈ (0, T ), W0R^yg4 [0, T0] R*��) ϕ = um
ε − w, )ju (2.2), 0.

mum−1
ε f(uε) − g(w) ≤ (um

ε − w)

∫ 1

0

g′(θum
ε + (1 − θ)w)dθ = Cε(x, t)ϕ.%& ϕ -R

ϕt − m(ϕ + w)
m−1

m div
(

(|∇ϕ|2 + ε)
p−2
2 ∇ϕ

)

− Cε(x, t)ϕ ≤ 0.) (2.9) [ uε 1!�E-R1ju�*
ϕ ≤ εm − |(u0(x) + 1)m|L∞(Ω) ≤ 0, , ∂Ω × [0, T0];

ϕ = (u0ε(x) + ε)m − |(u0(x) + 1)m|L∞(Ω) ≤ 0, , Ω.,[)jE0�kCjE0��04 QT0 R� ϕ ≤ 0. '=*
|um

ε |L∞(QT0) ≤ max
(0,T0)

w(t).) T ′ =
T0

2
, C = w(T ′), �0

|um
ε |L∞(QT ′ ) ≤ C.�t 2.2 ?6ayg (2.4)–(2.6) 1� uε -R

∫∫

QT ′

|∇um
ε |pdxdt ≤ C, (2.10)AJ C [� �, T ′ 1�`��y ( um

ε � (2.4) Y!:��4 QT ′ RhH��H�hH�0
1

m + 1

∫

Ω

um+1
ε (x, T ′)dx −

1

m + 1

∫

Ω

(u0ε(x) + ε)m+1dx

=

∫∫

ST ′

(|∇um
ε |2 + ε)(p−2)/2∇um

ε · ~num
ε dsdt−

∫∫

QT ′

(|∇um
ε |2 + ε)(p−2)/2|∇um

ε |2dxdt +

∫∫

QT ′

fum
ε dxdt,
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 - < + 27�AJ ST ′ = ∂Ω × (0, T ′). �(ju (2.5), RY�av
∫∫

QT ′

|∇um
ε |pdxdt ≤

∫∫

QT ′

(|∇um
ε |2 + ε)(p−2)/2|∇um

ε |2dxdt

≤
1

m + 1

∫

Ω

(u0ε(x) + ε)m+1dx −
1

m + 1

∫

Ω

um+1
ε (x, T ′)dx + C

∫∫

QT ′

fdxdt ≤ C.�t 2.3 ?6ayg (2.4)–(2.6) 1� uε -R
∥

∥

∥

∥

∂um
ε

∂t

∥

∥

∥

∥

L2(QT ′ )

≤ C, (2.11)AJ C [� �, T ′ 1�`��y 4 (2.4) Y!:� (um
ε )t, �4 QT ′ RhH���(!�Eju (2.5)–(2.6) 0

∫∫

QT ′

mum−1
ε

∣

∣uεt

∣

∣

2
dxdt

=

∫∫

QT ′

(|∇um
ε |2 + ε)

(p−2)
2 ∇um

ε ∇(um
ε )tdxdt +

∫∫

QT ′

mfum−1
ε uεtdxdt

= −
1

2

∫ T ′

0

∂

∂t

(

∫

Ω

∫ |∇um
ε (x,t)|2

0

(s + ε)
(p−2)

2 dsdx
)

dt +

∫∫

QT ′

mfum−1
ε uεtdxdt

=
1

2

∫

Ω

(

∫ |∇um
0ε|

2

0

(s + ε)
(p−2)

2 ds
)

dx −
1

2

∫

Ω

(

∫ |∇um
ε (x,T ′)|2

0

(s + ε)
(p−2)

2 ds
)

dx+

∫∫

QT ′

mfum−1
ε uεtdxdt.�( Young �3Y [4] [&� 2.2 �0

∫∫

QT ′

mum−1
ε

∣

∣uεt

∣

∣

2
dxdt =

1

p

∫

Ω

(|∇um
0ε|

2 + ε)
p

2 dx−

1

p

∫

Ω

(|∇um
ε (x, T ′)|2 + ε)

p

2 dx +

∫∫

QT ′

mfum−1
ε uεtdxdt

≤ C +
1

2

∫∫

QT ′

mum−1
ε |f |2dxdt +

1

2

∫∫

QT ′

mum−1
ε |uεt|

2dxdt.����)&� 2.1 [RY*
∫∫

QT ′

∣

∣

∣

∣

∂um
ε

∂t

∣

∣

∣

∣

2

dxdt = m

∫∫

QT ′

um−1
ε

(

mum−1
ε

∣

∣

∣

∣

∂uε

∂t

∣

∣

∣

∣

2
)

≤ C.bt 2.1 _�y )&� 2.1–2.3 !kBP9�C(4 {uε} 1P% (�EMov {uε}) [
QT ′ R1Z` u, W0, ε → 0 U�

uε → u, , QT ′ ,
∂um

ε

∂t
⇀

∂um

∂t
, , L2(QT ′).
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∫∫

QT ′

ε(p−2)/2|∇um
ε |2dxdt ≤ C, (2.12)

∫∫

QT ′

(|∇um
ε |2 + ε)(p−2)/2|∇um

ε |2dxdt ≤ C. (2.13)�( (2.12),(2.13) 0
∫∫

QT ′

∣

∣

∣
(|∇um

ε |2 + ε)
(p−2)

2
∂um

ε

∂xi

∣

∣

∣

p

p−1

dxdt

≤ C
(

∫∫

QT ′

|∇um
ε |pdxdt + ε

p(p−2)

2(p−1)

∫∫

QT ′

|∇um
ε |

p

p−1 dxdt
)

≤ C
(

∫∫

QT ′

|∇um
ε |pdxdt + Cε

p(p−2)

2(p−1)
( C

ε
(p−2)

2

)

)

≤ C.=�1(4 µi ∈ L
p

p−1 (QT ′), i = 1, · · · , n, W0
(|∇um

ε |2 + ε)
(p−2)

2
∂um

ε

∂xi
⇀ µi, 4 L

p

p−1 (QT ′) J.'= ∀ϕ ∈ W 1,p
0 (QT ′) D4 t = T ′ K� ϕ = 0, *

∫

Ω

u0(x)ϕ(x, 0)dx +

∫∫

QT ′

(

uϕt − µ∇ϕ + fϕ
)

dxdt = 0, (2.14)AJ µ = (µ1, µ2, · · · , µn). s�;R^ ϕ, *
∫∫

QT ′

|∇um|p−2∇um∇ϕdxdt =

∫∫

QT ′

µ∇ϕdxdt. (2.15)N#.;,�"EZ` F (X) = |X |p−2X , *
(F (X) − F (Y )) · (X − Y ) ≥ 0���'=; ∀vm ∈ Lp(0, T ′; W 1,p(Ω)), ζ ∈ W 1,p

0 (QT ′), 0 ≤ ζ ≤ 1, 4 t = T ′ K� ζ = 0, *
∫∫

QT ′

ζ(|∇um
ε |p−2∇um

ε − |∇vm|p−2∇vm) · ∇(um
ε − vm)dxdt ≥ 0. (2.16)N#.

∫∫

QT ′

ζ(|∇um
ε |2 + ε)(p−2)/2|∇um

ε |2dxdt

=
1

m + 1

∫

Ω

ζ(x, 0)(u0ε(x) + ε)m+1dx +
1

m + 1

∫∫

QT ′

ζtu
m+1
ε dxdt+

∫∫

QT ′

um
ε fζdxdt −

∫∫

QT ′

um
ε (|∇um

ε |2 + ε)(p−2)/2∇um
ε ∇ζdxdt,
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 - < + 27�!k, p ≥ 2 U�*
(|∇um

ε |2 + ε)(p−2)/2|∇um
ε |2 ≥ |∇um

ε |p,) (2.16) Y6�m#
1

m + 1

∫

Ω

ζ(x, 0)(u0ε(x) + ε)m+1dx +
1

m + 1

∫∫

QT ′

ζtu
m+1
ε −

∫∫

QT ′

ζ|∇um
ε |p−2∇um

ε ∇vmdxdt +

∫∫

QT ′

um
ε fζdxdt−

∫∫

QT ′

um
ε (|∇um

ε |2 + ε)(p−2)/2∇um
ε ∇ζdxdt−

∫∫

QT ′

ζ|∇vm|p−2∇vm · ∇(um
ε − vm)dxdt ≥ 0. (2.17)),*

(

|∇um
ε + ε|

)(p−2)/2
∇um

ε = |∇um
ε |p−2∇um

ε +
(p − 2)ε

2
∇um

ε

∫ 1

0

(

|∇um
ε |2 + εs

)(p−4)/2
ds,4 (2.17) YJ) ε → 0, ) f 1 ��0

1

m + 1

∫

Ω

ζ(x, 0)um+1
0 (x)dx +

1

m + 1

∫∫

QT ′

ζtu
m+1dxdt +

∫∫

QT ′

umfζdxdt−

∫∫

QT ′

umµ∇ζdxdt −

∫∫

QT ′

ζµ∇vmdxdt−

∫∫

QT ′

ζ|∇vm|p−2∇vm · ∇(um − vm)dxdt ≥ 0. (2.18)4 (2.14) YJ�G ϕ = ζum, *
1

m + 1

∫

Ω

ζ(x, 0)(uε)
m+1dx +

1

m + 1

∫∫

QT ′

ζtu
m+1dxdt +

∫∫

QT ′

umfζdxdt−

∫∫

QT ′

umµ∇ζdxdt =

∫∫

QT ′

ζµ∇umdxdt.+P (2.18) Y0.
∫∫

QT ′

ζ(µ − |∇vm|p−2∇vm)∇(um − vm)dxdt ≥ 0. (2.19)4 (2.19) YJ�G vm = um − σϕ, σ ≥ 0, ϕ ∈ W 1,p
0 (QT ′) D4 t = T ′ K� ϕ = 0, ) σ → 0, 0.;R^ ϕ, *

∫∫

QT ′

ζ(µ − |∇um|p−2∇um)∇ϕdxdt ≥ 0.�I�Q�G σ ≤ 0,�!0.�B1�3Y�%&Q�G ζ, W0 suppϕ ⊂ suppζ,=4 suppϕR� ζ = 1, 60. (2.15) Y��( uε → u(ε → 0), �N#.4 ∂Ω × (0, T ) R� uε(x, t) = ε,



1� rx�4���Lob:|D��2)5Æl("X6#~2�? 163�0 u(x, t) = 0 a.e. , ∂Ω × (0, T ), m u -R (1.2) Y�,[)V$�19$�0 u mvyg
(1.1)–(1.3) 4 QT ′ R1�� 2

3 n`U}zP#��1{/M�19��AJ F (u) =
∫ u

0 msm−1f(s)ds.bt 3.1 qS f ∈ C(R) -R |mum−1f(u)| ≤ g(um) [
qF (u) ≤ umf(u), q > p > 2, (3.1)AJ� g(s) ∈ C1(R), g(s) > 0. Q;L℄F'1 u0 ∈ L∞(Ω)

⋂

W 1,p
0 (Ω), *

1

p

∫

Ω

|∇um
0 (x)|pdx −

∫

Ω

F (u0(x))dx ≤ 0, (3.2)6�4*�Ur4�>� 3.1 -R (3.1) Y1Z` f 1�O�P[ f(s) = |sm|q−2sm, AJ q > p > 2, m ≥ 1. =�1143K#$}��B; p-Laplacian ���y 9$
H(t) =

∫

Ω

F (u(x, t))dx −
1

p

∫

Ω

|∇um|pdx.)C��N"0.
H ′(t) =

4m

(m + 1)2

∫

Ω

(

(u
m+1

2 )t

)2
dx ≥ 0;%&�) (3.2) Y�0 H(t) ≥ H(0) ≥ 0. 3)

L(t) =
1

m + 1

∫

Ω

um+1(x, t)dx,�D;AtH�0
L′(t) =

∫

Ω

umut(x, t)dx ≥

∫

Ω

um
[

div(|∇um|p−2∇um) + f(u)
]

(x, t)dx

≥ qH(t) + (
q

p
− 1)

∫

Ω

|∇um|p(x, t)dx

≥ (
q

p
− 1)[H(t) + ||∇um||pp ] ≥ 0. (3.3)yORn L

mp

m+1 (t), ) Poincare �3Y[ Lq �r1BP�0
L

mp

m+1 (t) ≤ C||um||pp ≤ C||∇um||pp,AJ� C [� �, Ω [ m 1�`�%&*
L

mp

m+1 (t) ≤ C[H(t) + ||∇um||pp ]. (3.4)) (3.3) [ (3.4) *
L′(t) ≥ γL

mp

m+1 (t), (3.5)
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 - < + 27�AJ� γ = (q − p)/Cp. Dy; (3.5) YhH�0.
L

mp

m+1−1(t) ≥
1

L1− mp

m+1 (0) − γt
.%& L 4Ur t∗ ≤ 1

γ L1− mp

m+1 (0) 4�>��w 3.1 OX(4 t0 ≥ 0,

1

p

∫

Ω

|∇um
0 (x)|pdx −

∫

Ω

F (u0(x))dx = 0,6�e;;d*1Ur t ≥ t0 3,'e;4*�Ur t∗ > t0 4�>�Yq
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Existence of Solutions to a Class of Doubly Degenerate Equations and

Blow up with Vanishing Initial Energy

WANG Jian, GAO Wen-jie
(Institute of Mathematics, Jilin University, Jilin 130012, China )

Abstract: An initial boundary value problem related to the equation

ut − div(|∇u
m|p−2∇u

m) = f(u)

is studied in this paper. We prove, under suitable conditions on f , a blow up result for solutions with
vanishing or negative initial energy. The existence of solutions is also given.

Key words: doubly degenerate; boundary value problem; blow-up.


