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1 n ib��05D%- A ;WA�+�[��;�^9+���b� x ∈ D(A) � 0 ∈ Ax.�t���w|�^&;YN�+37o+�;�A�+���x���E�L\�3Vt;2N�	x5D�[�=�;#	x�����3�Vt;�A=�+J7o+�;xf`�05D%-;WA�+ [1].� Hilbert :� H &�x�05D%-WA�+;k`+CXR�U(A%R�
{

∀x1 ∈ H

xn+1 = (I + cnT )−1xn, n ≥ 1,
(PPA)p& {cn} ⊂ (0, +∞) ;���"�� I : H → H ;}={�� T ⊂ H × H ;�05D%-�

Martinet�> [2-3]&2F�|%R (PPA);k`*< cn ≡ c,�L T = ∂g w T = A+NcO(wU�HQ%R (PPA) ;��M!p�7~��%R (PPA) &�F3q(&ak!JWi*{�% (I + cnT )−1xn, ���k��p;�w�'o;Q�F3!�p℄y� Rockafellar �
1976 i��>H [1] &u�Qk(Z*{;U(A%R�

{
∀x1 ∈ H

xn+1 ≈ (I + cnT )−1xn, n ≥ 1,
(IPPA)��Q� Hilbert :�&��kH.�E� {xn} ��M��05D%- T ;k`WA�/ Rockafellar[1] ;3Q�o����%R (IPPA);p)%R�Q�r� [4−6]. |O��P%R0N0I� Hilbert:�;=�h�O�YN)i;�+'hK;�05D%-99Hr�kÆ Banach:�&���7	���+ [7] 'hK;�05D%-o Sobolev :� Wm,p(Ω)_E\[: 2005-02-25; M`\[: 2005-07-17IOhZ: o�0}6a�% (10471003)



178 � _ e . � m ℄ 2723;p/|;Hr��t+�� Banach:�&x�05D%-WA;F3%RBm�kK[�qr;d-3�7/�j�kKJ8>g;3�t;� Banach:�&�%- (J + cT )−1�Æ�Z?�;�'o Hilbert :�=�hn'�;%R��XR�Æ�OQ��>�e�R;F3_��F| LyapunovVt�Qr %-�kr1y%-=Æt�8\~�%- (J + cT )−1 ��Z?�'2�;>g�:9F3ZS��M� Banach :�&�05D%-;WA;!\�
2 o5s^	 E ;� Banach :�� E∗ ;pLk:���mLk%- J : E → 2E∗ Hr; J(x) =

{x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2}, x ∈ E, p& 〈·, ·〉 �� E � E∗ ���$;krLkL�| “−→” w “⇀” [��� E � E∗ &ZS;s���M�	 T ⊂ E × E∗ ;k%-�pHr�; D(T ) = {x ∈ E : Tx 6= φ}, ��; R(T ) =
⋃
{Tz : z ∈ D(T )}. & T ⊂ E × E∗ ;5D%-��p ∀xi ∈ D(T ), yi ∈ Txi, i = 1, 2, 3� 〈x1 − x2, y1 − y2〉 ≥ 0. 5D%- T ⊂ E ×E∗ &;�05D;��p T ;5L G(T ) = {(x, y) : x ∈ D(T ), y ∈ Tx} ��r�p)5D%-;5L�&�Bl 1

[8] & Banach :� E ;_3;��p ∀x, y ∈ U = {x ∈ E : ‖x‖ = 1}, x 6= y }� ‖x+y
2 ‖ < 1. & Banach :� E ;k"3;��p ∀{xn}, {yn} ⊂ U , limn→∞ ‖xn+yn

2 ‖ = 1, }� limn→∞ ‖xn − yn‖ = 0.k"3 Banach :��/T;v_3;�Bl 2
[8] Banach:� E &;i�;��p ∀x, y ∈ U (/Hr 1), �I limt→0

‖x+ty‖−‖x‖
t.�	& E ;k"i�;����&;�IL ∀x, y ∈ U k"/9����LP (Ω), 1 < p < +∞�k"3vk"i�;�

E �k"3; Banach :� ⇐⇒ E∗ �k"i�; Banach :�	
E �/T; Banach :� ⇐⇒ E∗ �/T; Banach :�	8 E �/T; Banach :��� E ;_3:� ⇐⇒ E∗ ;i�:��mT 1

[8−9] >&i|;�mLk%-;kP��V%�
(i) 	 E ;� Banach :��� ∀x ∈ E, Jx 6= φ, D(J) = E, J : E → 2E∗ ��$�5D%-	
(ii) ∀λ ∈ R, ∀x ∈ E, J(λx) = λJx;

(iii) � E ��/T�i�; Banach:��� J : E → E∗ ;5��,L\�_5D;�v JE = E∗;

(iv) � E ;�/T�k"i�; Banach :��� J : E → E∗ � E ;a`�$-
��k"L\;	~o�V%7��
(v) � E ��i��k"3 Banach:��� J−1 : E∗ → E ;�mLk%-�v� E∗ ;a`�$-
��k"L\;�mT 2

[9] >&i|;5D%-;kP)i!\�	 E ;�i��k"3 Banach :����
(i) 5D%- A ⊂ E × E∗ ��05D; ⇔ ∀r > 0, R(J + rA) = E∗;

(ii) � A ⊂ E × E∗ ;�05D%-��pv A−10 = {x ∈ E : 0 ∈ Ax} � E &;��3
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(iii) � A ⊂ E × E∗ ;�05D%-��p5L G(A) �,�;��� ∀{xn} ⊂ D(A),

xn ⇀ x,(n → ∞), ∀yn ∈ Axn, yn → y, (n → ∞)⇒ x ∈ D(A) v y ∈ Ax.~uC 1 wuC 2, 7u'�EHr�Bl 3 	 E ;�i��k"3 Banach :��A ⊂ E ×E∗ ;�05D%-� ∀r > 0, Hr%- Qr : E → E ; Qrx = (J + rA)−1Jx, �&�; Qr %-�mT 3
[10] 	 E ;�k"i� Banach:���.�k`L\�t� β : R+ → R+, β(0) =

0 _1� ∀c ≥ 1, ∀t ≥ 0, β(ct) ≤ cβ(t) v ∀x, y ∈ E, �
‖x + y‖2 ≤ ‖x‖2 + 2〈y, Jx〉 + max{‖x‖, 1}‖y‖β(‖y‖)�&���=�; Reich �=��Bl 4 	 E ;�i� Banach :�� Lyapunov Vt ϕ : E × E → R+ Hr�E�

ϕ(x, y) = ‖x‖2 − 2 < x, Jy > +‖y‖2, ∀x, y ∈ E.mT 4
[5] 	 E ;�/T�_3�i� Banach :�� C ; E &;Z:���3-
��� ∀x ∈ E, .�:k; x0 ∈ C , _1� ϕ(x0, x) = inf{ϕ(z, x) : z ∈ C}. +��L ∀x ∈ E, Hr QC : E → C ; QCx = x0, �& QC ;- E 9 C �;kr1y%-�w 1 8 E = H(Hilbert :�) �� QC = PC �- H 9 C �;1B1y%-�mT 5
[5] 	 E ;�i� Banach :�� C ; E &;Z:���3-
� x ∈ E, x0 ∈ E.�� ϕ(x0, x) = inf{ϕ(z, x) : z ∈ C} 8v&8 〈z − x0, Jx0 − Jx〉 ≥ 0, ∀z ∈ C.w 2 uC 5 b*Qkr1y%- QC ;k`x*��mT 6
[5] 	 E ;�/T�_3�i� Banach :�� C ; E &;Z:���3-
�� ∀x ∈ E, ∀y ∈ C, ��

ϕ(y, QCx) + ϕ(QCx, x) ≤ ϕ(y, x).w 3 uC 6 b*Qkr1y%- QC � Lyapunov VtKPE; “Z?�V%”.mT 7
[5] 	 E ;�i��k"3 Banach :�� {xn}, {yn} ; E &O`ZS��p&�k�$�v ϕ(xn, yn) → 0, n → ∞ � xn − yn → 0, n → ∞.mT 8 	 E ;�/T�_3�i� Banach :�� A ⊂ E × E∗ ;�05D%-�

A−10 6= φ, �� ∀x ∈ E, y ∈ A−10, r > 0, �� ϕ(y, Qrx) + ϕ(Qrx, x) ≤ ϕ(y, x).rX ~ Qr %-�Hr�� ∀x ∈ E, ∀r > 0, ∃ur ∈ AQrx, _1�
JQrx + rur = Jx.~ A ;5DV�� ∀y ∈ A−10,

〈Qrx − y, ur〉 ≥ 0.~ Lyapunov Vt�Hr��
ϕ(y, x) − ϕ(Qrx, x) − ϕ(y, Qrx) =‖y‖2 − 2〈y, Jx〉 + ‖x‖2 − ‖Qrx‖

2 + 2〈Qrx, Jx〉−

‖y‖2 − ‖x‖2 − ‖Qrx‖
2 + 2〈y, JQrx〉
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=2〈y, JQrx − Jx〉 − 2〈Qrx, JQrx − Jx〉

=2r〈Qrx − y, ur〉 ≥ 0.mT 9
[11] 	 E ;� Banach :��� ∀x, y ∈ E, �� ‖x + y‖2 ≥ ‖x‖2 + 2〈y, j(x)〉, p&

j(x) ∈ Jx .mT 10
[12] 	 {an},{bn} w {δn} ;�`Z^��S�� an+1 ≤ (1 + δn)an + bn v∑∞

n=1 bn < +∞,
∑∞

n=1 δn < +∞, �� limn→∞ an .��
3 vkNGoE}	 E ;�i��k"3 Banach :�� A ⊂ E × E∗ ;�05D%-� A−10 6=

φ, Qr = (J + rA)−1J, ∀r > 0. LbH;MP xn ∈ E �� rn > 0, x#-�+�
Jx + rnAx ∋ Jxn, ∀n ≥ 1 (1)p& xn = J−1[Jxn + Jen].~uC 2 &; (i) ��.� x̂n ∈ E � en ∈ E _1
�X( (1), 7�h; x̂n � en kÆ� ��:k;���Abu�E�("F3%R (PIA):






x1 ∈ E, r1 > 0
xn = J−1[Jxn + Jen], n ≥ 1
x̂n = Qrn

xn, n ≥ 1
xn+1 = J−1[αnJxn + (1 − αn)Jx̂n], n ≥ 1,

(PIA);��F3%R (PIA) ;�MV�LC#ZS {en} -�kPI$.��
(I)

∑∞
n=1 ‖en‖ < +∞;

(II) 2〈x̂n, Jen〉 + max{‖xn‖, 1}‖en‖β(‖en‖) ≤ ϕ(x̂n, xn),p& β : R+ → R+ ;*G�uC 3 & Reich �=�&;t��w 4 �("F3%R (PIA) &��C#K en ≡ 0, ∀n ≥ 1, ��;*{F3%R (EIA):





x1 ∈ E, r1 > 0
x̂n = Qrn

xn, n ≥ 1
xn+1 = J−1[αnJxn + (1 − αn)Jx̂n], n ≥ 1,

(EIA)+�� xn � A ;k`WA8v&8 x̂n = xn.Æ~ LyapunovVt;V%p��ϕ(x̂n, xn) = 0 ⇔ x̂n = xn. t+�Ab7o~; ϕ(x̂n, xn)�k`|P x̂n∈A−10(K; “C#$”. ��8 ϕ(x̂n, xn)1fN��x̂n �~;���+ 0 ∈ Ax;k`7 �;("#�-+qr���I$.� (II) �zC;�G�%����>;*i!p�Yb 1 	 E ;�i��k"3 Banach:��A ⊂ E ×E∗ ;�05D%-�A−10 6= φ.	 {xn} �~%R (PIA) '$
;ZS�v_1.� (I) w (II). Z QA−10 ;- E 9 A−10 �;kr1y%-�'k!�	 {rn} ⊂ (0, +∞) ,{αn} ⊂ [0, 1], �ZS {QA−10(xn)} s�M�
v ∈ A−10 , p& v �_1

lim
n→∞

ϕ(v, xn) = min
y∈A−10

lim
n→∞

ϕ(y, xn) (2)



1o =G�>� Banach ;�'�16E&.XB<G4�)ID 181;:k��rX [!!8'e+;��?k!��� {xn} �$�~ Lyapunov Vt;Hr� ‖ · ‖2 ;3V�F3%R (PIA) �� ∀p ∈ A−10,

ϕ(p, xn+1) =‖p‖2 − 2〈p, Jxn+1〉 + ‖Jxn+1‖
2

≤αn‖p‖
2 + (1 − αn)‖p‖2 − 2αn〈p, Jxn〉+

αn‖xn‖
2 + (1 − αn)‖x̂n‖

2 − 2(1 − αn)〈p, Jx̂n〉

=(1 − αn)ϕ(p, x̂n) + αnϕ(p, xn). (3)t p ∈ A−10, ~uC 8 ��
ϕ(p, x̂n) ≤ ϕ(p, xn) − ϕ(x̂n, xn), (4)F| Lyapunov Vt;Hr�F3%R (PIA) �uC 9 ��

ϕ(x̂n, xn) = ‖x̂n‖
2 − 2〈x̂n, Jxn〉 + ‖xn‖

2

= ‖x̂n‖
2 − 2〈x̂n, Jxn + Jen〉 + ‖Jxn + Jen‖

2

≥ ϕ(x̂n, xn) + 2〈xn − x̂n, Jen〉. (5)F| Lyapunov Vt;Hr�F3%R (PIA) �uC 3 ��
ϕ(p, xn) = ‖p‖2 − 2〈p, Jxn〉 + ‖xn‖

2

= ‖p‖2 − 2〈p, Jxn + Jen〉 + ‖Jxn + Jen‖
2

≤ ϕ(p, xn) + 2〈xn − p, Jen〉 + max{‖xn‖, 1}‖en‖β(‖en‖). (6)� (5) w (6) 3� (4), �F|.� (II) ��
ϕ(p, x̂n) ≤ ϕ(p, xn) − ϕ(x̂n, xn) ≤ ϕ(p, xn) + 2‖p‖‖en‖, (7)Æ (7) 3�9 (3), ��

ϕ(p, xn+1) ≤ ϕ(p, xn) + 2‖p‖‖en‖, (8)~.� (I), (8) ��uC 10 �� limn→∞ ϕ(p, xn) .��t+ {xn} ��$ZS�Æ~F3%R�� {xn} j��$ZS�?P!���.�:k; v ∈ A−10 _1� limn→∞ ϕ(v, xn) = miny∈A−10 limn→∞ ϕ(y, xn).Hr h(y) = limn→∞ ϕ(y, xn), ∀y ∈ A−10. � h : A−10 → R+ ���;�E�L\�3Vt�v h(y) → +∞, ‖y‖ → +∞. g.� v ∈ A−10 _1� h(v) = miny∈A−10 h(y).7 h(y) �_3;�g�� v ∈ A−10 �X�:k;�?�!��� limn→∞ ϕ(QA−10xn, xn) .��~ QA−10 �Hr��
ϕ(QA−10xn+1, xn+1) ≤ ϕ(QA−10xn, xn+1). (9)
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ϕ(QA−10xn, xn+1) ≤ ϕ(QA−10xn, xn) + 2‖en‖‖QA−10xn‖. (10)~uC 6 ��

ϕ(QA−10xn, xn) ≤ ϕ(v, xn) − ϕ(v, QA−10xn),�E v ∈ A−10 ;?P!&_1� limn→∞ ϕ(v, xn) = miny∈A−10 limn→∞ ϕ(y, xn) ;:k��-O
ϕ(QA−10xn, xn) ≤ ϕ(v, xn). (11)t;~?k!�� {xn} �$�g~ LyapunovVt;Hr�� {ϕ(v, xn)} �$�-O (11)s {ϕ(QA−10xn, xn)} �$�g {QA−10xn} �$���~ (9) w (10) ��

ϕ(QA−10xn+1, xn+1) ≤ ϕ(QA−10xn, xn) + 2K‖en‖,p& K = sup{‖QA−10xn‖ : n ≥ 1}.-OF|.� (I) �uC 10, limn→∞ ϕ(QA−10xn, xn) .��?!!��� QA−10xn → v, �E v ∈ A−10 /�?P!�~uC 6 ��
ϕ(v, QA−10xn) ≤ ϕ(v, xn) − ϕ(QA−10xn, xn),-O

lim sup
n→∞

ϕ(v, QA−10xn) ≤ lim
n→∞

ϕ(v, xn) − lim
n→∞

ϕ(QA−10xn, xn)

=h(v) − lim
n→∞

ϕ(QA−10xn, xn) ≤ 0.g ϕ(v, QA−10xn) → 0. ~uC 7, QA−10xn → v.BT 1 	 E ;�i��k"3 Banach :��	�mLk%- J : E → 2E∗ ;�ZSL\;���8 {xn} ⊂ E, xn ⇀ x �� Jxn ⇀ Jx. Z A ⊂ E × E∗ ;�05D%-�
A−10 6= φ. 	 {xn} �~%R (PIA) '$
;ZS�v_1.� (I) w (II). Z QA−10 ;- E 9
A−10 �;kr1y%-�'k!�	 {rn} ⊂ (0, +∞), limn→∞ rn = +∞, {αn} ⊂ [0, 1] _1�
lim supn→∞ αn < 1, �F3ZS {xn} ��M� v ∈ A−10, p& v �_1

v = lim
n→∞

QA−10(xn) (12);:k��rX [O!8'HC;��?k!��� ω(xn) ⊂ A−10, p& ω(xn) �� {xn} '���M-S;��IAz,�t E k"3�O~e+ 1 ;?k!�� {xn} �$�g ω(xn) 6= φ.	 x ∈ ω(xn), �.� {xn};f-S��Y	 xn ⇀ x, n → ∞. ~�	 J : E → 2E∗ ��ZSL\;�g Jxn ⇀ Jx, n → ∞. F|F3%R (PIA) &;!��~ lim supn→∞ αn < 1 ��7Æ℄y-S��Y��3 {xn}, �:� Jx̂n ⇀ Jx, n → ∞.Æ~F3%R&;?����.� wn ∈ Ax̂n � Jxn = Jx̂n + rnwn.



1o =G�>� Banach ;�'�16E&.XB<G4�)ID 183t;~e+ 1�;?k!��{xn},{xn}3�$	~e+ 1&?�!;���{QA−10xn}�$�Æ~uC 8 ��
ϕ(QA−10xn, x̂n) ≤ ϕ(QA−10xn, xn),-O {x̂n} �$�'oF| limn→∞ rn = +∞ ��

wn =
Jxn − Jx̂n

rn

→ 0, n → ∞. (13)�L_1 Jx̂n ⇀ Jx, n → ∞,wn ∈ Ax̂n v wn → 0, n → ∞ ;��ZS {x̂n}. ~p�$V��mLk%- J : E → 2E∗ ;�ZSL\V�uC 1 ���.�);k`-S��Y��3 {x̂n} ��_1� x̂n ⇀ x, n → ∞ vJw; wn ∈ Ax̂n _1 wn → 0, n → ∞. !+F|uC
2 &�05D%- A ;,�V�� x ∈ D(A) v 0 ∈ Ax.?P!��� xn ⇀ v, n → ∞ p& v �_1 (2) �; {QA−10xn} ;s�I�~uC 5 ��

∀y ∈ A−10, 〈QA−10xn − y, JQA−10xn − Jxn〉 ≤ 0. (14)~e+ 1 �� QA−10xn → v, n → ∞, p& v �_1 (2) �;:k�	~� J : E → E∗ ;,L\;�g JQA−10xn ⇀ Jv, n → ∞.~� E ;/T;� {xn} ��$ZS�g {xn} ���M-S�	 xnj
⇀ x0, j → ∞, ~HC 1 &?k!;��� x0 ∈ A−10. ~�	.���� Jxnj

⇀ Jx0, j → ∞. gL (14) O�y�I:� ∀y ∈ A−10,

〈v − y, Jv − Jx0〉 ≤ 0. (15)� (15) &y y = x0, �� 〈v − x0, Jv − Jx0〉 ≤ 0. t J 5D�g� 〈v − x0, Jv − Jx0〉 = 0.�t J _5D�g� x0 = v.	Y�k-S {xnl
} _1 xnl

⇀ x1, l → ∞. �� x1 ∈ A−10, v Jxnl
⇀ Jx1, l → ∞. )℄o�q(� x1 = v.!+�Q� {xn} ;'���M-S�J/;�I�g� xn ⇀ v,n → ∞.w 5 8 E = H-Hilbert :���%R (PIA) �'�EU��






x1 ∈ H, r1 > 0
xn = xn + en, n ≥ 1,

x̂n = (I + rnA)−1xn, n ≥ 1,

xn+1 = αnxn + (1 − αn)x̂n, n ≥ 1.

(16)%R (EIA) �;�EF3_��





x1 ∈ H, r1 > 0
yn = (I + rnA)−1xn, n ≥ 1,

xn+1 = αnxn + (1 − αn)yn, n ≥ 1.

(17)~ (16) w (17) 7���>&HC 1 �%�>H [13] &HC 3 ;!\- Hilbert :�6
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A Theorem of Iterative Approximation of Zero Point for Maximal

Monotone Operator in Banach Space
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Abstract: Let E be a real smooth and uniformly convex Banach space, and E∗ its duality space. Let
A ⊂ E × E∗ be a maximal monotone operator with A−10 6= φ. A new iterative scheme is introduced
which is proved to be weakly convergent to zero point of maximal monotone operator A by using the
techniques of Lyapunov functional, Qr operator and generalized projection operator, etc.

Key words: Lyapunov functional; maximal monotone operator; uniformly convex Banach space; Reich
inequality.


