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1 * &V G �3YoV H '�P G d��*��[h2P G �oV K, h> G = HK. w�C�[h H ∩K = 1, R' H P G d���hti\�oV���*�
HV��℄*��.nfTg0��_� P.Hall[4] [;&�3YE�V G j�	�9P�9 G �Z9 Sylow oVP G d��� Kegel[6,7] [;&�[hV G �Z9y4oVP G dE)s�*w G �?3Y9*oVP G dE9*�*�R G �	�u�6a�MS�ÆD��eB~"J%T{jHoV���*��3�(�b�x,&3���JoV�*�_�WF��Bu7*�&V��℄n�
��[q�� [8], �H% [9,10] "B
YaoV�WF*�&E�V��/= [3,11] <
n"B c- YaoV�WFUE&E�V�3��
n�℄�sÆ�d���v.1,3�FE:& F -S- ���WF��"By4oV� F -S- ���[,&V�3����
n�℄�u�6a*��|#���k0"BmsoV� F -S-���
3"*�V��
J�℄�w�C�
7><&E�V�9*V�%�	Vn�	V�3���G�mR���dtEV�E�V���6�E:nVmj�m��[h 0��6#��� [1]n [12].

2 ,w1��( 2.1 
 F j3YV��V G �oV H '�P G d F -S- ����[h2P G �3YoV K, h> G = HK P K/K ∩ HG ∈ F , Md HG = Core(H) =
⋂

g∈G Hg j�kP H d
G �s4YaoV�/g K 2'� H P G d�3Y F -S- ��)� 2.1 
 F j3Y`V�PoV��V�� H j G �3YoV�RÆ(G-)%�

(1) ℄ K j H P G d F -S- ��P N � G, R KN/N j HN/N P G/N d� F -S- ��
(2) 
 N � G �YaoVP N ≤ H . ℄ K/N j H/N P G/N d� F -S- ��R K �

H P G d� F -S- ������: 2005-03-17; ����: 2005-08-15�
%�: g}qY�(x� (10471118#)
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(3) ℄ H ≤ D ≤ G P K j H P G d� F -S- ���5 K ∩D j H P D d� F -S- ��)� 2.2

[12] 
 G �E�V� pj |G| �s�s;o�℄ H ≤ G P |G : H | = p, R H �G.)� 2.3
[2] [h F �oV���nV��P H � G �oV��5 H ∩ZF(G) ≤ ZF(H).)� 2.4
[12] y�R p- 9*V�y�R9*V�)� 2.5
[1] 
 G �y�R%�	V�R

(1) G E�3R7�Ya Sylow p- oV P , H?3Ysn p;

(2) P/Φ(P ) � G/Φ(P ) �y�YaoV�
(3) P/Φ(P ) R)s�
(4) [h p > 2, R expP = p; [h p = 2, R expP ≤ 4;

(5) [h P �u�R expP = p;

(6) G � Sylow vVwy�R9*V�)� 2.6
[12] E�V G �	9P�9HHZ9 p ∈ π(G), G d2P p′-Hall oV�

3 }�	���z3-)� 3.1 
 G �3YE�V�[hHHZ9 p ∈ π(G), G E3Y p �oVP G dE p-9* -S- ��R G j3Y Sylow vV�0� (1) l�[; G j q- 9*��Md q jV G ��s�s;o�
 L ≤ G, |L| = q �P2P G �oV K, h> G = LK P K/K ∩ LG � q- 9*V�[h
K ∩ LG = 1 , �5 K j q- 9*��- Kq′ � K �Ya q′-Hall oV�u2j G � q′-Hall oV�;� |G : K| = |L : L ∩ K| ≤ q, D<� 2.2, >< K � G, G Kq′ char K, ^ Kq′ � G, 1K G j q- 9*��[h K ∩ LG 6= 1, �5 L = LG P K = G, U�; G/L j q- 9*��-
H/L j G/L �Ya q′-Hall oV�R H = LHq′ , Md Hq′ jV H 2j G � q′-Hall oV�;� |H : Hq′ | = |L| = q, D<� 2.2, E Hq′ � H . Hj Hq′ char H � G, 1K Hq′ � G, z G � q-9*V�

(2) B
AN[; G j3Y Sylow vV�D (1) �
 G EYa q- �oV K, Md q jV G ��s�s;o�Z9 p ∈ π(K), DE�y�n<� 2.1, K E3Y p �oVP K dE p- 9* -S- ��t6 K 3rE�y��HjH G ���
A\ K j Sylow vV�1K G 2j Sylow vV��� 3.1 [h3YV G E3YYaoV N , h> G/N j%�	VPHHZ9 p ∈ π(N),

N � p �oVP G dE p- 9* -S- ��R G �%�	V�0� ~
E�!)%� G �y��O$�
(1) G �y�R%�	V�HH G �Z9WoV K, �XE N ∩K � K P K/N ∩K ∼= KN/N ≤ G/N j%�	��D<� 2.1, Z9 p ∈ π(N ∩ K), N ∩ K �Z9 p �oVP K dE p- 9* -S- ��^ K 3rE��y��D G �$T\ K �%�	V�1K G �y�R%�	V�Hj G 3r<� 2.5�0S�
(2) p > 2.[h p = 2, DH N � 2 �oVP G dE 2- 9* -S- ��D<� 3.1 �[; (1) \�G �

2- 9*V�1K G �%�	V�4I�
(3) :,4I�



1L  $	�B�`I F-S- � pW 209;� p > 2, RD<� 2.5 \ expP = p. DH (P ∩ N)Φ(P )/Φ(P ) � G/Φ(P ) P P/Φ(P ) j
G �k;o�t6 (P ∩ N)Φ(P ) = Φ(P ) w (P ∩ N)Φ(P ) = P . [h (P ∩ N)Φ(P ) = Φ(P ), R
P ∩ N ≤ Φ(P ). DH G/N n G/P �%�	��>< G/Φ(P ) �%�	V�1K G j%�	��4I��~
 (P ∩N)Φ(P ) = P ,R P ≤ N . ZT x ∈ P \Φ(P ), R 〈x〉P GdE p-9* -S-��t62P G�oV K,h> G = 〈x〉K P K/K∩〈x〉G � p-9*V�[h K = G,R G/〈x〉G� p- 9*V�[h 〈x〉G = 1, G � p- 9*V�1K G �%�	V�4I�[h 〈x〉G = 〈x〉,

P = 〈x〉,1K G2�%�	V�4I��P�/K < G�R��- P1 = P ∩K,R K ≤ NG(P1).G P1 < P , 1K K < NG(P1). G;� |G : K| = |〈x〉 : 〈x〉 ∩ K| = p, t6 NG(P1) = G, z
P1 � G �[h P1 �kP Φ(P ), R P = P ∩ G = P ∩ 〈x〉K = 〈x〉P1 = 〈x〉Φ(P ) = 〈x〉, 1K G �%�	V�4I�[h P1 !�kP Φ(P ), R 1 6= P1Φ(P )/Φ(P ) � G/Φ(P ) �D<�
2.5,P1Φ(P ) = P , z P = P ∩ K, 1K P ≤ K. /4I�)&E��[;�DE� 3.1, 
7�6^�><[Æ|0� � 3.1.1 [hHHZ9 p ∈ π(G), G � p �oVP G dE p- 9* -S- ��R G �%�	V� � 3.1.2 [h G �Z9y�oVP G dE9* -S- ��R G �%�	V��� 3.2 V G �%�	V�*T�0y�j2P G �3YYaoV N , h> G/N j%�	�P N �Z9y�oVP G dE%�	 -S- ��0� �0�j�X��`[*T��~
E�!)%� G �y��O$�RE

(1) G �y�R%�	V�HH G �Z9WoV K, N ∩K �K, K/N ∩K ∼= KN/N ≤ G/N j%�	��D<� 2.1,

N ∩ K �Z9y�oVP K dE%�	 -S- �� K 3rE��y��D G �$T\ K �%�	V�Hj G �y�R%�	V�1K G 3r<� 2.5 �y��
(2) G � 2- 9*V�
 L j N �3Y 2 �oV�R L P G dE%�	 -S- ��t62P G �oV K, h> G = LK P K/K ∩ LG �%�	V�Hj K �%�	V�1K K � 2- 9*V�;�

|G : K| = |L : L ∩ K| ≤ 2, D<� 2.2, K � G, 1K G j 2- 9*��
(3) :,4I�[h p = 2, RD (2), G � 2- 9*V�1K G �%�	V�4I��P~
 p > 2, RD<� 2.5 \ expP = p. DH (P ∩ N)Φ(P )/Φ(P ) � G/Φ(P ), t6 (P ∩ N)Φ(P ) = Φ(P ) w

(P ∩ N)Φ(P ) = P . [h (P ∩ N)Φ(P ) = Φ(P ), R P ∩ N ≤ Φ(P ). DH G/N n G/P �%�	��E G/Φ(P ) j%�	��G;� Φ(P ) ≤ Φ(G), t6 G j%�	V�4I�[h
(P ∩ N)Φ(P ) = P , R P ∩ N = P , 1K P ≤ N . ZT 1 6= x ∈ P , ;� 〈x〉 P G dE%�	
-S- ��t62P G �oV K, h> G = 〈x〉K P K/K∩ < x >G �%�	V�[h K = G, R
G/〈x〉G �%�	V�1K G �%�	V�4I��P�/ K < G �R��- P1 = P ∩K, R
K ≤ NG(P1). GDH P1 < P , E K < NG(P1), 1K NG(P1) = G, z P1 � G �[h P1 �kP
Φ(P ), R P = P ∩ G = P ∩ 〈x〉K = 〈x〉P1 = 〈x〉Φ(P ) = 〈x〉, 1K G �%�	V�4I�[h
P1 !�kP Φ(P ), R 1 6= P1Φ(P )/Φ(P ) � G/Φ(P ). D<� 2.5, P1Φ(P ) = P , z P = P ∩ K,Hj K = G. Usq�4I�;E�)%�



210 o & + � K J 1 27� � 3.2.1 V G �%�	V�*0y�j G �Z9y�oVP G dE%�	 -S- ��
4 �����z3-�� 4.1 G �9*V�*T�0y�j2P G �YaoV N h> G/N j9*�P N�Z9O�y�oV�kP Z∞(G) d�K G �3Y 2 �oV ([h 2||G|) P G dE 2- 9*
-S- ��0� �0�j�X��
7` [;*T��l�[;�[h G/N � p- 9*�P N �Z9 p �y�oV�kP G � Z∞(G) d�U! p �3YOsn�R G � p- 9*V�℄!X��
 G�y��O$�HH G�Z9WoV K, N ∩K �K, K/N ∩K ∼= KN/N ≤

G/N j p- 9*��[h p !X. N ∩ K ���R�X K j p- 9*V�[h p X. N ∩ K���RD<� 2.3 \ N ∩ K �Z9 p �y�oV�kP K ∩ Z∞(G) ≤ Z∞(K) d�Hj K3r�>�y��D G �$T\ K � p- 9*V�U�; G �3Yy�R p- 9*V�OD<� 2.4 \ G �y�R9*V�Hj G E3YYa Sylow p- oV P 3r P/Φ(P ) � G �k;oP P �9_n� p (#� [1, E� 3.4.11]). 8DH (P ∩ N)Φ(P )/Φ(P ) � G/Φ(P ), E
(P ∩ N)Φ(P ) = Φ(P ) w (P ∩ N)Φ(P ) = P . [h (P ∩ N)Φ(P ) = Φ(P ), R P ∩ N ≤ Φ(P ). ;� G/N n G/P � p- 9*���� G � p- 9*��4I�[h (P ∩N)Φ(P ) = P , R P ≤ N .HjDy�E P ≤ Z∞(G), D/2>< G j p- 9*V�4I�;�HHZ9 p > 2, G j p- 9*V��P�D<� 3.1 �[; (1) �>< G j 2- 9*V�;/ G j9*V�E�[��DE� 4.1 �[;�
7�6^�><Æ( K.Ito �E�� � 4.1.1

[5] HHtEOsn p, [h G �6Y p �oV�kP G Pd� Z(G) d�R Gj p- 9*V�DE� 4.1, 
7tC^�><Æ(�h� � 4.1.2 3YV G�9*V�*T�0y�j G �Z9O�y�oV�kPu�%d� Z∞(G) d�P G �3Y 2 �oVP G dE 2- 9* -S- �� � 4.1.3 ~
 G �O�V�R G �9*V�*T�0y�j G �Z9y�oV�kP Z∞(G) d�
5 �	���z3-�� 5.1 3YV G ��	�*T�0y�jHHZ9 p ∈ π(G), 2P G �3Y p- oVP G dE p- �	 -S- ��0� �0�j�X��
7`[*T��
 P j G�3 p-oVP P P GdE p-�	 -S-��Hj2P G�oV K,h> G = PKP K/K ∩ PG � p- �	V�8DH K ∩ PG j p- �	��^ K j p- �	��1K K d2P
p′-Hall oV Kp′ , u2j G � p′-Hall oV�D p �Z9�n<� 2.6 \ G j�	V� � 5.1.1 V G �	�*T�0y�j G �Z9 Sylow oVP G dE�	 -S- ���� 5.2 
 H jV G �3YoVP |G : H | �sn q �Q9�[h H �Z9 Sylow oVP G dE�	 -S- ���5 G �	�0� - π = π(H) \ q. Z9 p ∈ π, 
 P j H �Z3 Sylow p- oV�R P 2j G �3Y Sylowp- oV�;� P P G dE�	 -S- ��t62P G �oV K, h> G = PK P
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K/K ∩PG ��	V�Hj K j�	V�1K K d2P p′-Hall oV Kp′ . �X Kp′ 2j G �3Y p′-Hall oV�[h q !X. H ���R H � G � q′-Hall oV��5>B<� 2.6 \ G�	��P~
 q X. H ���P- Q � H � Sylow q- oV�RDy��2P G �oV L,h> G = QL P L/L ∩ QG ��	V�Hj L �	�1K L E q′-Hall oV Lq′ , u2j G �3Y q′-Hall oV�O0>B<� 2.6 
7>< G j�	���� 5.3 
 G �3Y π- �	V� H � G �3Y π-Hall oV�[h H P G dE�	
-S- ���5 G j�	V�0� ;� G � π- �	V�t6 G � π-Hall oV H j�	��D~
 H P G dE�	 -S- ��Hj2P G �oV K, h> G = HK P K/K ∩HG �	�;� K ∩HG j�	��^ K ��	V�[h HG 6= 1, RD<� 2.1 \ G/HG 3rE�y��Hj"B
A�\ G �	�[h HG = 1, - N � G �3Yy�YaoV�;� G j π- �	��t6 N w� π- Vw� π′- V�8DH HG = 1, 8� N �� π′- V�Hj (|G : K|, |N |) = 1, 1K N ≤ K. [h
N = G, �5 G = K �	�~
 N < G. �5D<� 2.1 \ G/N 3rE�y��Hj"B
A�> G/N �	�GDH N ≤ K j�	��
7sf>< G j�	V�E�[��|�"$�
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On F-S-Supplemented Subgroups

LI Chang-wen1, GUO Wen-bin1,2

(1. Department of Mathematics, Xuzhou Normal University, Jiangsu 221116, China;
2. Department of Mathematics, University of Science and Technology of China, Anhui 230026, China )

Abstract: Let F be a class of groups. A subgroup H of a group G is called F-S-supplemented in G if
there exists a subgroup K of G such that G = HK and K/K ∩ HG ∈ F , where HG =

⋂
g∈G

Hg is the
maximal normal subgroup of G contained in H . In this paper, By using F-S-supplemented subgroups,
we give some new criteria for the solvability, nilpotency and supersolvability of finite groups. By these
results, we may get a series of corollaries, which contain some known results.

Key words: F-S-supplemented subgroup; nilpotent group; supersolvable group; soluble group.


