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1. Introduction

Dyck paths are very well-known combinatorial objects that have been widely studied in
the literature. Stanley’s book Enumerative Combinatorics and its addendum (http://www-
math.mit.edu/ rstan/ec/catadd.pdf) list over 95 collections of objects equivalent to Dyck paths
of a fixed length, all of which are counted by the Catalan sequence C,, = n+-1(21:l) for n > 0.
Many various points of view[!%16:17:21.22] haye thrown light on Dyck paths, such as areal6:7-13:32],

9

bounce scorel'®8 bounce count!'8!, pyramid weight and number of exterior pairsl”), number of

20]

udw’s?. There are many others'%23 who have made important and earlier studies regarding

statistics on Dyck paths.

Definition 1.1 A Dyck path is a lattice path in the first quadrant, which begins at the origin
(0,0), ends at (2n,0) and consists of steps (1,1) and (1, —1). We can encode each (1,1) step by
the letter u (for up), each (1,—1) step by the letter d (for down), obtaining the encoding of Dyck
path by a so-called Dyck word. A peak in a Dyck path is an occurrence of ud, a valley is an
occurrence of du. By the height of a peak or of a valley we mean the height of the intersection
point of its two steps. By a return step we mean a d step ending at height 0. A Dyck path with
one return step is called primitive.

In the sequel, we will at times use interchangeably a Dyck path W and its Dyck word W.
We will refer to [(W) = n as the semilength of the path.
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Given a Dyck path(word) W = u®1dPt ... u®dP ... 4*dP with t(> 1) peaks, where a;, 3;
are positive integers for ¢ € [t], it is clear that the following conditions must be satisfied:

(1) X%y (e — B;) > 0 fori € [t].

2 ar+tar+--+a=0+0+-+ 5 =UW).
Define the blocks of up steps (a1, s, ...,a:) to be the U-sequence, the blocks of down steps
(61,52, --.,05¢) to be the D-sequence, the height of peaks (p1,pe,...,p:) to be the P-sequence
and the height of valleys (v1,va,...,v:) to be the V-sequence, where p; = Z;Zl(aj — Bj—1) for
i € [t] is the height of the i-th peak of W and v; = 375_, (aj — ;) for i € [t — 1] is the height of
the i-th valley of W (left to right). For convenience we set vg = By = 0 and sometimes we set
vg = —1 if necessary.

Conversely, any two of these four sequences can uniquely determine a; and j3; for i € [t],

which in turn can uniquely determine a Dyck path, if they satisfy the conditions (1) and (2).

In this paper we consider the enumeration of subsets of the set, say D,,, of those Dyck paths
of any length with maximum peak height equal to m and having a strictly increasing sequence of
peak height (as one goes along the path). Bijections and the methods of generating trees together
with those of Riordan arrays are used to enumerate these subsets, resulting in such well-known
sequences as the Catalan nos., Narayana nos., Motzkin nos., Fibonacci nos., Schroder nos., and
the unsigned Stirling numbers of the first kind. In particular, we give two configurations which
do not appear in Stanley’s well-known list of Catalan structures. The first of these configurations
is the set of those paths in D,, with strictly increasing blocks of down steps (as one goes along
the path). The other configuration corresponds to the set of those paths in D,,, with increasing
valley heights (as one goes along the path).

The paper will precisely be organized as follows. The first section will dedicate to the
necessary machinery such as Riordan arrays and generating trees, which play an important role
in the paper. In Section 3 we consider the set D,, which turns out to be equivalent to S,,,
the set of permutations of [m] = {1,2,...,m}; and in the consequent subsections the following
statistics related to D,, are of interest: D-sequence, P-sequence and V-sequence. Subject to
some restricted conditions in these sequences, we investigate many new settings counted by the

above-mentioned classical numbers.

2. Riordan arrays and generating trees

Definition 2.1 A proper Riordan array is an infinite lower triangular array {Rm k}m.keN,
defined by a pair of formal power series R = (R, 1) = (d(x), h(z)), with the generic element
R, 1 satisfying

Ry i = [2"]d(z) (h(x))",
where d(x) = do + dix + do2® + -+ and h(z) = hiz + hex® + -+ with do, hy # 0.

Proper Riordan array can also be defined in terms of two sequences A = {ag,a1,az,...}

with ag # 0 and Z = {20, 21, 22, . . . }?%26:28] such that every entry Ryp+1,k+1 OF Ryy1,0 can be
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expressed as a linear combination as follows:

Roti k41 = aoBRmp + a1 B o1 + 02 R g2 + -+,

Riyp1,0 = 20Rmo + 21 R + 22Rpmao+ -+ .

Let A(x) and Z(x) be the generating functions of these two sequences A and Z, respectively.
Then the pair (d(z), h(x)) can be determined uniquely by the following formulas:

do

h(z) = 2zA(h(z)), d(z) = T=2Z(h@)

Definition 2.2 A generating tree is a rooted labelled tree with the property that the labels
of the set of children of each node v can be determined from the label of v itself. To specify a
generating tree, it suffices to specify

(i) the label of the root, and

(ii) a set of succession rules explaining how to derive, given the label of a father, the quantity
of children and their labels.

Chung et all”l introduced the technique of generating tree, which was later used and named
by West[39:31 This approach has been exploited further in related problems!*>11:12 and de-
veloped further by the authors!'=324. Using the notation of West3?), we are interested in the
number of nodes on level m, denoted by X,, with the root on level 0. Sometimes it is more

convenient to start with the root on level 1.

Example 2.3 The Catalan generating tree is generated by the rule:

Root :  (2).
Rule: (k) — (2)(3)---(k+1).

Example 2.4 The Schréder generating tree is generated by the rule:

Root :  (2).
Rule: (k) — (3)4)---(k+1)(k+1).

In order to obtain %,,, the following lemmal'® will be very useful.

Lemma 2.5 Letce N, A;, Z; e Nfor j >0, Ay # 0 and k > c and let

Root: ()
Rule: (k) — (c)%#<(c+ 1)< (c+ 2)Ak-c-1... (k4 1)

be a generating tree specification. Define A(x) = 3,5 Aix" and Z(x) = 35,5, Zix'. Then a
proper Riordan array R = (R, 1) = (d(x), h(z)) is obtained. Namely,

R 1. = [2™]d(x) (h()),
where h(z) and d(x) are defined by

hz) = zA(h(z)), d(z)
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Specially, one can obtain the level number

Example 2.6 Considering the Catalan generating tree, by Lemma 3.1, we have

A(x)—gxi—lix, Z(x)_;xi—lix; h(z) = 2C(x), d(z) = C(z).

Then for m > 1, taking the root on level 1, one obtains

d(x) C(z)

_ _ _,C(x) -1

Em — [pm—1 — [pm—1 — [pm—1 =C,,
"] 1— h(z) [ ]1 —zC(x) =] x Coms

where C(z) = 1241212 = > m>0 Cma™ is the generating function for the Catalan numbers.

Example 2.7 Considering the Schroder generating tree, by Lemma 3.1, we have

A(:v):1+z:vi:2_x, Z(z) = 0; h(:v)=1+x_ 12_6$+x2, d(z) =1.

Then for m > 0, taking the root on level 0, one obtains

d(x) 1 l—2—v1—-6x+a2

Em = o ]m:[x ]1—1”_@:@ ) 2 -
where 7, is the mth large Schréder number, defined by 3, - rpna™ = loz=vI1=—6ata? W.

3. Dyck paths with the height of peaks strictly increasing

In this section we study Dyck paths with the height of peaks strictly increasing from left
to right. Let D,, denote the set of such paths with the last peak at height m and let D,, be
its cardinality. It turns out that D, is equivalent to the set Sy, of permutations of [m]. Let
Inv(w) denote the number of inversions of m € S,,,, where an inversion of 7 is a pair (i, ) with
1 <4 < j < m such that 7(z) > 7(j).

Then the relation between D,, and S,, is described as follows

Theorem 3.1 There exists a simple bijection ¢ between Um21 D,, and Um21 S, such that
O(D) = Sy and Inv(p(W)) = (W) —m for W € D,,.

Proof We now construct recursively such a bijection as follows. For W’ € D,, 11, i.e., W =
werdPr . @t @Byt dm+1 for some 0 < ¢ < m such that 0 = po<pr <o < pr < pey1 =m+1.
Let

utrdbr ... uatdﬁtuat+l_1dm, if py <m,
utrdbr ... u®td™, if py =m,

which is a member of D,,.
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Suppose that p(W) = 7 € S,,. If pr < m, then o(W') = 7m +1 € Syi1; If pr = m,
then o(W') = 7’ € S,,41 by inserting m + 1 into 7 in the position between m + 1 — az41 and
m—+2— opq1.

On the other hand, for 7’ € S, 41, let #/(m+1—7v) = m+ 1 for some 0 < v < m
and let 7 denote the permutations obtained by deleting m + 1 in 7. Suppose ¢~ !(7) = W =
urdPr .. y@-1dP-1yd™ | then ¢~ 1(n') = W' is defined by

- { u®tdPr -yt d utdm L if y € [m),

utrdfr .y tigmEl if v=0,

which belongs to D,,41.
Hence ¢ is indeed a bijection. Note that from ¢(W’) to ¢(W), the number of inversions
and semilength decrease, respectively, by v and v+ 1. So it is easy to prove, by induction on m,
that Inv(p(W)) = I(W) —m for W € D,,. 0
For example W = w?d'v?d*ubd3u*d3u*d” € Dy, then p(W) = 5167324 and Inv(p(W)) = 11.
The detailed construction is described as follows
W — w?d"Pd P dBPutds  — wldMPdiu®d® — wldldt — wldld? — uld? — ud
5167324 «— 516324 «— 51324 «— 1324 «— 132 — 12 — 1.
For some restricted conditions, say *, let Dy, () denote the set of Dyck paths in D, satisfying
« and let D,, (%) denote its cardinality. For examples, D,,(D 1) denotes the set of Dyck paths in
D, such that their D-sequence strictly increases; Dy, (D 1,V ") denotes the set of Dyck paths
in D,, such that their D-sequence strictly increases and their V-sequence is not decreasing. In
the following subsections a lot of counting problems are considered, and classical numbers such
as the unsigned Stirling numbers of the first kind, Catalan numbers, ballot numbers, Fibonacci

numbers, Narayana numbers, Motzkin numbers, and Schréder numbers are obtained.
3.1 Stirling distribution of the first kind

In this subsection we consider three statistics counted by the unsigned Stirling number of
the first kind, i.e., number of udu’s, number of peaks, number of return steps of Dyck paths in
D,. Note that it seems to be the first time that the unsigned Stirling number of the first kind
counts these configurations related to Dyck paths in the literature.

The unsigned Stirling numbers of the first kind ¢, » are defined by

7
3

E

8

B

I
=

(z +1),

which leads to the recurrence relation
Cm+1,k = MCm k + Cm,k—1

with the initial values ¢p0 =0, ¢ym = 1 for m > 1 with ¢g0 = 1.
Let Apy ks M.k and (p, , denote the number of Dyck paths in D,,, with k—1 udu’s, m—k+1

peaks, and respectively k return steps for k € [m]. Then we have
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Theorem 3.2 For integers m,k > 1,

)\m,k =MNm,k = Cm,k = Cm, k-

Proof Following the proof of Theorem 3.1, from ¢~ (7) to =1 (n’), we can see that the number
of peaks does not change when v = 0 and increases by one when v € [m]; the number of udu’s
does not change when v # 1 and increases by one when « = 1; the number of return steps does
not change when v # m and increases by one when 0 < v < m. It is easily verifiable that
Am.k> Mm,k and Cp, i satisfy the same recurrence relation as ¢, ; with the same initial conditions.

Hence they must be equal. O

3.2 Counting D,,(D 1)

Theorem 3.3 For any integer m > 1, the cardinality of D,,(D 1) is a Catalan number, i.e.,
D, (D 1) =Cp,.

Proof Here we give a bijection between D,,(D 7T) and Wi, the set of Dyck paths of semilength
m. Let W € D,,,(D 1) with P-sequence (py = 0,p1,p2,...,p+ = m) and D-sequence (dy =
0,dy,da, ... ,d, =m)forsomet € [m]. Clearly, p; > d; fori € [t]. Define W = u®dP .. u®id% ...
u®dP with a; = p; — pi—1 and B; = d; — d;_y for i € [t]. A routine verification shows that a;’s
and (3;’s satisfy the conditions (1) and (2). So we have W € W,,,.

Conversely, for W = u®d?u®2d? ...y*d% € W,, with t peaks, define a Dyck path
W with its P-sequence (p1,p2,...,P;,-..,p:) and D-sequence (di,ds,...,d;,...,d;) such that
pj = 25:1 a; and d; = 25:1 B; for j € [t]. Clearly, 1 < p; < p2 < -+ < py = m and
1<dy <de <---<dy =m. So we have W € D,,,(D 7). O

Theorem 3.4 The number of Dyck paths in D,,(D 1) with k peaks is the Narayana number
Nk = i(’,’;) (le) form >k > 1.

m

Proof Note that in the bijection from W to W in the proof of Theorem 3.3, the number of
peaks does not change. It is well known that the number of Dyck paths of semilength m with k
peaks is the Narayana number Ny, = = () (") O

Theorem 3.5 The number of Dyck paths in D,,+1(D 1) with D-sequence (dy = 0,ds,ds,
...,d¢ = m—+ 1) for some t € [m + 1] such that d; —d;—1 > 2 for j € [t — 1] is the mth Motzkin
numbers My, defined by M(x) =3_, o Mpna™ = l-o—vl1-22-327

222
Proof Note that in the bijection from W to W in the proof of Theorem 3.3, if dj —dj—1 > 2
for j € [t — 1], then all 3; > 2 except for 3, in other words, W has no udu’s. It has been proved
in [25,29] that the number of Dyck paths of semilength m + 1 without udu’s is the mth Motzkin

number. O

Theorem 3.6 The number of Dyck paths in Dy (D T) with D-sequence (dy = 0,dy,ds,
...,dy = m+ 1) for some t € [m + 1] such that d,_1 = k is counted by the ballot number
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e G

Proof Note that in the bijection from W to W in the proof of Theorem 3.3, if d;_; = k, then
W ends with m + 1 — k consecutive d steps. It is known that the number of Dyck paths of

semilength m + 1 ending with m + 1 — k consecutive d steps is determined by [2¥]C/(x)" 1% =

m—k+1 (m-i-k)[lo]' 0

m+1 m

3.3 Counting D,,(V 1)

Theorem 3.7 For any integer m > 1, the cardinality of D,,(V 1) is a Catalan number, i.e.,
D, (V1) =Chp.

First proof We present a generating tree proof. Let W = u®td*1u®2d’ - .. y*d™ € D,,(V 1)
for some t € [m]. Let oy = k, clearly, 2 < k < m for m > 2 and the height of the last valley of W
is v;_1 = m—k. Note that W can produce k Dyck paths W; = u* d®u®2dP - . . uFdiu+t1dm+! ¢
Dm+1(V 1) for 0 < i < k—1. If i € [k — 1], then each W; can generate 7 + 1 Dyck paths in
Dpmi2(V 1); and if i = 0, then Wy = u®1d? u®2d”? - - - u*T1d™+1 can generate k + 1 Dyck paths
in Dyyy2(V 7). So the rule (k) — (2)(3)--- (k + 1) with the root (2) corresponding to the Dyck
path ud is obtained. Hence, by Examples 2.3 and 2.6, the result holds. O

Second proof Here we give a simple bijection p between D,,(V T) and D, (D T). For

W € D, (V 1) with V-sequence (—1 = wvg,v1,v2,...,v_1) for some t € [m], define W' =

urdPryzdlz ...yt d™ with D-sequence (831,02, ...,Bt1,3 = m) such that 3; = v; + 1 for

0 < i < t and that W’ has the same P-sequence as W. A routine verification shows that

W' € D,,(D 7). Conversely, it is also easy to determine p~!. Hence the result holds. O
Corresponding to Theorems 3.4, 3.5 and 3.6, we have

Theorem 3.8 (i). The number of Dyck paths in D,,,(V 1) with k peaks is the Narayana number

Mok = 2()(™) form > k2 1.
(ii). The number of Dyck paths in Dp+1(V 1) with V-sequence (vg = —1,v1,v2,

...,v—1) for some t € [m + 1] such that v; —v;_1 > 2 for j € [t — 1] is the mth Motzkin

numbers M,,.

(iii). The number of Dyck paths in Dp,1(V 1) with V-sequence (vg = —1,v1, v,
...,Us—1) for some t € [m + 1] such that v;—1 = k — 1 is counted by the ballot number
b e = m—k+1 (m—i—k)

m, m+1 m /°

3.4 Counting D,,(V /) and D,,(D /)
Theorem 3.9 For any integer m > 1, the cardinality of D,,(V ) is a Schréder number, i.e.,
Dm(V /) = Tm-—1-

Proof We present a generating tree proof. Let W = u®td?u®2d’ ...u*d™ € D,,(V )
for some t € [m]. Let oz = k — 1, then the height of the last valley of W is v;—1 = m —
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k+ 1. Clearly, 3 < k < m+ 1 for m > 2. Note that W can produce k Dyck paths W; =
urdPruczdlz -y 1diyitdmt € Dy (V) for 0 < i <k —1. If 1 <i < k— 1, then each
W; can yield i + 2 Dyck paths in D, 2(V ); and if i = 0, then Wy = u®1d? u®2d’? - - - uFdm+!
can generate k + 1 Dyck paths in Dy, 42(V ). So the rule (k) — (3)(4)--- (k+ 1)(k + 1) with
the root (2) corresponding to the Dyck path ud is obtained. Hence, by Examples 2.4 and 2.7,
the result follows. O

Theorem 3.10 For any integer m > 1, the cardinality of D,,(D ) is a Schréder number, i.e.,
Dm(D /) = Tm-—1-

Proof Similar to the second proof of Theorem 3.8, a simple bijection between D,,,(V ") and
Dy (D ) can be obtained. O

3.5 Counting D,,(D ,V /)

Theorem 3.11 For any integer m > 1, we have

((n=1)/2] /4
D,,(D = 2m—i=t,
o vo- % (")
7=0
Proof We give a generating tree proof. Let W = u®d® u®2d? ... u*d™ € D,,(D /,V /) for
some t € [m]. Let
. ar— B +2, if B >1,
| @t if Bi1 =0,
Clearly, 3 < k < m+ 1 when m > 2 and k = 2 when m = 1. Note that when 3;_1 > 1, W can
produce k Dyck paths in D, 11(D ,V ). Namely,

- u®rdb .. ,uatdﬁt—l‘i’iuﬁt—l“ri“rldm“rl, ifo<i<k-—2,
T werdf . yeetigmt ifi=k—1;

’

and when 3,1 = 0, ie., W = u™d™ = u*"1d*~! which can yield & Dyck paths W, =
umdrF i ykbigmtl e D, (D AV ) for 0 <i <k — 1.

It is easy to see that W; and Wi, can exactly generate 3 Dyck paths for 0 <14 < k — 2, while
Wig—1 and W,;l can generate k + 1 Dyck paths, all of which belong to D,,+1(D 7,V ). So
we obtain the rule (k) — (3)*~!(k + 1) with the root (2) corresponding to the Dyck path ud,
namely,

Root :  (2).
Rule: (k) — (3)* 1(k+1).
Regarding the root on level one, taking (3) on level 2 to be the new root, one obtains two subtrees.
Making use of Lemma 2.5, we have
; 2—zx 1—x)2
A) =1, Z) =) (i+2)a' = e h(z) =z, d(z)= ﬁ

i>0
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For m > 2, one obtains

oy d(x) _ 1—=z
D, (D Vv =25, o = 2™ 2 —2 — 9[pm—2
bV 2 =2 T T e
1—=z 1—2x
m—1 m—1
= 14+20———Mm ) = -
& Ja+ I1—4:v+2:102> & ](1—4:104—2902)
_ 1 1 _ (222)°
=) ) DY et
1—2171_(137)2 Z,20(1—23:)+
_ 20+ 7\ niti 2itq
= [;Cm 1] ZZ ( ) )21+JI +7
i>0 j>0 J
_ (m - 1) gm—i—1
24 '
>0
This is the desired result. O

Remark 1 It is easy to show that D,,(D /,V /) = L,,_1, where L,, satisfies the recurrence
relation L, 11 = 4L, — 2L,,,—1 with Ly = 1, Ly = 2. See sequence A00601227 where Callan
pointed out that L,, counts the set £,,,41 of permutations 7 on [m] for which the pairs (7, 7(7))
with ¢ < m(7), considered as half-open intervals (i,7(7)], do not overlap; equivalently, for each
i € [m] there is at most one j < ¢ with m(j) > 4; and Kociemba showed that L,, also counts
the set H,, of sequences (s(0),s(1),...,s(2m)) such that 0 < s(i) < 8 and |s(i) —s(i —1)| =1
for i € [2m)], provided that s(0) = s(2m) = 4. It may be interesting to find bijections between
Dm(D 2,V ), Ly, and Hyp—q for m > 1.

3.6 Counting D,,(D 1,V 1)

Theorem 3.12 For any integer m > 1, we have
Dp(D 1,V 1) =2m"1

First proof Similar to the proof of Theorem 3.11 the generating tree of D,,(D 1,V 1) is given
by the rule:

Root : (1)

Rule: (k) — (1)*Y(k+1),
where the root (1) corresponds to the empty Dyck path.

Making use of Lemma 2.5, we have

. X (1 — .I)Q
>0
For m > 1, one obtains
d(x) 1—x
€T

Dpn(DT,V 1) =2p = [Im]m =

which completes the proof. O
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Second proof Here we give a bijection A between D,,(D 1,V 1) and the set J,, of compo-
sitions of m. For W = ud’ ... u“d™ € D,,(D 1,V 1) for some t € [m] with V-sequence

(v1,v2,...,0:—1), define
(B1,B2 = Biy. oy Bee1 — Br—a,m — Bro1 — V41,041 — Vg2, ...,02 —v1,01), if vg #0,
(B2 —B1,. . Br—1 — Br—o,m — Bt — Ve—1, V41 — Vg—2,...,V3 — V2, V2, 1), if v1 =0,

mm:{

then A\(W) € Tnn,.
Conversely, for J = (Ji,Ja,...,Jr) € Tm, define \71(J) = u*d’ - u®d™ with V-
sequence (v1,vs,...,v;—1) for some ¢ € [m] such that
(85109 (0o Jin 0150 T, if k=2t -1,

V) = 4 4

" (i + 3020 i 02y T, i k=2t
A routine verification shows that A=1(J) € D,,(D 1,V 1). O
3.7 Counting D,,(D 1,V /) and D,,(D /,V 1)

Theorem 3.13 For any integer m > 1, the Fibonacci number with even subscript is realized as
Dyp(D 1,V /) =Dm(D /,V 1) = Fap—a.

Proof Similar to the proof of Theorem 3.11, the generating trees of D,,(D 1,V ) and D,,,(D 7,

V' 1) are given by the rule:

Root: (2)

Rule: (k) — (2)* Y(k+1),
where the root (2) corresponds to the Dyck path ud.

Making use of Lemma 2.5, we have

. ; 1 (1—x)2
Alx) =1, Z(x) = Nt = —— - h(z) = d(z) = .
(€) =1, Z() = i+ 1e' = o ) = dlo) = Tt
For m > 1, one obtains
4, d(z) _ 1—=2
D, (D 1,V = D,.(D V=Yg =[z"—  =[gm ) ——— = F,, .
( Tv /) ( /7 T) 1 [.I ]1—h($) [I ]1—3$+$2 2 2
This is the desired result. O
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