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1. Introduction

Dyck paths are very well-known combinatorial objects that have been widely studied in

the literature. Stanley’s book Enumerative Combinatorics and its addendum (http://www-

math.mit.edu/ rstan/ec/catadd.pdf) list over 95 collections of objects equivalent to Dyck paths

of a fixed length, all of which are counted by the Catalan sequence Cn = 1
n+1

(

2n
n

)

for n ≥ 0.

Many various points of view[14,16,17,21,22] have thrown light on Dyck paths, such as area[6,7,13,32],

bounce score[15,18], bounce count[18], pyramid weight and number of exterior pairs[9], number of

udu’s[29]. There are many others[10,23] who have made important and earlier studies regarding

statistics on Dyck paths.

Definition 1.1 A Dyck path is a lattice path in the first quadrant, which begins at the origin

(0, 0), ends at (2n, 0) and consists of steps (1, 1) and (1,−1). We can encode each (1, 1) step by

the letter u (for up), each (1,−1) step by the letter d (for down), obtaining the encoding of Dyck

path by a so-called Dyck word. A peak in a Dyck path is an occurrence of ud, a valley is an

occurrence of du. By the height of a peak or of a valley we mean the height of the intersection

point of its two steps. By a return step we mean a d step ending at height 0. A Dyck path with

one return step is called primitive.

In the sequel, we will at times use interchangeably a Dyck path W and its Dyck word W .

We will refer to l(W ) = n as the semilength of the path.
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Given a Dyck path(word) W = uα1dβ1 · · ·uαidβi · · ·uαtdβt with t(≥ 1) peaks, where αi, βi

are positive integers for i ∈ [t], it is clear that the following conditions must be satisfied:

(1)
∑i

j=1(αj − βj) ≥ 0 for i ∈ [t].

(2) α1 + α2 + · · ·+ αt = β1 + β2 + · · ·+ βt = l(W ).

Define the blocks of up steps (α1, α2, . . . , αt) to be the U -sequence, the blocks of down steps

(β1, β2, . . . , βt) to be the D-sequence, the height of peaks (p1, p2, . . . , pt) to be the P -sequence

and the height of valleys (v1, v2, . . . , vt) to be the V -sequence, where pi =
∑i

j=1(αj − βj−1) for

i ∈ [t] is the height of the i-th peak of W and vi =
∑i

j=1(αj − βj) for i ∈ [t− 1] is the height of

the i-th valley of W (left to right). For convenience we set v0 = β0 = 0 and sometimes we set

v0 = −1 if necessary.

Conversely, any two of these four sequences can uniquely determine αi and βi for i ∈ [t],

which in turn can uniquely determine a Dyck path, if they satisfy the conditions (1) and (2).

In this paper we consider the enumeration of subsets of the set, say Dm, of those Dyck paths

of any length with maximum peak height equal to m and having a strictly increasing sequence of

peak height (as one goes along the path). Bijections and the methods of generating trees together

with those of Riordan arrays are used to enumerate these subsets, resulting in such well-known

sequences as the Catalan nos., Narayana nos., Motzkin nos., Fibonacci nos., Schröder nos., and

the unsigned Stirling numbers of the first kind. In particular, we give two configurations which

do not appear in Stanley’s well-known list of Catalan structures. The first of these configurations

is the set of those paths in Dm with strictly increasing blocks of down steps (as one goes along

the path). The other configuration corresponds to the set of those paths in Dm with increasing

valley heights (as one goes along the path).

The paper will precisely be organized as follows. The first section will dedicate to the

necessary machinery such as Riordan arrays and generating trees, which play an important role

in the paper. In Section 3 we consider the set Dm which turns out to be equivalent to Sm,

the set of permutations of [m] = {1, 2, . . . , m}; and in the consequent subsections the following

statistics related to Dm are of interest: D-sequence, P -sequence and V -sequence. Subject to

some restricted conditions in these sequences, we investigate many new settings counted by the

above-mentioned classical numbers.

2. Riordan arrays and generating trees

Definition 2.1 A proper Riordan array is an infinite lower triangular array {Rm,k}m,k∈N,

defined by a pair of formal power series R = (Rm,k) = (d(x), h(x)), with the generic element

Rm,k satisfying

Rm,k = [xm]d(x)(h(x))k ,

where d(x) = d0 + d1x + d2x
2 + · · · and h(x) = h1x + h2x

2 + · · · with d0, h1 6= 0.

Proper Riordan array can also be defined in terms of two sequences A = {a0, a1, a2, . . .}
with a0 6= 0 and Z = {z0, z1, z2, . . .}[20,26,28] such that every entry Rm+1,k+1 or Rm+1,0 can be
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expressed as a linear combination as follows:

Rm+1,k+1 = a0Rm,k + a1Rm,k+1 + a2Rm,k+2 + · · · ,
Rm+1,0 = z0Rm,0 + z1Rm,1 + z2Rm,2 + · · · .

Let A(x) and Z(x) be the generating functions of these two sequences A and Z, respectively.

Then the pair (d(x), h(x)) can be determined uniquely by the following formulas:

h(x) = xA(h(x)), d(x) =
d0

1− xZ(h(x))
.

Definition 2.2 A generating tree is a rooted labelled tree with the property that the labels

of the set of children of each node v can be determined from the label of v itself. To specify a

generating tree, it suffices to specify

(i) the label of the root, and

(ii) a set of succession rules explaining how to derive, given the label of a father, the quantity

of children and their labels.

Chung et al[7] introduced the technique of generating tree, which was later used and named

by West[30,31]. This approach has been exploited further in related problems[4,5,11,12], and de-

veloped further by the authors[1−3,24]. Using the notation of West[30], we are interested in the

number of nodes on level m, denoted by Σm with the root on level 0. Sometimes it is more

convenient to start with the root on level 1.

Example 2.3 The Catalan generating tree is generated by the rule:

Root : (2).
Rule : (k)→ (2)(3) · · · (k + 1).

Example 2.4 The Schröder generating tree is generated by the rule:

Root : (2).
Rule : (k)→ (3)(4) · · · (k + 1)(k + 1).

In order to obtain Σm, the following lemma[19] will be very useful.

Lemma 2.5 Let c ∈ N, Aj , Zj ∈ N for j ≥ 0, A0 6= 0 and k ≥ c and let

Root : (c)
Rule : (k)→ (c)Zk−c(c + 1)Ak−c(c + 2)Ak−c−1 · · · (k + 1)A0

be a generating tree specification. Define A(x) =
∑

i≥0 Aix
i and Z(x) =

∑

i≥0 Zix
i. Then a

proper Riordan array R = (Rm,k) = (d(x), h(x)) is obtained. Namely,

Rm,k = [xm]d(x)(h(x))k ,

where h(x) and d(x) are defined by

h(x) = xA(h(x)), d(x) =
1

1− xZ(h(x))
.
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Specially, one can obtain the level number

Σm =

m
∑

k=0

Rm,k =

m
∑

k=0

[xm]d(x)(h(x))k = [xm]
d(x)

1− h(x)
.

Example 2.6 Considering the Catalan generating tree, by Lemma 3.1, we have

A(x) =
∑

i≥0

xi =
1

1− x
, Z(x) =

∑

i≥0

xi =
1

1− x
; h(x) = xC(x), d(x) = C(x).

Then for m ≥ 1, taking the root on level 1, one obtains

Σm = [xm−1]
d(x)

1− h(x)
= [xm−1]

C(x)

1− xC(x)
= [xm−1]

C(x) − 1

x
= Cm,

where C(x) = 1−
√

1−4x
2x =

∑

m≥0 Cmxm is the generating function for the Catalan numbers.

Example 2.7 Considering the Schröder generating tree, by Lemma 3.1, we have

A(x) = 1 +
∑

i≥0

xi =
2− x

1− x
, Z(x) = 0; h(x) =

1 + x−
√

1− 6x + x2

2
, d(x) = 1.

Then for m ≥ 0, taking the root on level 0, one obtains

Σm = [xm]
d(x)

1− h(x)
= [xm]

1

1− 1+x−
√

1−6x+x2

2

= [xm]
1− x−

√
1− 6x + x2

2x
= rm,

where rm is the mth large Schröder number, defined by
∑

m≥0 rmxm = 1−x−
√

1−6x+x2

2x .

3. Dyck paths with the height of peaks strictly increasing

In this section we study Dyck paths with the height of peaks strictly increasing from left

to right. Let Dm denote the set of such paths with the last peak at height m and let Dm be

its cardinality. It turns out that Dm is equivalent to the set Sm of permutations of [m]. Let

Inv(π) denote the number of inversions of π ∈ Sm, where an inversion of π is a pair (i, j) with

1 ≤ i < j ≤ m such that π(i) > π(j).

Then the relation between Dm and Sm is described as follows

Theorem 3.1 There exists a simple bijection ϕ between
⋃

m≥1Dm and
⋃

m≥1 Sm such that

ϕ(Dm) = Sm and Inv(ϕ(W )) = l(W )−m for W ∈ Dm.

Proof We now construct recursively such a bijection as follows. For W ′ ∈ Dm+1, i.e., W ′ =

uα1dβ1 · · ·uαtdβtuαt+1dm+1 for some 0 ≤ t ≤ m such that 0 = p0 < p1 < · · · < pt < pt+1 = m+1.

Let

W =

{

uα1dβ1 · · ·uαtdβtuαt+1−1dm, if pt < m,

uα1dβ1 · · ·uαtdm, if pt = m,

which is a member of Dm.
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Suppose that ϕ(W ) = π ∈ Sm. If pt < m, then ϕ(W ′) = πm + 1 ∈ Sm+1; If pt = m,

then ϕ(W ′) = π′ ∈ Sm+1 by inserting m + 1 into π in the position between m + 1 − αt+1 and

m + 2− αt+1.

On the other hand, for π′ ∈ Sm+1, let π′(m + 1 − γ) = m + 1 for some 0 ≤ γ ≤ m

and let π denote the permutations obtained by deleting m + 1 in π′. Suppose ϕ−1(π) = W =

uα1dβ1 · · ·uαt−1dβt−1uαtdm, then ϕ−1(π′) = W ′ is defined by

W ′ =

{

uα1dβ1 · · ·uαtdγuγ+1dm+1, if γ ∈ [m],

uα1dβ1 · · ·uαt+1dm+1, if γ = 0,

which belongs to Dm+1.

Hence ϕ is indeed a bijection. Note that from ϕ(W ′) to ϕ(W ), the number of inversions

and semilength decrease, respectively, by γ and γ + 1. So it is easy to prove, by induction on m,

that Inv(ϕ(W )) = l(W )−m for W ∈ Dm. 2

For example W = u2d1u3d4u5d3u4d3u4d7 ∈ D7, then ϕ(W ) = 5167324 and Inv(ϕ(W )) = 11.

The detailed construction is described as follows

W ← u2d1u3d4u5d3u4d6 ← u2d1u3d4u5d5 ← u2d1u3d4 ← u2d1u2d3 ← u2d2 ← ud

5167324 ← 516324 ← 51324 ← 1324 ← 132 ← 12 ← 1.

For some restricted conditions, say ∗, letDm(∗) denote the set of Dyck paths inDm satisfying

∗ and let Dm(∗) denote its cardinality. For examples, Dm(D ↑) denotes the set of Dyck paths in

Dm such that their D-sequence strictly increases; Dm(D ↑, V ր) denotes the set of Dyck paths

in Dm such that their D-sequence strictly increases and their V -sequence is not decreasing. In

the following subsections a lot of counting problems are considered, and classical numbers such

as the unsigned Stirling numbers of the first kind, Catalan numbers, ballot numbers, Fibonacci

numbers, Narayana numbers, Motzkin numbers, and Schröder numbers are obtained.

3.1 Stirling distribution of the first kind

In this subsection we consider three statistics counted by the unsigned Stirling number of

the first kind, i.e., number of udu’s, number of peaks, number of return steps of Dyck paths in

Dm. Note that it seems to be the first time that the unsigned Stirling number of the first kind

counts these configurations related to Dyck paths in the literature.

The unsigned Stirling numbers of the first kind cm,k are defined by

m
∑

k=0

cm,kxk =

m−1
∏

i=0

(x + i),

which leads to the recurrence relation

cm+1,k = mcm,k + cm,k−1

with the initial values cm,0 = 0, cm,m = 1 for m ≥ 1 with c0,0 = 1.

Let λm,k, ηm,k and ζm,k denote the number of Dyck paths in Dm with k−1 udu’s, m−k+1

peaks, and respectively k return steps for k ∈ [m]. Then we have
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Theorem 3.2 For integers m, k ≥ 1,

λm,k = ηm,k = ζm,k = cm,k.

Proof Following the proof of Theorem 3.1, from ϕ−1(π) to ϕ−1(π′), we can see that the number

of peaks does not change when γ = 0 and increases by one when γ ∈ [m]; the number of udu’s

does not change when γ 6= 1 and increases by one when γ = 1; the number of return steps does

not change when γ 6= m and increases by one when 0 ≤ γ < m. It is easily verifiable that

λm,k, ηm,k and ζm,k satisfy the same recurrence relation as cm,k with the same initial conditions.

Hence they must be equal. 2

3.2 Counting Dm(D ↑)

Theorem 3.3 For any integer m ≥ 1, the cardinality of Dm(D ↑) is a Catalan number, i.e.,

Dm(D ↑) = Cm.

Proof Here we give a bijection between Dm(D ↑) and W̃m, the set of Dyck paths of semilength

m. Let W ∈ Dm(D ↑) with P -sequence (p0 = 0, p1, p2, . . . , pt = m) and D-sequence (d0 =

0, d1, d2, . . . , dt = m) for some t ∈ [m]. Clearly, pi ≥ di for i ∈ [t]. Define W̃ = uα1dβ1 · · ·uαidβi · · ·
uαtdβt with αi = pi − pi−1 and βi = di − di−1 for i ∈ [t]. A routine verification shows that αi’s

and βi’s satisfy the conditions (1) and (2). So we have W̃ ∈ W̃m.

Conversely, for W̃ = uα1dβ1uα2dβ2 · · ·uαtdβt ∈ W̃m with t peaks, define a Dyck path

W with its P -sequence (p1, p2, . . . , pj, . . . , pt) and D-sequence (d1, d2, . . . , dj , . . . , dt) such that

pj =
∑j

i=1 αi and dj =
∑j

i=1 βi for j ∈ [t]. Clearly, 1 ≤ p1 < p2 < · · · < pt = m and

1 ≤ d1 < d2 < · · · < dt = m. So we have W ∈ Dm(D ↑). 2

Theorem 3.4 The number of Dyck paths in Dm(D ↑) with k peaks is the Narayana number

Nm,k = 1
m

(

m
k

)(

m
k−1

)

for m ≥ k ≥ 1.

Proof Note that in the bijection from W to W̃ in the proof of Theorem 3.3, the number of

peaks does not change. It is well known that the number of Dyck paths of semilength m with k

peaks is the Narayana number Nm,k = 1
m

(

m
k

)(

m
k−1

)

. 2

Theorem 3.5 The number of Dyck paths in Dm+1(D ↑) with D-sequence (d0 = 0, d1, d2,

. . . , dt = m + 1) for some t ∈ [m + 1] such that dj − dj−1 ≥ 2 for j ∈ [t− 1] is the mth Motzkin

numbers Mm defined by M(x) =
∑

m≥0 Mmxm = 1−x−
√

1−2x−3x2

2x2 .

Proof Note that in the bijection from W to W̃ in the proof of Theorem 3.3, if dj − dj−1 ≥ 2

for j ∈ [t− 1], then all βj ≥ 2 except for βt, in other words, W̃ has no udu’s. It has been proved

in [25,29] that the number of Dyck paths of semilength m + 1 without udu’s is the mth Motzkin

number. 2

Theorem 3.6 The number of Dyck paths in Dm+∞(D ↑) with D-sequence (d0 = 0, d1, d2,

. . . , dt = m + 1) for some t ∈ [m + 1] such that dt−1 = k is counted by the ballot number
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bm,k = m−k+1
m+1

(

m+k
m

)

.

Proof Note that in the bijection from W to W̃ in the proof of Theorem 3.3, if dt−1 = k, then

W̃ ends with m + 1 − k consecutive d steps. It is known that the number of Dyck paths of

semilength m + 1 ending with m + 1− k consecutive d steps is determined by [xk]C(x)m+1−k =
m−k+1

m+1

(

m+k
m

)[10]
. 2

3.3 Counting Dm(V ↑)

Theorem 3.7 For any integer m ≥ 1, the cardinality of Dm(V ↑) is a Catalan number, i.e.,

Dm(V ↑) = Cm.

First proof We present a generating tree proof. Let W = uα1dβ1uα2dβ2 · · ·uαtdm ∈ Dm(V ↑)
for some t ∈ [m]. Let αt = k, clearly, 2 ≤ k ≤ m for m ≥ 2 and the height of the last valley of W

is vt−1 = m−k. Note that W can produce k Dyck paths Wi = uα1dβ1uα2dβ2 · · ·ukdiui+1dm+1 ∈
Dm+1(V ↑) for 0 ≤ i ≤ k − 1. If i ∈ [k − 1], then each Wi can generate i + 1 Dyck paths in

Dm+2(V ↑); and if i = 0, then W0 = uα1dβ1uα2dβ2 · · ·uk+1dm+1 can generate k + 1 Dyck paths

in Dm+2(V ↑). So the rule (k)→ (2)(3) · · · (k + 1) with the root (2) corresponding to the Dyck

path ud is obtained. Hence, by Examples 2.3 and 2.6, the result holds. 2

Second proof Here we give a simple bijection ρ between Dm(V ↑) and Dm(D ↑). For

W ∈ Dm(V ↑) with V -sequence (−1 = v0, v1, v2, . . . , vt−1) for some t ∈ [m], define W ′ =

uα1dβ1uα2dβ2 · · ·uαtdm with D-sequence (β1, β2, . . . , βt−1, βt = m) such that βi = vi + 1 for

0 ≤ i < t and that W ′ has the same P -sequence as W . A routine verification shows that

W ′ ∈ Dm(D ↑). Conversely, it is also easy to determine ρ−1. Hence the result holds. 2

Corresponding to Theorems 3.4, 3.5 and 3.6, we have

Theorem 3.8 (i). The number of Dyck paths in Dm(V ↑) with k peaks is the Narayana number

Nm,k = 1
m

(

m
k

)(

m
k−1

)

for m ≥ k ≥ 1.

(ii). The number of Dyck paths in Dm+1(V ↑) with V -sequence (v0 = −1, v1, v2,

. . . , vt−1) for some t ∈ [m + 1] such that vj − vj−1 ≥ 2 for j ∈ [t − 1] is the mth Motzkin

numbers Mm.

(iii). The number of Dyck paths in Dm+1(V ↑) with V -sequence (v0 = −1, v1, v2,

. . . , vt−1) for some t ∈ [m + 1] such that vt−1 = k − 1 is counted by the ballot number

bm,k = m−k+1
m+1

(

m+k
m

)

.

3.4 Counting Dm(V ր) and Dm(D ր)

Theorem 3.9 For any integer m ≥ 1, the cardinality of Dm(V ր) is a Schröder number, i.e.,

Dm(V ր) = rm−1.

Proof We present a generating tree proof. Let W = uα1dβ1uα2dβ2 · · ·uαtdm ∈ Dm(V ր)

for some t ∈ [m]. Let αt = k − 1, then the height of the last valley of W is vt−1 = m −
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k + 1. Clearly, 3 ≤ k ≤ m + 1 for m ≥ 2. Note that W can produce k Dyck paths Wi =

uα1dβ1uα2dβ2 · · ·uk−1diui+1dm+1 ∈ Dm+1(V ր) for 0 ≤ i ≤ k − 1. If 1 ≤ i ≤ k − 1, then each

Wi can yield i + 2 Dyck paths in Dm+2(V ր); and if i = 0, then W0 = uα1dβ1uα2dβ2 · · ·ukdm+1

can generate k + 1 Dyck paths in Dm+2(V ր). So the rule (k) → (3)(4) · · · (k + 1)(k + 1) with

the root (2) corresponding to the Dyck path ud is obtained. Hence, by Examples 2.4 and 2.7,

the result follows. 2

Theorem 3.10 For any integer m ≥ 1, the cardinality of Dm(D ր) is a Schröder number, i.e.,

Dm(D ր) = rm−1.

Proof Similar to the second proof of Theorem 3.8, a simple bijection between Dm(V ր) and

Dm(D ր) can be obtained. 2

3.5 Counting Dm(D ր, V ր)

Theorem 3.11 For any integer m ≥ 1, we have

Dm(D ր, V ր) =

[(m−1)/2]
∑

j=0

(

m− 1

2j

)

2m−j−1.

Proof We give a generating tree proof. Let W = uα1dβ1uα2dβ2 · · ·uαtdm ∈ Dm(D ր, V ր) for

some t ∈ [m]. Let

k =

{

αt − βt−1 + 2, if βt−1 ≥ 1,

αt + 1, if βt−1 = 0,

Clearly, 3 ≤ k ≤ m + 1 when m ≥ 2 and k = 2 when m = 1. Note that when βt−1 ≥ 1, W can

produce k Dyck paths in Dm+1(D ր, V ր). Namely,

Wi =

{

uα1dβ1 · · ·uαtdβt−1+iuβt−1+i+1dm+1, if 0 ≤ i ≤ k − 2,

uα1dβ1 · · ·uαt+1dm+1, if i = k − 1;

and when βt−1 = 0, i.e., W = umdm = uk−1dk−1 which can yield k Dyck paths W
′

i =

umdk−i−1uk−idm+1 ∈ Dm+1(D ր, V ր) for 0 ≤ i ≤ k − 1.

It is easy to see that Wi and W
′

i can exactly generate 3 Dyck paths for 0 ≤ i ≤ k− 2, while

Wk−1 and W
′

k−1 can generate k + 1 Dyck paths, all of which belong to Dm+1(D ր, V ր). So

we obtain the rule (k) → (3)k−1(k + 1) with the root (2) corresponding to the Dyck path ud,

namely,
Root : (2).
Rule : (k)→ (3)k−1(k + 1).

Regarding the root on level one, taking (3) on level 2 to be the new root, one obtains two subtrees.

Making use of Lemma 2.5, we have

A(x) = 1, Z(x) =
∑

i≥0

(i + 2)xi =
2− x

(1− x)2
; h(x) = x, d(x) =

(1− x)2

1− 4x + 2x2
.
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For m ≥ 2, one obtains

Dm(D ր, V ր) = 2Σm−2 = 2[xm−2]
d(x)

1− h(x)
= 2[xm−2]

1− x

1− 4x + 2x2

= [xm−1](1 + 2x
1− x

1− 4x + 2x2
) = [xm−1](

1− 2x

1− 4x + 2x2
)

= [xm−1]
1

1− 2x

1

1− 2x2

(1−2x)2

= [xm−1]
∑

i≥0

(2x2)i

(1 − 2x)2i+1

= [xm−1]
∑

i≥0

∑

j≥0

(

2i + j

j

)

2i+jx2i+j

=
∑

i≥0

(

m− 1

2i

)

2m−i−1.

This is the desired result. 2

Remark 1 It is easy to show that Dm(D ր, V ր) = Lm−1, where Lm satisfies the recurrence

relation Lm+1 = 4Lm − 2Lm−1 with L0 = 1, L2 = 2. See sequence A006012[27], where Callan

pointed out that Lm counts the set Lm+1 of permutations π on [m] for which the pairs (i, π(i))

with i < π(i), considered as half-open intervals (i, π(i)], do not overlap; equivalently, for each

i ∈ [m] there is at most one j ≤ i with π(j) > i; and Kociemba showed that Lm also counts

the set Hm of sequences (s(0), s(1), . . . , s(2m)) such that 0 < s(i) < 8 and |s(i) − s(i− 1)| = 1

for i ∈ [2m], provided that s(0) = s(2m) = 4. It may be interesting to find bijections between

Dm(D ր, V ր), Lm and Hm−1 for m ≥ 1.

3.6 Counting Dm(D ↑, V ↑)

Theorem 3.12 For any integer m ≥ 1, we have

Dm(D ↑, V ↑) = 2m−1.

First proof Similar to the proof of Theorem 3.11 the generating tree of Dm(D ↑, V ↑) is given

by the rule:
Root : (1)
Rule : (k)→ (1)k−1(k + 1),

where the root (1) corresponds to the empty Dyck path.

Making use of Lemma 2.5, we have

A(x) = 1, Z(x) =
∑

i≥0

ixi =
x

(1 − x)2
; h(x) = x, d(x) =

(1− x)2

1− 2x
.

For m ≥ 1, one obtains

Dm(D ↑, V ↑) = Σm = [xm]
d(x)

1− h(x)
= [xm]

1− x

1− 2x
= 2m−1,

which completes the proof. 2
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Second proof Here we give a bijection λ between Dm(D ↑, V ↑) and the set Jm of compo-

sitions of m. For W = uα1dβ1 . . . uαtdm ∈ Dm(D ↑, V ↑) for some t ∈ [m] with V -sequence

(v1, v2, . . . , vt−1), define

λ(W ) =

{

(β1, β2 − β1, . . . , βt−1 − βt−2, m− βt−1 − vt−1, vt−1 − vt−2, . . . , v2 − v1, v1), if v1 6= 0,

(β2 − β1, . . . , βt−1 − βt−2, m− βt−1 − vt−1, vt−1 − vt−2, . . . , v3 − v2, v2, β1), if v1 = 0,

then λ(W ) ∈ Jm.

Conversely, for J = (J1, J2, . . . , Jk) ∈ Jm, define λ−1(J) = uα1dβ1 · · ·uαtdm with V -

sequence (v1, v2, . . . , vt−1) for some t ∈ [m] such that

(βj , vj) =

{

(
∑j

i=1 Ji,
∑j−1

i=0 Jk−i), if k = 2t− 1,

(Jk +
∑j−1

i=1 Ji,
∑j−1

i=1 Jk−i), if k = 2t.

A routine verification shows that λ−1(J) ∈ Dm(D ↑, V ↑). 2

3.7 Counting Dm(D ↑, V ր) and Dm(D ր, V ↑)

Theorem 3.13 For any integer m ≥ 1, the Fibonacci number with even subscript is realized as

Dm(D ↑, V ր) = Dm(D ր, V ↑) = F2m−2.

Proof Similar to the proof of Theorem 3.11, the generating trees ofDm(D ↑, V ր) andDm(D ր,

V ↑) are given by the rule:
Root : (2)
Rule : (k)→ (2)k−1(k + 1),

where the root (2) corresponds to the Dyck path ud.

Making use of Lemma 2.5, we have

A(x) = 1, Z(x) =
∑

i≥0

(i + 1)xi =
1

(1 − x)2
; h(x) = x, d(x) =

(1− x)2

1− 3x + x2
.

For m ≥ 1, one obtains

Dm(D ↑, V ր) = Dm(D ր, V ↑) = Σm−1 = [xm−1]
d(x)

1− h(x)
= [xm−1]

1− x

1− 3x + x2
= F2m−2.

This is the desired result. 2r{~��
[1] BANDERIER C, BOUSEQUET-MÉLOU M, DENISE A. et al. Generating functions for generating trees [J].

Discrete Math., 2002, 246: 29–55.
[2] BARCUCCI E, DEL LUNGO A, PERGOLA E. et al. A methodology for plane tree enumeration [J]. Discrete

Math., 1998, 180(1-3): 45–64.
[3] BARCUCCI E, DEL LUNGO A, PERGOLA E. et al. ECO: a methodology for the enumeration of combina-

torial objects [J]. J. Differ. Equations Appl., 1999, 5(4-5): 435–490.
[4] BARCUCCI E, DEL LUNGO A, PERGOLA E. et al. From Motzkin to Catalan permutations [J]. Discrete

Math., 2000, 217(1-3): 33–49.



No.2 SUN Y D, et al: Counting Dyck paths with strictly increasing peak sequences 263

[5] BARCUCCI E, DEL LUNGO A, PERGOLA E. et al. Permutations avoiding an increasing number of length-

increasing forbidden subsequences [J]. Discrete Math. Theor. Comput. Sci., 2000, 4(1): 31–44.
[6] CARLITZ L, RIORDAN J. Two element lattice permutation numbers and their q-generalization [J]. Duke

Math. J., 1964, 31: 371–388.
[7] CHUNG F R K, GRAHAM R L, HOGGATT V E. et al. The number of Baxter permutations [J]. J. Combin.

Theory Ser.A, 1978, 24(3): 382–394.
[8] DELEST M, VIENNOT X G. Algebraic languages and polyonimoes enumeration [J]. Theoret. Comput. Sci.,

1984, 34: 169–206.
[9] DENISE A, SIMION R. Two combinatorial statistics Dyck paths [J]. Discrete Math., 1995, 137: 155–176.

[10] DEUTSCH E. Dyck path enumeration [J]. Discrete Math., 1999, 204: 167–202.
[11] DULUCQ S, GIRE S, GUIBERT O. A combinatorial proof of J. West’s conjecture [J]. Discrete Math., 1998,

187(1-3): 71–96.
[12] DULUCQ S, GIRE S, WEST J. Permutations with forbidden subsequences and nonseparable planar maps

[J]. Discrete Math., 1996, 153(1-3): 85–103.
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