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1. Introduction and main result

For z = (z1, . . . , zn) ∈ Cn, we define, for any r ∈ R+, |z| = (|z1|
2+· · ·+|zn|

2)1/2, τ(z) = |z|2,

C⋉〈r〉 = {z ∈ Cn : |z| = r}, Cn(r) = {z ∈ Cn : |z| < r}. Let Cn[r] = {z ∈ Cn : |z| ≤ r}, d =

∂ + ∂, dc = i
4π (∂ − ∂). We then write

ωn(z) = ddc log |z|2, σn(z) = dc log |z|2 ∧ ωn−1
n (z), z ∈ C

n \ {0};

νn(z) = ddc|z|2, ρn(z) = νn
n(z), z ∈ C

n.

Thus σn(z) defines a positive measure on Cn〈r〉 with total measure one and ρn is a normalized

Lebesgue measure on Cn such that Cn(r) has measure r2n. Let P1 be the Riemann sphere,

and f be a meromorphic function on Cn, i.e., f can be written as a quotient of two holomorphic

functions which are relatively prime. Thus f can be regarded as a meromorphic map f : Cn → P1

such that f−1(∞) 6= Cn.

For a, b ∈ P1, the chordal distance from a to b is denoted by ‖ a, b ‖,

‖ a,∞ ‖=
1

√

1 + |a|2
, ‖ a, b ‖=

|a − b|
√

1 + |a|2
√

1 + |b|2
, a, b ∈ C,

where ‖ a, a ‖= 0 and 0 ≤‖ a, b ‖=‖ b, a ‖≤ 1.

For 0 < s < r, the characteristic of f is defined by

T (r, f) =

∫ r

s

1

t2n−1

∫

Cn[t]

f∗(ω)
∧

νn−1
n dt =

∫ r

s

1

t

∫

Cn[t]

f∗(ω)
∧

ωn−1
n dt.
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Let ν be a divisor on Cn. We identify ν with its multiplicity function and define

ν(r) = {z ∈ C
n : |z| < r}

⋂

suppν, r > 0.

The pre-counting function of ν is defined by

n(r, ν) =
∑

z∈ν(r)

ν(z), if n = 1; n(r, ν) = r2−2n

∫

ν(r)

ννn−1
n , if n > 1.

The counting function of ν is defined by

N(r, ν) =

∫ r

s

n(t, ν)
dt

t
, r > s.

Let f be a meromorphic function on Cn. If a ∈ P1 and f−1(a) 6= Cn, the a-divisor ν(f, a) ≥ 0

is defined, and its pre-counting function and counting function will be denoted by n(r, f, a) and

N(r, f, a), respectively.

If a ∈ P1 and f−1(a) 6= Cn, then we define the proximity function as follows

m(r, f, a) =

∫

|z|=r

log
1

‖ a, f(z) ‖
σn ≥ 0, r > 0.

For a divisor ν on Cn, let

n(r, ν) =
∑

z∈ν(r)

1, if n = 1; n(r, ν) = r2−2n

∫

ν(r)

νn−1
n , if n > 1,

N(r, ν) =

∫ r

s

n(t, ν)
dt

t
, N(r, f, a) = N(r, ν(f, a)).

The first main theorem states that

T (r, f) = N(r, f, a) + m(r, f, a) − m(s, f, a).

For a meromorphic function w on Cn, let

Ω1(z, w, Dw, . . . , Dnw) =
∑

(i)∈I

a(i)(z)wi0 (Dw)i1 · · · (Dnw)in ,

Ω2(z, w, Dw, . . . , Dnw) =
∑

(j)∈J

b(j)(z)wj0(Dw)j1 · · · (Dnw)jn ,

where Dkw = (∂1)
k1 · · · (∂n)knw is the partial derivative of w of order k = k1 + · · · + kn,

∂j = ∂/∂zj; {a(i)(z)}, {b(j)(z)} are meromorphic functions on Cn; I, J are two finite sets of multi-

indices (i) = (i0, i1, . . . , in) and (j) = (j0, j1, . . . , jn) respectively; and i0, i1, . . . , in, j0, j1, . . . , jn

are non-negative integers.

For partial differential polynomials Ω1(z, w, Dw, . . . , Dnw), Ω2(z, w, Dw, . . . , Dnw), we adopt

the notation, respectively:

λ1 = max{

n
∑

l=0

il}, ∆1 = max{

n
∑

l=0

(l + 1)il}; λ2 = max{

n
∑

l=0

jl}, ∆2 = max{

n
∑

l=0

(l + 1)jl}.
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In this paper we consider the following partial differential equation

Ω1(z, w, Dw, . . . , Dnw)

Ω2(z, w, Dw, . . . , Dnw)
= H(z, w), (1)

where H(z, w) is a meromorphic function on Cn+1 with z ∈ Cn and w ∈ C.

In 1978, N. Steinmetz investigated the problem of the existence of admissible solutions of

algebraic differential equation of the form

Ω(z, w) = H(z, w), (2)

where Ω(z, w) =
∑

(i) a(i)(z)wi0 (w′)i1 · · · (w(n))in , and H(z, w) is quotient of entire functions in

variables z and w. They obtained

Theorem A[1] If the differential equation (2) admits an admissible meromorphic solution w(z),

then (2) must be degenerate into a polynomial in w and

degw H(z, w) ≤ ∆,

where ∆ = max{i0 + 2i1 + . . . + (n + 1)in}.

Recently, the papers[2−4] have investigated the problem of some Malmquist-type theorems

of partial differential equations on Cn. In particular, [2] extends Theorem A to partial differential

equations:

Theorem B[3] Let a1, . . . be a sequence of distinct complex numbers which tends to a finite limit

value a, and set Hj(z) = H(z, aj). If the partial differential equation Ω(z, w, Dw, . . . , Dnw) =

H(z, w) admits a meromorphic solution w(z) that satisfies the condition

∑

(i)∈I

T (r, a(i)) + T (r, Hj) = S(r, w), j = 1, 2, . . . ,

then the equation is a polynomial in w and degw H(z, w) ≤ w(Ω) (weight of Ω).

In [7] we considered the existence of admissible solution of general algebraic differential

equations of the form
Ω1(z, w)

Ω2(z, w)
= H(z, w), (3)

where

Ω1(z, w) =
∑

(i)

a(i)(z)wi0(w′)i1 · · · (w(n))in ,

Ω2(z, w) =
∑

(j)

b(j)(z)wj0(w′)j1 · · · (w(n))jn

are differential polynomials with meromorphic coefficients {a(i)} and {b(j)}, respectively, (i) and

(j) are two finite index sets, and H(z, w) is a meromorphic function in z and w.

We obtained
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Theorem C[7] If w(z) is an admissible meromorphic solutions of (3), then H(z, w) must be

rational function in w, and the degree of w satisfies

degw H(z, w) ≤ λ + (∆ − λ)(1 − θ(w,∞)) ≤ ∆,

where λ = max{λ1, λ2}, ∆ = max{∆1, ∆2}, θ(w,∞) = 1 − lim sup N(r,w)
T (r,w) .

For Equation (1), we will prove

Theorem 1 Let c1, c2, . . . be a sequence of distinct complex numbers which tends to a finite

limit value c. And set Hj(z) = H(z, cj). If Equation (1) admits a meromorphic solution w(z)

that satisfies the condition

∑

(i)

T (r, a(i)) +
∑

(j)

T (r, b(j)) + T (r, Hj) = S(r, w), j = 1, 2, . . . ,

then H(z, w) must be rational function in w, and the degree of w satisfies

degw H(z, w) ≤ ∆,

where ∆ = max{∆1, ∆2}.

2. Some lemmas

Lemma 1[5] Let w(z) be a meromorphic function on C
n. Then

∫

Cn〈r〉

log+(|Dkw(z)|/|w(z)|)σn ≤ 17(log+(rT (r, w))),

for all large r outside a set I with
∫

I
d log r < ∞, where log+ x = log x, if x ≥ 1; log+ x = 0, if

0 ≤ x < 1.

Lemma 2 (The second main theorem)[3] Let f(z) be a meromorphic function on C
n. If

a1, . . . , aq ∈ P1 are distinct constants, then

(q − 2)T (r, f) ≤

q
∑

i=1

N(r, f, ai) + S1(r),

where S1(r) ≤ O (log(rT (r, f))) for all large r outside a set I with
∫

I d log r < ∞.

3. Proof of Theorem 1

Let w(z) be an admissible meromorphic solutions of Equation (1). For c1 ∈ E, set

ϕ1(z; c1) =
Ω1

H(z, c1)(w − c1)
−

Ω2

w − c1
=

Ω1 − Ω2H(z, c1)

H(z, c1)(w − c1)
. (4)

Because w is a meromorphic solutions of Equation (1), we know that

suppν(w, c1) ⊆ suppν(ϕ1(z; c1), 0).
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Take z ∈ Cn with ν(w, c1) > 0 and let θn,z denote the ring of holomorphic functions

defined in some neighborhood of z ∈ Cn. If w − c1 is irreducible in θn,z, then w − c1 devides

Ω1 − Ω2H(z, c1) in θn,z (Weak Nullstellensatz), which implies ν(ϕ1(z; c1),∞) = 0.

If w − c1 is not irreducible, then there exists an irreducible g ∈ θn,z such that g(z) = 0

and g divides w − c1 in θn,z because θn,z is a unique factorization domain. Then g divides

Ω1 − Ω2H(z, c1) in θn,z. Consequently, we have

ν(ϕ1(z; c1),∞) ≤ ν(w, c1) − 1.

Now we take c1, c2 ∈ E, c1 6= c2 and set

ϕ2(z; c1, c2) =
Ω1[H(z, c2)(w − c2) − H(z, c1)(w − c1)]

H(z, c2)(w − c2)H(z, c1)(w − c1)
−

(c1 − c2)Ω2H(z, c1)H(z, c2)

H(z, c2)(w − c2)H(z, c1)(w − c1)
.

If ν(w, cj) > 0 and a(i) 6= ∞, b(j) 6= ∞, H(z, cj) 6= 0,∞ (j = 1, 2), we have

Ω1[H(z, c2)(w − c2) − H(z, c1)(w − c1)] − (c1 − c2)Ω2H(z, c1)H(z, c2)

= Ω1[H(z, c2)(w − c1 + c1 − c2) − H(z, c1)(w − c1)] − (c1 − c2)Ω2H(z, c1)H(z, c2)

= Ω1[H(z, c2)(c1 − c2)] − (c1 − c2)Ω2H(z, c1)H(z, c2) = 0.

It shows that ν(ϕ2(z; c1; c2),∞) ≤ ν(w, cj) − 1, j = 1, 2.

In general, we take distinct c1, c2, . . . , ck ∈ E and set

ϕk(z; c1, . . . , ck) =ϕk−1(z; c1, . . . , ck−1) − ϕk−1(z; c1, . . . , ck−2, ck)

=(Ω1Qk−1(z, w) − Ω2Qk−2(z, w))/
k

∏

j=1

H(z, cj)(w − cj), (5)

where Qk(z, w) is a polynomial of degree k − 1 in w, and its coefficients are combination with

Hj(z)(j = 1, 2, . . . , k). By induction, from Equation (5), if ν(w, cj) > 0, and a(i) 6= ∞, b(j) 6=

∞, H(z, cj) 6= 0,∞ (j = 1, 2, . . . , k), we have

ν(ϕk(z; c1, c2, . . . , ck),∞) ≤ ν(w, cj) − 1.

Next we prove that ϕk+1 ≡ 0 if w(z) is a meromorphic solution of Equation (1).

Suppose degw H(z, w) = k = ∆ and ϕk+1 6≡ 0. By the first main theorem, it follows that

T (r, w) =T (r, w − ck+1) + O(1) = T (r,
k+1
∏

j=1

(w − cj)/
k

∏

j=1

(w − cj)) + o(1)

≤T (r, ϕk+1/

k
∏

j=1

(w − cj)) + T (r, ϕk+1/

k+1
∏

j=1

(w − cj)) + O(1). (6)

Now we estimate T (r, ϕk+1/
∏k

j=1(w − cj)) and T (r, ϕk+1/
∏k+1

j=1 (w − cj)).

m(r,
ϕk+1

k
∏

j=1

(w − cj)

) =m(r,
Ω1Qk(z, w) − Ω2Qk−1(z, w)

k+1
∏

j=1

H(z, cj)(w − cj)
k
∏

j=1

(w − cj)

)
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≤m(r,
Ω1

k+1
∏

j=1

(w − cj)

) + m(r,
Qk(z, w)
k
∏

j=1

(w − cj)

) + m(r,
Ω2

k+1
∏

j=1

(w − cj)

)+

m(r,
Qk−1(z, w)
k
∏

j=1

(w − cj)

) + 2
∑

m(r,
1

H(z, cj)
) + O(1).

We note that

|w/(w − cj)| ≤ 1 + |cj |/|w − cj | ≤ (1 + |cj |)(1/|w − cj |)
+ ≤ c(1/|w − cj |)

+, (7)

where |a|+ = max{1, |a|}, c = max{1 + |cj |}. Thus

|Ω1/

k+1
∏

j=1

(w − cj)| ≤ ck+1
∑

|a(i)(z)|(
∏

j

|
Dw

(w − cj)
|) . . . (

∏

j

|
Dnw

(w − cj)
|)(

∏

j

|
1

(w − cj)
|+),

|Ω2/
k+1
∏

j=1

(w − cj)| ≤ ck+1
∑

|b(j)(z)|(
∏

j

|
Dw

(w − cj)
|) . . . (

∏

j

|
Dnw

(w − cj)
|)(

∏

j

|
1

(w − cj)
|+),

where
∏

j |
Dαw

(w−cj)
| is i1α-fold product, and

∏

j(|
1

w−cj
|)+ is (k +1−λt − t0)(t = i, j)-fold product.

So

m(r, Ω1/

k+1
∏

j=1

(w − cj)) ≤

k
∑

j=1

m(r,
1

w − cj
) +

∑

(i)

m(r, a(i)) + O{

n
∑

α=1

k+1
∑

j=1

m(r,
Dαw

w − cj
)}. (8)

m(r, Ω2/

k+1
∏

j=1

(w − cj)) ≤

k
∑

j=1

m(r,
1

w − cj
) +

∑

(j)

m(r, b(j)) + O{

n
∑

α=1

k+1
∑

j=1

m(r,
Dαw

w − cj
)}. (9)

m(r, Qk(z, w)/

k
∏

j=1

(w − cj)) ≤

k
∑

j=1

m(r,
1

w − cj
) +

k
∑

j=1

m(r, Hj) + O(1). (10)

m(r, Qk−1(z, w)/

k
∏

j=1

(w − cj)) ≤

k
∑

j=1

m(r,
1

w − cj
) +

k
∑

j=1

m(r, Hj) + O(1). (11)

By (8), (9), (10), (11) and Lemma 1, we have

m(r, ϕk+1/

k
∏

j=1

(w − cj)) ≤4

k
∑

j=1

m(r,
1

w − cj
) +

∑

(i)

m(r, a(i)) +
∑

(j)

m(r, b(j))+

2
∑

m(r, Hj) + S(r, w), (12)

where S(r, w) = O{log(rT (r, w))} for all large r outside a set I with
∫

I d log r < ∞.

Similarly, we may deduce that

m(r, ϕk+1/

k+1
∏

j=1

(w − cj)) ≤4

k+1
∑

j=1

m(r,
1

w − cj
) +

∑

(i)

m(r, a(i)) +
∑

(j)

m(r, b(j))+
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2
∑

m(r, Hj) + S(r, w), (13)

for all large r outside a set I with
∫

I d log r < ∞.

Now we estimate N(r, ϕk+1/
∏k

j=1(w − cj)) and N(r, ϕk+1/
∏k+1

j=1 (w − cj)). By

ϕk+1/

k
∏

j=1

(w − cj) = (Ω1Qk(z, w) − Ω2Qk−1(z, w))/

k+1
∏

j=1

H(z, cj)(w − cj)

k
∏

j=1

(w − cj), (14)

we know that the poles of ϕk+1/
∏k

j=1(w − cj) may arise from one of the following cases:

(i). The poles of {a(i)(z)}, {b(j)(z)};

(ii). The poles and the zeros of {Hj(z)};

(iii). The zeros of w − cj for which the cases (i) and (ii) are not satisfied;

(iv). The poles of w(z).

Case (i). Its contribution to N(r, ϕk+1/
∏k

j=1(w−cj)) is
∑

N(r, ν(a(i),∞))+
∑

N(r, ν(b(j),∞)).

Case (ii). Its contribution to N(r, ϕk+1/
∏k

j=1(w−cj)) is
∑

N(r, ν(Hj ,∞))+
∑

N(r, ν(Hj , 0)).

Case (iii). According to the above discussion, we have

ν(ϕk+1/

k
∏

j=1

(w − cj),∞) ≤ 2ν(w, cj) − 1.

Thus, its contribution is at most
∑k

j=1[2N(r, ν(w, cj)) − N(r, ν(w, cj))].

Case (iv). If z0 is a pole of w with multiplicity τ , then it is the poles of the denominator of

right-side of the equality (14) with multiplicity (2∆ − 1)τ . But z0 is at most the poles of the

numerator of right-side of the equality (14) with multiplicity (2∆ − 1)τ . Hence, it follows that

the poles of w(z) does not arise from the poles of ϕk+1/
∏k

j=1(w − cj).

From Cases (i)–(iv) if follows that

N(r, ϕk+1/

k
∏

j=1

(w − cj))

≤

k
∑

j=1

[2N(r, ν(w, cj)) − N(r, ν(w, cj))] +

k
∑

j=1

N(r, ν(Hj ,∞))+

k
∑

j=1

N(r, ν(Hj , 0)) +
∑

(i)

N(r, ν(a(i),∞)) +
∑

(j)

N(r, ν(b(j),∞)). (15)

In a similar fashion, we have

N(r, ϕk+1/

k+1
∏

j=1

(w − cj))

≤
k+1
∑

j=1

[2N(r, ν(w, cj)) − N(r, ν(w, cj))] +
k+1
∑

j=1

N(r, ν(Hj ,∞))+
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k+1
∑

j=1

N(r, ν(Hj , 0)) +
∑

(i)

N(r, ν(a(i),∞)) +
∑

(j)

N(r, ν(b(j),∞)). (16)

Combining (6), (12), (13), (15) and (16), we obtain

T (r, w) ≤8

k+1
∑

j=1

m(r,
1

w − cj
) +

k+1
∑

j=1

[4N(r, ν(w, cj)) − 2N(r, ν(w, cj))] + 2

k+1
∑

j=1

T (r, Hj)+

2

k+1
∑

j=1

T (r,
1

Hj
) + 2

∑

(i)

T (r, a(i)) + 2
∑

(j)

T (r, b(j)) + S(r, w). (17)

We choose 17 systems which are distinct from each other {cj} (j = 1, 2, . . . , 17(k+1)) and apply

Inequality (17) to every system. Combining the above seventeen inequalities, we deduce

17T (r, w) ≤8

17(k+1)
∑

j=1

m(r,
1

w − cj
) +

17(k+1)
∑

j=1

[4N(r, ν(w, cj)) − 2N(r, ν(w, cj))]+

2

17(k+1)
∑

j=1

T (r, Hj) + 2

17(k+1)
∑

j=1

T (r,
1

Hj
) + 34

∑

(i)

T (r, a(i))+

34
∑

(j)

T (r, b(j)) + S(r, w).

By Lemma 2, we have

17T (r, w) ≤16T (r, w) + 2

17(k+1)
∑

j=1

T (r, Hj)+

2

17(k+1)
∑

j=1

T (r,
1

Hj
) + 34

∑

(i)

T (r, a(i)) + 34
∑

(j)

T (r, b(j)) + S(r, w), (18)

By
∑

(i) T (r, a(i)) +
∑

(j) T (r, b(j)) + T (r, Hj) = S(r, w)(j = 1, 2, . . .) and Inequality (18),

we deduce 1 ≤ 0. This is a contradiction. It follows that ϕk+1 ≡ 0.

It follows that w satisfies the following equation

Ω1Qk(z, w) = Ω2Qk−1(z, w).

Define

R(z, w) = H(z, w) −
Qk(z, w)

Qk−1(z, w)
.

We claim that R(z, cj) ≡ Rj(z) ≡ 0 for j = 1, 2, . . .. Assume to the contrary that Rj 6≡ 0. Then

N(r, w = cj) ≤N(r, Rj = 0) ≤ T (r, Rj) + O(1)

≤T (r, Hj) +

k+1
∑

l=1

T (r, Hl) + O(1) = S(r, w).
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By Lemma 2, there are at most two values cj such that the inequality above holds. Hence

R(z, cj) ≡ 0, or

H(z, cj) =
Qk(z, cj)

Qk−1(z, cj)
, for all z ∈ C

n.

Hence, the identity theorem implies H(z, w) = Qk(z,w)
Qk−1(z,w) . This completes the proof.
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