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1 n j��z�C(+ n \ Liénard q?�
x′′ +

d

dt
gradF (x) + gradG(x(t − τ)) = p(t) (1)1Vp+"�s�1* x ∈ R

n, F, G ∈ C2(Rn,R), p ∈ C(R,Rn), p(t + T ) = p(t), τ ≥ 0 [�J�z�C(+ Liénard bX�bX�&*�3O><A�+


v�11Vp+"�s`T�#I)9�+O>N1�( τ = 0 C�8�?� (1) ��Z;^h{wS11Vp+"�s [1,2], *)��b�-�+oR�<( τ 6= 0 C��?�+K9\l8n> [3,4]. �	M��C(bXÆBC(bX+{w#5J$�P�8F`T+{w�0;+i&�
2002)�̂ h [5]{w�?� (1) 1Vp+"�s�F^*9��5 |gradG(x)| ≤ α|x|+β,1* α <

π2

T 2
. �^�^h [5] +^�=��
 Sobolev �-FV Wirtinger �-F�l α +=rA�) α < 4

√
3π2

(π+
√

3)T 2
, 38?� (1) +6&n d

dtgradF (x) �9i&�!<Gu�^h [4] V
[5] +oR�
2 wlPIKtYDV 1 f�

(H1) "��J α > 0, β ≥ 0, E* |gradG(x)| ≤ α|x| + β, ∀x ∈ R
n;

(H2) "��J M > 0, E*( |xi| > M(i = 1, 2, . . . , n) C��
xi(

∂G(x)

∂xi
− pi) < 0, i = 1, 2, . . . , n ℄ xi(

∂G(x)

∂xi
− pi) > 0, i = 1, 2, . . . , n_G\[: 2004-04-30;O`\[: 2005-08-13MRgZ: ,Q��&z4+�~_s (A200403); ,Q��&z_��z�~_s (A03–06).
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�1* pi = 1
T

∫ T

0 pi(t)dt. �( α < 4
√

3π2

(π+
√

3)T 2
C�?� (1) %>"��H T - ./p�[�! 4	+u��f	;dHEUV		��^
 (·, ·) V | · | C��G R

n *+$`V Euclidean =J� ‖ · ‖p �G Lp([0, T ],Rn) *+=J�e
p =

1

T

∫ T

0

p(t)dt, p(t) = (p1(t), p2(t), . . . , pn(t))T;���g C1([0, T ],Rn), ( x ∈ C1([0, T ],Rn) C�e ‖x‖∞ = maxt∈[0,T ] |x(t)| 3 ‖x‖ =

max{‖x‖∞, ‖x′‖∞}.� Y V Z [ Banach �g� L : domL ⊂ Y −→ Z [�$�+ Fredholm ksO4��Y�O4 P : Y −→ Y, Q : Z −→ Z, E* ImP = kerL, kerQ = ImL, Y = kerL
⊕

kerP, Z =

ImL
⊕

ImQ, � L|domL
⋂

ker P : domL
⋂

kerP −→ ImL H�(+�e�HO�([ Kp; 8 Ω[ Y *+�r~4a�E* domL
⋂

Ω 6= ∅; �O4 N : Y −→ Z � Ω =H L- t+�:R
QN(Ω) �r3 Kp(I − Q)N : Ω −→ Y Ht+��Nm
Q��h^h [6].mV 1

[6] � L [�$�+ Fredholm O4� N � Ω = L- t�f��dUi�

(A1) Lx 6= λNx, ∀(x, λ) ∈ [(domL \ kerL)

⋂

∂Ω] × (0, 1);

(A2) Nx /∈ ImL, ∀x ∈ kerL
⋂

∂Ω;

(A3) deg(QN |ker L, kerL
⋂

Ω, 0) 6= 0.�?� Lx = Nx � domL
⋂

Ω =%>"��Hp�[��
		 1 ! ?� (1) 1Vp+"�s�� Z = Y = {x ∈ C1(R,Rn) : x(t + T ) =

x(t), t ∈ R}, � (Y, ‖ · ‖) [ Banach �g�4�ksO4 L : domL → Z, Lx = x′′, x ∈ domL,1*� domL = {x ∈ Y : x ∈ C2(R,Rn)}, � L +O�( Kp : ImL → domL
⋂

kerP ��p�
Kpy = − 1

T

∫ T

0

(1 − t

T
)

∫ t

0

∫ s

0

y(θ)dθdsdt − t

T

∫ T

0

∫ s

0

y(θ)dθds +

∫ t

0

∫ s

0

y(θ)dθds.�! L H�$�+ Fredholm O4��Nm
Q��h^h [5].4�O4 N : Y → Z

N(x)(t) = − d

dt
gradF (x) − gradG(x(t − τ)) + p(t), t ∈ [0, T ];4�Y�O4 P : Y → kerL, Q : Z → ImQ

Py =
1

T

∫ T

0

y(t)dt, Qz =
1

T

∫ T

0

z(t)dt.��?� (1) +W�?�
x′′ = −λ

d

dt
gradF (x) − λgradG(x(t − τ)) + λp(t), λ ∈ [0, 1], (2)�?� (2) ��2[[O4?� Lx = λNx, λ ∈ [0, 1]. � Ω1 = {x ∈ domL\ kerL : Lx =

λNx, λ ∈ (0, 1]}, �:d		mV 2 �4	 1 Uid�aX Ω1 �r�
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∫ T

0

gradG(x(t − τ))dt =

∫ T

0

p(t)dt, (3)

1

T

∫ T

0

gradG(x(t − τ))dt = p,<
∫ T

0

gradG(x(t − τ))dt =

∫ T

0

gradG(x(t))dt,� 
1

T

∫ T

0

∂G(x)

∂xi
dt = pi, i = 1, 2, . . . , n.�Ui (H2) "�8 ∀i ∈ {1, 2, . . . , n}, "� ti ∈ [0, T ], E* |xi(ti)| ≤ M .�?� (2) "

(x′′, x) = −λ(
d

dt
gradF (x), x) − λ(gradG(x(t − τ)), x) + λ(p(t), x), (4)<

(x′′, x) =
d

dt
(x′, x) − (x′, x′),

(
d

dt
gradF (x), x) =

d

dt
(gradF (x), x) − (gradF (x), x′),P��8F (4) ��! 0 ) T `C*)

∫ T

0

|x′(t)|2dt = λ

∫ T

0

(gradG(x(t − τ)) − p(t), x(t))dt. (5)e a = (a1, a2, . . . , an), u(t) = (u1(t), u2(t), . . . , un(t)), 1* ai =
1

T

∫ T

0
xi(t)dt, xi(t) =

ai + ui(t), g7 ∫ T

0 ui(t)dt = 0 3 ui(t) [ T - ./TJ��� Sobolev �-F"
|ai| ≤ |xi(ti)| + |ui(ti)| ≤ M + ‖ui‖∞ ≤ M +

√

T

12
(

∫ T

0

|u′
i(t)|2dt)1/2.� (5) "

∫ T

0

|u′(t)|2dt =

∫ T

0

|x′(t)|2dt = λ

∫ T

0

(gradG(x(t − τ)) − p(t), x(t))dt

≤
∫ T

0

(gradG(x(t − τ)) − p(t), a)dt +

∫ T

0

(gradG(x(t − τ)) − p(t), u(t))dt,<� (3) ��*)
∫ T

0

(gradG(x(t − τ)) − p(t), a)dt = 0,
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∫ T

0

|u′(t)|2dt ≤
∫ T

0

(gradG(x(t − τ)) − p(t), u(t))dt

≤
∫ T

0

(‖p‖∞ + |gradG(x(t − τ))|)|u(t)|dt

≤
∫ T

0

(‖p‖∞ + β + α|x(t − τ)|)|u(t)|dt

≤
∫ T

0

(‖p‖∞ + β + α|a| + α|u(t − τ)|)|u(t)|dt.e D = ‖p‖∞ + β + α|a|, �
∫ T

0

|u′(t)|2dt ≤
∫ T

0

D|u(t)|dt + α

∫ T

0

|u(t − τ)||u(t)|dt

≤ D

∫ T

0

|u(t)|dt + α(

∫ T

0

|u(t − τ)|2dt)1/2(

∫ T

0

|u(t)|2dt)1/2,<
∫ T

0

|u(t − τ)|2dt =

∫ T−τ

−τ

|u(t)|2dt =

∫ T

0

|u(t)|2dt,P�
∫ T

0

|u′(t)|2dt ≤ D

∫ T

0

|u(t)|dt + α

∫ T

0

|u(t)|2dt

≤
√

TD(

∫ T

0

|u(t)|2dt)1/2 + α

∫ T

0

|u(t)|2dt. (6)� Wirtinger �-F
∫ T

0

|ui(t)|2dt ≤ T 2

4π2

∫ T

0

|u′
i(t)|2dt, i = 1, 2, . . . , n"

∫ T

0

|u(t)|2dt =

∫ T

0

n
∑

i=1

u2
i (t)dt ≤ T 2

4π2

n
∑

i=1

∫ T

0

|u′
i(t)|2dt =

T 2

4π2

∫ T

0

|u′(t)|2dt. (7)oX (6) V (7) �
∫ T

0

|u′(t)|2dt ≤
√

TD · T

2π
(

∫ T

0

|u′(t)|2dt)1/2 + α · T 2

4π2

∫ T

0

|u′(t)|2dt,

‖u′‖2

2 ≤
√

TDT

2π
‖u′‖2 +

αT 2

4π2
‖u′‖2

2.�[ α < 4
√

3π2

(π+
√

3)T 2
< 4π2

T 2 , �
‖u′‖2 ≤ 2

√
TπDT

4π2 − αT 2
. (8)
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∑n

i=1 |ai|2)1/2 b |ai| ≤ M +

√

T

12
‖u′

i‖2, �� Minkowski �-F"
|a| ≤ {

n
∑

i=1

(M +

√

T

12
‖u′

i‖2)
2}1/2 ≤ (

n
∑

i=1

M2)1/2 + (
n

∑

i=1

T

12
‖u′

i‖2
2)

1/2

=
√

nM +

√

T

12
(

n
∑

i=1

‖u′
i‖2

2)
1/2 =

√
nM +

√

T

12
‖u′‖2,oX (8) ��*)

|a| ≤ √
nM +

√

T

12
· 2

√
TπDT

4π2 − αT 2
=

√
nM +

√
3

3
· πDT 2

4π2 − αT 2
.��[ D = ‖p‖∞ + β + α|a|, P�

|a| ≤ √
nM +

√
3

3
· πT 2

4π2 − αT 2
(‖p‖∞ + β + α|a|),M� α < 4

√
3π2

(π+
√

3)T 2
"

|a| ≤
√

nM +
√

3
3 · πT 2

4π2−αT 2 · (‖p‖∞ + β)

1 −
√

3
3 α · πT 2

4π2−αT 2

:= M1.�� (8) "�8 ∀x(t) ∈ Ω1 �
‖x′‖2 = ‖u′‖2 ≤ 2

√
TπT (‖p‖∞ + β + αM1)

4π2 − αT 2
:= M2, (9)g7� M2 > 0 3� λ aN��[

|xi(t)| = |xi(ti) +

∫ t

ti

x′
i(s)ds| ≤ M +

∫ T

0

|x′
i(s)|ds

≤ M +
√

T

[

∫ T

0

|x′
i(s)|2ds

]1/2

≤ M +
√

T‖x′
i‖2

≤ M +
√

T‖x′‖2, i = 1, 2, . . . , n, ∀t ∈ [0, T ],P�
|x(t)|2 =

n
∑

i=1

(xi(t))
2 ≤

n
∑

i=1

(M +
√

T‖x′‖2)
2

≤ [

n
∑

i=1

(M +
√

T‖x′‖2)]
2 = (nM + n

√
T ‖x′‖2)

2,

|x(t)| ≤ nM + n

√
T‖x′‖2, ∀t ∈ [0, T ],
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‖x‖∞ ≤ nM + n

√
T‖x′‖2 ≤ nM + n

√
TM2 := M3.d�! x′(t) �f�r��[ F (x), G(x) ∈ C2(Rn,R), p(t) ∈ C(R,Rn), P��"� �J M4, M5, M6, E*

|∂
2F (x)

∂x2
| ≤ M4, |gradG(x(t − τ))| ≤ M5, |p(t)| ≤ M6,� 

∫ T

0

|x′′(t)|dt ≤
∫ T

0

| d

dt
gradF (x)|dt +

∫ T

0

|gradG(x(t − τ))|dt +

∫ T

0

|p(t)|dt

≤ (M5 + M6)T +

∫ T

0

|∂
2F (x)

∂x2
| · |x′(t)|dt

≤ (M5 + M6)T + M4

√
T [

∫ T

0

|x′(t)|2dt]1/2

≤ (M5 + M6)T + M2M4

√
T := M7.� xi(0) = xi(T ), ��"� ξi ∈ (0, T ), E* x′

i(ξi) = 0, P�
|x′

i(t)| = |
∫ t

ξi

x′′
i (s)ds| ≤

∫ T

0

|x′′
i (s)|ds

≤
∫ T

0

|x′′(s)|ds ≤ M7, i = 1, 2, . . . , n, ∀t ∈ [0, T ],� 
|x′(t)| = [

n
∑

i=1

(x′
i(t))

2]1/2 ≤ (nM2
7 )1/2 =

√
nM7, ∀t ∈ [0, T ],M

‖x′‖∞ ≤ √
nM7 := M8, ∀x(t) ∈ Ω1.6 M9 = max{M3, M8} + 1, g7 M9 [ �J3� λ aN�P�

‖x‖ = max{‖x‖∞, ‖x′‖∞} ≤ max{M3, M8} < M9, ∀x ∈ Ω1,!< Ω1 H�ra�� Ω2 = {x ∈ kerL : Nx ∈ ImL}, �:d		mV 3 �4	 1 Uid�aX Ω2 �r�sX 8 ∀x ∈ Ω2, � QNx = 0, !<
1

T

∫ T

0

gradG(x(t − τ))dt =
1

T

∫ T

0

p(t)dt,��� x(t) H./+�P�
1

T

∫ T

0

gradG(x(t))dt =
1

T

∫ T

0

p(t)dt,
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1

T

∫ T

0

∂G(x)

∂xi
dt = pi, i = 1, 2, . . . , n. (10)��[ x ∈ Ω2, x ∈ kerL = {x : x = d, d ∈ R

n}, P� ‖x‖ = max{‖x‖∞, ‖x′‖∞} = |d|, � ��74 |di| ≤ M(i = 1, 2, . . . , n). D��<"�!H i0 ∈ {1, 2, . . . , n}, E* |xi0 | = |di0 | > M , "��Ui (H2) "
1

T

∫ T

0

∂G(x)

∂xi0

dt 6= pi0 ,�� (10) �:�P�� |d| = (
∑n

i=1 |di|2)1/2 " |d| �r�!< Ω2 H�ra�8 ∀d ∈ R
n, x = d ∈ kerL, �

1

T

∫ T

0

∂G(x)

∂xi
|x=ddt =

∂G(x)

∂xi
|x=d, i = 1, 2, . . . , n,P��Ui (H2) "�( |di| > M, (i = 1, 2, . . . , n) C�℄�8 ∀i ∈ {1, 2, . . . , n} �


di[pi −
∂G(x)

∂xi
|x=d] < 0, (11)℄�8 ∀i ∈ {1, 2, . . . , n} �


di[pi −
∂G(x)

∂xi
|x=d] > 0, (12)�B�	s�f� (11) �
 (∀i ∈ {1, 2, . . . , n}), ��

Ω3 = {x ∈ kerL : −λΛx + (1 − λ)QNx = 0, λ ∈ [0, 1]},1* Λ : kerL → ImQ H'JZ.WL�3 Λ(d) = d, ∀d ∈ R
n, �:d		mV 4 �4	 1 Uid�aX Ω3 �r�sX 8 ∀x = d = (d1, d2, . . . , dn) ∈ Ω3, ��74 |di| ≤ M, (i = 1, 2, . . . , n). D��8!H x = d = (d1, d2, . . . , dn) ∈ Ω3, "� i0 ∈ {1, 2, . . . , n}, E* |di0 | > M , "�� x = d ∈ Ω3"� −λΛ(d) + (1 − λ)QN(d) = 0, λ ∈ [0, 1], <

QN(d) =
1

T

∫ T

0

[p(t) − d

dt
gradF (x)|x=d − gradG(x(t − τ))|x=d]dt

= p − gradG(x)|x=d,P�
−λdi + (1 − λ)(pi −

∂G(x)

∂xi
|x=d) = 0, i = 1, 2, . . . , n,R�/

−λdi0 + (1 − λ)(pi0 −
∂G(x)

∂xi0

|x=d) = 0.�=F�g7 λ 6= 1, D� di0 = 0 � |di0 | > M �:�!<� |di0 | > M V (11) F"�=F8���%-� 0, M�:�P��8 ∀x = d ∈ Ω3, ∀i ∈ {1, 2, . . . , n}, � |di| ≤ M , M
|d| = (

∑n
i=1 |di|2)1/2 ≤ √

nM , � Ω3 H�ra�
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i=1 Ωi ⊂ Ω, � Arzela-Ascoli 4	�! Kp Ht+��? N Æw3l�ra���ra�!< N � Ω =H L- t+��H�		 2 V		

3 "
(A1) Lx 6= λNx, ∀(x, λ) ∈ [(domL \ kerL)

⋂

∂Ω] × (0, 1);

(A2) Nx /∈ ImL, ∀x ∈ kerL
⋂

∂Ω�
���?��� H(x, λ) = −λΛx+(1−λ)QNx,�		 4" H(x, λ) 6= 0, ∀x ∈ kerL∩∂Ω, λ ∈
[0, 1], P���Z.5+W���s"

deg(QN |ker L, kerL ∩ Ω, 0) = deg(H(·, 0), kerL ∩ Ω, 0) = deg(H(·, 1), kerL ∩ Ω, 0)

= deg(−Λ, kerL ∩ Ω, 0) 6= 0,!<		 1 +Ui (A3) ��5��		 1 "�O4?� Lx = Nx � domL
⋂

Ω =%>��Hp�
?� (1) %>��H T - ./p�=Tdf�
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Existence of Harmonic Solutions for n-Dimensional Liénard Equations

with Delay

ZHANG Jian-jun, CHEN Tai-yong, LIU Wen-bin, ZHANG Hui-xing
(Department of Mathematics, China University of Mining and Technology, Jiangsu 221008, China )

Abstract: In this paper, the existence of harmonic solutions for the n-dimensional Liénard equations
with delay is studied by using coincidence degree theory. Sufficient conditions to guarantee the existence
of harmonic solutions for the equation are obtained without restriction on the damping forces and some
known results are improved.

Key words: Liénard equations; delay; harmonic solutions; coincidence degree.


