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1 hdjhPv&��kr	�
Y2xx�HN0�m[2{ �g(g2���	� [4−7], C C KEO�� n T m K$"O� Mm(C) ^ C > m p4{ �g� Sn(C) ^ C > n p;�{ �g�C f K' Sn(C) / Mm(C) >2kr��� k K;�L7$"O (k ≥ 2). =
f �5 f(X)k = f(Xk), ∀X ∈ Sn(C), �� f ^	 k %�2��kV��{2��`Vd^ L(Sn(C), Mm(C)). [{�k f K' Sn(C) / Sm(C) >2	 k %�2kr��`Vd^
L(Sn(C), Sm(C)). ;�	
Y2xx~�rQ [1−3,8], -~X� m = n 22q��aC��Z� L(Sn(C), Mm(C)) T L(Sn(C), Sm(C)) ,�S2qI�7� GLn(C) ^ C > n p}�kr6� Eij ^ (i, j) `+^ 1, -�`+^ 0 2 n p{ � Dij d Eij + Eji, In d n p,`{ � 0j d j p�{ �	 A ⊗ B d{ A � B 2
Kroneckor_� A⊕B d{ A � B 2*T�C δ1, δ2 ^BG"O�0 δ1 < δ2 � [δ1, δ2] d`
{δ1, δ1 + 1, . . . , δ2}. { A � B �$m�b AB = BA = 0.gO 1

[1,3] C f ∈ L(Sn(C), Mm(C)), A, B ∈ Sn(C), �
(i)

∑k−1
p=0 f(A)pf(B)f(A)k−1−p =

∑k−1
p=0 f(ApBAk−1−p);

(ii) . A � B $m�0 Ak = A E�� f(A) � f(B) |$m�gO 2 C f ∈ L(Sn(C), Mm(C)). =)� i ∈ [1, n] �5 f(Eii) = 0, � f = 0.& j [1], [3] m��C�gO 3
[5] f K' Sn(C) / Mm(C) >2	�4kr���.0t. f �gN(}��

(i) f = 0;

(ii) f(X) = P (X ⊗ Ir ⊕ 0s)P
−1, ∀X ∈ Sn(C), P ∈ GLm(C), m = nr + s.gO 4

[3] A1, . . . , At ∈ Mm(C) �$$m�0 Ak
i = Ai(i = 1, . . . , t), = t > m, �)�

j ∈ [1, t] G1 Aj = 0.ZBWV: 2005-02-28; H[WV: 2005-12-13EJbU: Pe3:�w^s (10271021).



414 P u y y � * � 27}gO 5 C f ∈ L(Sn(C), Mm(C)), 0 f 6= 0, �)� P ∈ GLm(C) G
f(Eii) = P [(Eii ⊗ D) ⊕ 0s]P

−1, (1)

f(Dij) = P [(Eij ⊗ Aij + Eji ⊗ Aji) ⊕ 0s]P
−1,-, D = ε1Ir1

⊕ · · · ⊕ εtIrt
, ∀i ∈ [1, n], ε1, . . . , εt ^Y�m[2 k − 1 %,`J� Aij =

diag(B
(ij)
11 , . . . , B

(ij)
tt ), Aji = diag(C

(ji)
11 , . . . , C

(ji)
tt ), B

(ij)
hh , C

(ji)
hh ^ rh p �∀i, j ∈ [1, n], h ∈ [1, t].nT 
 f(Eii)

k = f(Eii) '� g(λ) = λk − λ K f(Eii) 2\�=nI�� f(Eii) 26o=nI"# g(λ), 0 g(λ) d.J' f(Eii) mRÆ;o �C ε1, . . . , εk−1 ^ k − 1 %Y�m[2,`J�
�
 1(ii) ' f(Eii), f(Ejj) $m��$&1)�}I P ∈ GLm(F ), G
f(Eii) = P{[Eii ⊗ (ε1I1i

⊕ · · · ⊕ εk−1Ik−1i
)] ⊕ 0s}P

−1, ∀i ∈ [1, n], (2)-,�d Ili 2p^ li, l ∈ [1, k − 1], �7 li = 0 EHn�!j�d si =
∑k−1

l=1 li 0 m = nsi + s.��
 1(i) ,�t3 A = Eii, B = Dij 1
k−1
∑

p=0

f(Eii)
pf(Dij)f(Eii)

k−1−p =

k−1
∑

p=0

f(Ep
iiDijE

k−1−p
ii ) = f(Dij). (3)��
 1(i) ,t3 A = Ejj , B = Dij 1

k−1
∑

p=0

f(Ejj)
pf(Dij)f(Ejj)

k−1−p =

k−1
∑

p=0

f(Ep
jjDijE

k−1−p
jj ) = f(Dij). (4)�	 (2) I��k (3) T (4) ÆIwRC�
T�1

f(Dij) = P [(Eij ⊗ Aij + Eji ⊗ Aji) ⊕ 0s]P
−1, (5)-, Aij ^ si × sj p � Aji ^ sj × si p �C n ^$"O�� H = 1

n2+1Eii + n2

n2+1Ejj + n
n2+1Dij ^�4 �V� Hk = H . �$��

f(H)k = f(H), K
[f(Eii)+n2f(Ejj)+nf(Dij)]

k = (n2 +1)k−1f(Eii)+(n2 +1)k−1n2f(Ejj)+(n2 +1)k−1nf(Dij).;ÆÆ: n2k−2 n2eO��0� f(Eii)f(Ejj) = 0 �
∑

0≤p+q≤k−2

f(Ejj)
pf(Dij)f(Ejj)

qf(Dij)f(Ejj)
k−2−p−q = (k − 1)f(Ejj) + f(Eii). (6)�A� Di = ε1I1i

⊕ · · · ⊕ εk−1Ik−1i
, f(Eii) = (Eii ⊗ Di) ⊕ 0s k (2) T (5) +< (6) I�1

AijD
k−2
j Aji = Di,b

AijD
−1
j Aji = Di. (7)
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� H1 = n2

n2+1Eii + 1
n2+1Ejj + n

n2+1Dij ^�4 �[
�1 AjiD
−1
i Aij = Dj . �$ Aij , Aji�%�

(a) = k ^)O��
f(Dij)

k = f(Dk
ij) = f(Eii) + f(Ejj).k (5) I+<>I1

(AijAji)
k
2 = Di, (AjiAij)

k
2 = Dj . (8)
 (7) a (8) /I�1

(AjiAij)
k
2
−1 = D−1

j ,rV (8) I2X}I��1 D2
j = AjiAij . [
 AijAji = D2

i , �{�1/
AjiD

2
i = D2

jAji. (9)C Aji =









C
(ji)
11 . . . C

(ji)
1k−1

... . . .
...

C
(ji)
k−11 . . . C

(ji)
k−1k−1









, 0 C
(ji)
ll ^ li p � l ∈ [1, k − 1]. 
 Aji �%a (9) I;ÆÆ:��℄! C

(ji)
lh = 0, ∀l 6= h, �0 li = lj , ∀l ∈ [1, k − 1]. �$ D2

i = D2
j , 
� k − 1 ^.O�K Di = Dj .

(b) . k ^.OE���
 1(i) ,t3 A = Dij , B = Eii 1
k−1
∑

p=0

f(Dij)
pf(Eii)f(Dij)

k−1−p =
k + 1

2
f(Eii) +

k − 1

2
f(Ejj)

=
k + 1

2
(Eii ⊗ Di) ⊕ 0s +

k − 1

2
(Ejj ⊗ Dj) ⊕ 0s.k (2) T (5) I+<1

∑

p=2l+1,l∈[0,
k−3

2
]

(AjiAij)
p−1

2 AjiDi(AijAji)
k−2−p

2 Aij =
k − 1

2
Dj, (10)

∑

p=2l,l∈[0, k−1

2
]

(AijAji)
p

2 Di(AijAji)
k−1−p

2 =
k + 1

2
Di. (11)� (10) I7�C�� Aij , (11) I��C�� Aij , ÆImi1

Di(AijAji)
k−1

2 Aij =
k + 1

2
DiAij −

k − 1

2
AijDj .
� f(Dij)

k = f(Dij) ' (AijAji)
k−1

2 = I, �$ DiAij = AijDj . $E�� k ^)OE2& 	R�[{�1 Di = Dj .4V (a) T (b), �AC 1i, 2i, . . . , ti 9�^�� (t + 1)i = · · · = (k − 1)i = 0. � D =

ε1Ir1
⊕ · · · ⊕ εtIrt

, rh = hi, ∀h ∈ [1, t]. . k ^)OE� AjiD
2 = D2Aji ���0;ÆÆ:�1
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Aji = diag(C

(ji)
11 , . . . , C

(ji)
tt ), C

(ji)
hh ^ rh p �[
� Aij = diag(B

(ij)
11 , . . . , B

(ij)
tt ), B

(ij)
hh ^ rhp �[
. k ^.OE� Aij , Aji �^;o� �

2 qfIQ�O 1 C m, n ^$"O� f ∈ L(Sn(C), Mm(C)), .0t.gN(}��
(i) f = 0;

(ii) n ≤ m, 0)� R ∈ GLm(C) G
f(X) = R{[

t
⊕

i=1

(X ⊗ εiIpi
)] ⊕ 0s}R

−1, ∀X ∈ Sn(C),-, m = n
k−1
∑

i=1

pi + s, pi ^$"O�nT Mh� n > m E�
�
 4 ')�" i ∈ [1, n], G f(Eii) = 0, �
�
 2 ' f = 0 .K= f 6= 0, � n ≤ m, 0
�
 5 ';;�2 X ∈ Sn(C) �
P−1f(X)P =































α11ε1Ir1
. . . . . . α1nB

(1n)
11

. . .
. . .

α11εtIrt
. . . . . . . . . α1nB

(1n)
tt

. . . . . . . . . . . . . . . . . . . . .

αn1C
(n1)
11 . . . . . . . . . αnnε1Ir1

. . .
. . .

αn1C
(n1)
tt . . . . . . . . . αnnεtIrt

0s































.

�
fi(X) =







α11εiIri
. . . α1nB

(1n)
ii

. . . . . . . . .

αniC
(n1)
ii . . . αnnεiIri






, ∀i ∈ [1, t].�j

f(X) = P (f1(X) ⊕ f2(X) ⊕ · · · ⊕ ft(X) ⊕ 0s)P
−1(s = m − nsi), (12)�$ fi K	 k %�2�0 ε−1

i fi(In) = Inri
.g& 1

εi
fi ^	�42kr���JF>�;;�2�4{ B = B2, � B = B2 = · · · = Bk, ;;�2 x ∈ C, �

fi((I + xB)k) = C0
kxkfi(B) + C1

kxk−1fi(B) + · · · + Ck−2
k x2fi(B) + Ck−1

k xfi(B) + Ck
kfi(I).�}���

(fi(I + xB))k =(fi(I) + xfi(B))k = (εiI + xfi(B))k

=C0
kxkfi(B)k + εiC

1
kxk−1fi(B)k−1 + · · ·+

εk−2
i Ck−2

k x2fi(B)2 + εk−1
i Ck−1

k xfi(B) + εk
i Ck

kfi(I).
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� fi((I + xB)k) = (fi(I + xB))k, ;Æ x2 2eO1 (fi(B))2 = εifi(B), �{}�;�I 1
εi

fi~��	�
 3, 8X�	 (12) I�$℄1�7
r���O 2 C m, n ^$"O� f ∈ L(Sn(C), Sm(C)), � f �7
 1 2qI�-, RTR =

[
⊕t

i=1(I ⊗ Vi)] ⊕ V0, 0 V0, V1, . . . , Vt ~;��%�nT 
 f(X) ;�'�� RTR{[
⊕t

i=1(X ⊗ εiIpi
)]⊕ 0s} = {[

⊕t

i=1(X ⊗ εiIpi
)]⊕ 0s}R

TR����$�℄1�7
2r��=L^`�
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Power-Preserving Linear Maps between Matrix Spaces

CAO Chong-guang1, HUANGFU Ming2

(1. Department of Mathematicas, Heilongjiang University, Heilongjiang, 150080, China;
2. Department of Mathematics and Physics, Dalian Jiaotong University, Liaoning 116028, China )

Abstract: Let C be a complex field. Let m and n be positive integers. k is a fixed positive integer and
k ≥ 2. Let Mm(C) and Sn(C) be the vector spaces of all m×m matrices and n×n symmetric matrices
over C, respectively. We characterize the linear maps preserving k-power from Sn(C) to Mm(C) and
Sn(C) to Sm(C), respectively.

Key words: complex field; power-preserving; linear map.


