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1. Introduction

Let dv be the normalized Lebesegue measure on the unit ball B of C™ such that v(B)=1, and
do be the normalized rotation invariant measure on the boundary 0B of B such that o(0B)=1.
By H(B) we denote the class of all holomorphic functions on B. H* denotes the class of all
bounded holomorphic functions on B.

For a € B, let g(z,a) = log|p.(z)|~! be Green’s function for B with logarithmic singularity
at a, where ¢, is the Mdbius transformation of B satisfying ¢, (0) = a, pa(a) = 0, v, = @, *.

Let 0 <p, s <00, —n—1< g <oo. Wesay f € F(p,q,s) provided that f € H(B) and

1P p.a.5) = | F(0)] + {Sup/ [RF)P(1 = [22)7g" (2, a)dv(2)} 7 < oo,
aeBJB

where

J 15) Zj

Rf(z) = Zz 3f(z)

F(p,q,s) is a Banach space. If ¢ + s < —1, then F(p, ¢, s) reduces to the space of constant
functions. The space F(p, ¢, s) was first introduced by Zhao!'. The space includes many function
spaces if we take some specific parameters of p, ¢ and s such as Bloch type space, Qs space and
BMOA space. It may also include Bergman space and Besove space etc.

For o € (—o00,400), f is said to be in the Bloch type space 3 provided that f € H(B) and

[fllge = 1£(O)] + Sgg(l = 2)*Rf(2)] < oo.
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(P is a Banach space and 3 reduces to the space of constant functions as a < 0. The spaces
Bt and B (0 < a < 1) are just the Bloch space 3 and the Lipschitz space Li_, respectively.

Let X,Y be two spaces of holomorphic functions on B. We call ¢ a pointwise multiplier
from X to Y if of € Y for all f € X. The collection of all pointwise multipliers from X to Y is
denoted by M(X,Y).

The multiplier theory of function spaces has been studied for a long time and a lot of
results have been obtained. We know that multiplier theory is one of the important parts in the
studies of the Gleason problem, function space properties and general operator theory. Taylor
and Stegenga in [2-3] first characterized the pointwise multipliers between Dirichlet type spaces
in the unit disc, and the same problem on the unit ball of C™ was discussed in [4]. In [5], by
using Bergman metric, Zhu studied the pointwise multipliers on Bloch space, little Bloch space,
BMO space and VMO space. As a general rule, for the same type of function spaces, because of
the norms being very much the same, we may discuss the pointwise multiplier from a space to
another space. Naturally, we want to know if we can discuss the same problems for two different
type of function spaces. We have tried in [6] and get some results. It is known that Bloch type
space (P is the generalization of Bloch space and general function space F(p, ¢, s) includes many
function spaces. If we get the pointwise multiplier between F(p,q,s) and 8P, then, in fact, we
obtain the results in many function spaces. In this paper, our principal work is to characterize

M(F(p,q,s), 8%) for all kinds of cases about parameters p, g, s.

2. Some lemmas

In the following, z = (z1,...,2n), a = (a1,...,a,), {z,a) = Z?:l zja;. We will use the
symbol ¢ to denote a finite positive number which does not depend on variables z,a,w but
may depend on some norms and parameters p, q,n, s, o, x etc., not necessarily the same at each
occurrence.

In order to prove the main result, we first give some lemmas.

Lemma 2.1 For 0 < p, s < oo, —-n—1<qg<ooandq+s > —1,if f € F(p,q,s), then

n+ltq

fep» .

Proof Suppose f € F(p,q,s). For fixed 0 < 79 < 1, since (Rf) o, € H(B), |(Rf) 0 @u|P is

subharmonic in r¢ B, that is,

RF@F = (RF) 0 ¢alOF < oz [ 1(RF) o galw)Pduiu
Y = laPy
= S TN g ) (21)

For z € @q(roB), from (5) in [7], we have

1 1
g(z,a) = log PRE]] > log e
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and ) -
—To 2 2 7o 2
— (1 - <1- < ——(1-— .
(1= laf?) <1 Jaf? € 721~ faf?)
ThUS 1 2\n+1 4n+1 1 1
(1 Jaf") < ( + TO)‘Q‘ log™% —. (2.2)
11— (z,a)[>"+2(1 — |2[?)2g°(2,a) = (1 —|a|?)"T1H2 1 —rg T
From (2.1) and (2.2), we get
1 (1 —[a)"*!
IRf(a)]" < — IRf ()P e dv(2)
T(z) @a(roB) |1 - <Za a>|2n+2

o L CIC Ry (L JaP) d(2)
) @a(roB) |1_ <27a>| " (1_ |Z| )qgs(zja)

< 4n+1ro—2n (1 +TO

~ (1= laP)rtitat 1 — g

n+ltq

This shows that fe g™ » .

|
)‘q‘ log %Hf”%(p, 4 8)°

o(1), p<l,
Lemma 2.2 (1) Let f € 8. Then |f(2)] =< O(log2(1—|z[*)71), p=1,
o1 -7,  p>1

(2) Forp > 0, if f € H(B) and

1 1
|f(2)] = O(m)a then |Rf(z)|= O(W)'

Proof This is Lemma 2.2 in [6].

3. The main results

Theorem 3.1 Let0 <p, s <oo, n—1<qg<oo,q+s>-1. Ifn+1+qg > pa, then
p € M(F(p,q,s), %) if and only if ¢ = 0.

Proof Suppose ¢ € M(F(p,q,s), 5%) and a € B. We set
(1 —lal*)(1 - |2%)

= = 1— a 2.
»= R0 a2
Then 1 3 3 1
x
- _ = —r <z S5y ]= Z< . .
g(z,a) 5 log(1 —z) < 2[1 + 1 + (4) +--] =2z as 5 = lpa(2)] < 1 (3.1)
For any w € B, let
1—|w]?
fw(Z) = ntltq "
(1 —(z,w)) "7

First, we consider the case s > n. By (3.1) and Proposition 1.4.10 in [8], we have

/ REw(2)P(1— |22)0° (2. a)du(2)
1/2<]pa(z)I<1

28 1 P(1 — 2171_ 251_ 2\q+s
8 (0 1+ P = BP0~ PO =P
1/2<|pa(2)|<1 PPl = (2, w)| P |1 — (2, a)
9s+n+1+g+p 1 P 1 —|al?2)5(1 — |z]?)s—!
< (n+1+49q) / ( lal?)*( |Z|2) dv(z) < c. (3.2)
pP B 11— (z,a)|*



492 Journal of Mathematical Research and Exposition

Vol.27

Next, we consider the case 0 < s < n. We choose constants z, 2’ and X satisfying
n n n+1 1

1
<< ——, A= 1—- ,—+—==1
q+n+1} * n—s gtn+ x x+x’

max{1

such that Az > —1, (¢ + s — A)a’ > —1. Applying (3.1) and Proposition 1.4.10 in [8], we have

/ RF()P(1— |22)0° (2. a)du(2)
1/2<]pa(z)I<1

28 1 P(1 — 2171_ 251_ 2\q+s
</ RS (O (o U R S e
1/2<|pa(2)|<1 PPl — (z,w)| IP[1 — (z,a)|
25<n+1+q) (1= [2[*)* 1
R {/ |1 — (2, w)|(nt1tatp)e dv(2)}= x
” (1~ [ef?)a+—s
— L-’ <
af?) {/ T ) <
At the same time,
/ RESP(L - |22)9" (2, a)dv(2)
lpa(2)|<1/2
(I—JwP)P(L =]z, o 1
< c/ log do(z)
lpa(x)l<1/2 |1 — (2, w)|PH1tatp lpa(2)]
(1= wP)PA = [pa(uw)*)? (L= la]*)"+! 1
=c log® —dv(u)
/|u<1/2 [T = (pa(w), w[H1Ha+P |1 — (u, a)[*"+2 |ul
1 _ P n+1+q 1— 2\q 1
. IeP( - ) (R
lul<1/2 Pa(u), w)[* 1P 1 — (u, a) 22+ |ul
(1- |a|2)”“+" (1 — Juf*)? 1
< c/ log® —dv(u
A R T T )
1
=c log® —duv(u)
/|u<1/2 1- IUI )t |ul

! 1
/log —dv(u) = c/ 2nr?" 1 log® —dr/ d¢) <ec.
B |ul 0 r aB
Thus, from (3.2), (3.3) and (3.4), we get

/ REu(2)P(1— |22)1g° (2, a)du(z)

~(f H[ o IRLEIPA - R a)de(e) < e
1/2<l6a(2)|<1  Jlpal)|<1/2
This shows that || fu||p(p,qe,s) < c.

(3.4)

By the Closed Graph Theorem, M, : f — ¢f is a bounded linear operator from F(p, g, s)

to B%. Therefore,

(1= |21 |Rle(2) fu (N < [l@fullpe < NIMll fullpepas) < c-
From (3.5) and Lemma 2.2, we obtain

c(1—|z?)t~e, a>1,

lo(2) fw(2) < § clog2(l—[z[*)7, a=1,
& a < 1.

(3.5)
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Let z = w. Then

ntltq

o1 — Jw2) =7, a>1,
()] < 4 e w7 “Mog2(1 — W)™, a=1, (3.6)
g\ ntlta g
e(1 = [wl?) =7, a<l.

If n+14 ¢ > p, from (3.6), we can get |p(w)| — 0(jw| — 1). Furthermore, we have ¢ = 0 by
Maximum Modulus Principle. If n +1 4+ ¢ < p, then « < 1 and from (3.5)
(n+1+)Q1 = [wP)(zwje(z) | (1—|w?)Re(z) c
pESEXI + mg | < 11— |z]2)e
Pl = (z,w))"7 (1= (zw)"7

Let z = w. We have

()] < s el = [0) 557+ (1= [Pl Re(w)] )

Since M (F(p,q,s), 3*) C 5%, |Re(w)| < c(1 — |w|*)~*. We get

lp(w)] < m{c(l - |w|2)n+;+q_a +c(1— w2} =0 (jw —1).

This implies ¢ = 0.

Theorem 3.2 Let 0 <p,s<oo, n—1<g<oo,q+s>—-1,n+1+q<pa.
(1) If n+ 1+ q > p, then p € M(F(p,q,s), %) if and only if p € H(B) and
1

| (2)| = O( ntltq )
7 1= )

(2) If n+1+q < p, then p € M(F(p,q,s), 8*) if and only if p € 3*.
(3) Ifn+14+qg=p, s>n, then p € M(F(p,q,s), %) if and only if ¢ € I, where

2
In={¢: ¢ € H* and sup(l — |z|2)|Rgp(z)|log17||2 < oo}, for a=1; or
z€EB — |7

2
I.={¢: p€ H(B) and sup(l — |z|*)¥|Rp(2)|log = < oo}, for a>1.
z€B -
Proof Suppose ¢ € M(F(p,q,s), ) and a € B.
(1) For n + 1+ ¢ > p, we have o > 1. From (3.6), we can obtain
c

|S0(w)| S n N
(1= [wf?)* 5

(2) For n+ 1+ ¢ < p, we know M (F(p,q,s), %) C 3% Hence ¢ € 5°.
(3) For n+ 1+ ¢ =p, s >n, we have a > 1.
Let

fuw(z) =log m



494 Journal of Mathematical Research and Exposition Vol.27

Then

/ REP( = |29 (2, a)do(2)

1/2<]pa(2)<1

) A T
< // et L= ) [ [T (2, aype V)

(1—|Z| A~ [a?)®
SC/B =™ do(z) <e.

This implies || fuw||r(p, ¢, s) < ¢. Applying Lemma 2.2 to (3.5), we get

c(l — 22 -«
el < i a2t

If we set z = w, then

(1 —JwP) " *log ™ [2(1 — [wl) "], a>1,

et < { ¢ o> (37)
On the other hand, from (3.5), we have
(1= 1) Re(2)] |fuw(2)] < e+ (1= [2)*|e(2)] [Rfuw(2)].
Thus, using (3.7), we get
(1~ 0l ()] g2 < e (1~ ) () 12
L= fw2 1= |w*
2100~ L19(1 — |ap|2)—1
< {crvPls R, 0> L 6s)

Combing (3.7) with (3.8), the proof of the necessary conditions is completed.
Conversely, for any f € F(p,q,s), we have f € ﬁ * from Lemma 2.1.
(1) For n+1+4 ¢ > p, suppose

p € H(B) and |p(2)| < R
(1= 2225

Applying Lemma 2.2, we get
(1= [z |Rlp(2) f (N < (1= [212)* (£ ()R ()] + |o(2) Rf ()])
= (1= ]2 )1 - 212 S5 | Re(z) |+
(1— [z 0 (2)

[Rf(2)|(1—|2[*)*"
<c=pfepf*=9e M(F(pq,s),B%.

Applying Lemma 2.2 and conditions, we can prove (2) and (3). And the details are omitted.
Since F(2,1 —n,n) = BMOA, from Theorem 3.1, we can get

Corollary For a <1, p € M(BMOA, 8%) if and only if ¢ = 0.
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Theorem 3.3 Let 0 < p, s <00, 0<s<n, —s—1<qg<oo,n+1+q=p a>1
If ¢ € I, then ¢ € M(F(p,q,s), 3%). Conversely, if ¢ € M(F(p,q,s), 3%), then, for any
0 <e<min{l/n— (n—s)/pn,s/pn}, ¢ € Jo ., where

2 _n=s_
Jo, e ={p:p € H(B) and Sup(l —12*)* |Re(2)|[log 1—7|z|2]1 T < ool

zEB

Io={p: ¢ € H® and sup(1 = |*)|Re(:) log 7——

< oo} as a=1 or
z€B ||

Io={p:p € H(B) and sup(l—|2P)*|Re(z)|log ——

< oo} as a>1.
z€EB ||

Proof If p € I, then ¢ € M(F(p,q,s), 8%) from the proof of Theorem 3.2.
Conversely, let p € M(F(p,q,s), 3%). For any w,a € B, we set

2
w(z) = log — =
guw(z) %8 T )
Since q+s+1=p—n+s>0, for any 0 < e < min{l/n — (n — s)/pn, s/pn}, we can choose

constants z, z’, \ satisfying

1
max{l,ﬁ}<x: r < , /\:p—n+
p n—s-—+epn n—s

such that Az > —1, (¢ + s — A)z’ > —1. We have

/ Rou(2)P (1= o) g*(z.a)do(2)
1/2<]pa(2)|<1
L[ OlaPra =l
=y I wlPT G P

(1=l [ A ey«

_Zw|pw

(1— |Z| (g+s=N)a’ 1 2 1
{/ ()} < eflog Tz} .

[1— (z,a)|2s*

Thus 5
@ 1
(1 = 2[Rl (2)gu (2)]] < [|M|||gwllp(p.q.5) < c{log W}”- (3.9)

From Lemma 2.2, we get

2 1 oe(1—|z)H)te, a>1,
lp(2)gw(2)| < {log W}p { clog2(1— |z2)~Y, a=1.
If we set z = w, then

c(1 = [w*)'=*log ' [2(1 = [w[)71], a>1,
¢, a=1.

()] < {log = |2}w{ (3.10)

From (3.9) and (3.10), we have

(1~ ) Rp(uw)] Tog - 2| ; _c{logﬁ}ﬁ+<1—|w|2>a|<p<w>|—
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2 a1 c{log —2— P%_l, a>1 2 1
Sc{logil_'w'?]wm + iloi%;ﬁj o1 <c{1og1 | |2}pz7
that is,
(1= Jwf2)° | Rip(w) {log ———3 }'~ 57 ¢ = (1 = |u[2)° | Rp(w)|{log —— } % < c
1—Jwp? 1—[wp?
This completes the proof. O
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MK R = B BB SR F

R#E, FAT?
(L R ARKAHEE, U 100872 2. WIRIM LR %L Rl LRI, WM K9 410205 )

AR ASCHE O AFALER BITR T2 F(p, g, s) # Bloch BIZE[E] ¢ Ly sisfeT. MIRT=
6] M(F(p,q.s), 8%) 247 T 58 BRI H.

x##iE: ST ZIE; F(p,q,s) ZE); Bloch BIZS[E]; HAIER.



