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Abstract: We consider the Schatten class weighted composition operators on the Bergman
space of the unit ball. The main result is several necessary and sufficient conditions for such
kind of weighted composition operators belong to the Schatten-Von Neumann ideal Sp. As a
corollary, we now have that Wϕ,ψ is a Hilbert-Schmidt operator if and only if

∫

Bn

|ψ(w)|2

(1 − |ϕ(w)|2)n+1
dV (w) <∞.
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1. Introduction

Throughout this paper, we fix n ∈ N , and let Bn be the unit ball of Cn and dV the

normal Lebesgue measures on Bn. Let H(Bn) be the set of holomorphic functions defined on

Bn, and H(Bn, Bn) the set of holomorphic maps from Bn to Bn. We will always assume that

ψ ∈ H(Bn) and ϕ ∈ H(Bn, Bn). The weighted composition operator is defined as Wϕ,ψ :

H(Bn) → H(Bn), where Wϕ,ψ(f)(z) = ψ(z)f(ϕ(z)), ∀f ∈ H(Bn). These operators can be

considered as a combination of a multiplication operator and a composition operator[1−3]. When

ψ ≡ 1, Wϕ,ψ = Cϕ is the usual composition operator. When ϕ(z) ≡ z, Wϕ,ψ = Mψ is the usual

multiplication operator induced by ψ. Let 0 < p <∞. We consider the Lebesgue spaces Lp(Bn)

defined as the Banach space of Lebesgue measurable functions f on Bn with

‖f‖n,p = {

∫

Bn

|f(z)|pdV (z)}1/p <∞.

The weighted Bergman spaces Ap(Bn) is the subspace of Lp(Bn) consisting of holomorphic

functions on Bn. It is easy to prove that Ap(Bn) is the closed subspace of Lp(Bn) generated by
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polynomials. Denote by P an orthogonal projection from L2(Bn) onto A2(Bn), defined as the

following integral operator

Pf(z) =

∫

Bn

f(w)K(z, w)dV (w), f ∈ L2(Bn),

where Kw(z) = K(z, w) = 1/(1 − zw)n+1 is the reproducing kernel of A2(Bn) and K(z, w) =

K(w, z). Let kz(w) = K(z, w)/K(z, z)1/2, z, w ∈ Bn. This is the normalized reproducing kernel

for A2(Bn). Given a positive measure µ on Bn , we define an operator Tµ as follows:

Tµf(z) =

∫

Bn

f(w)Kw(z)dµ(w), ∀f ∈ L2(Bn).

Tµ is called the Toeplitz operator with symbol µ. The Berezin transform of µ is defined as

µ∼(z) =

∫

Bn

|kz(w)|2dµ(w), ∀z ∈ Bn.

To describe the background about the Schatten class weighted composition operators and to

state our results we need some notations. We begin with a trace formula for operators on

A2(Bn) which are either positive or in the trace class. Let T be a bounded operator on a

Hilbert space A2(Bn). Then the singular numbers of the operator T on A2(Bn) are defined

by tn(T ) = inf{‖T − B‖ : rankB ≤ n}. For any 1 ≤ p < ∞, the Schatten ideal Sp(A
2(Bn))

is defined to be the set of all compact operators T on A2(Bn) such that
∑∞

n=1(tn(T ))p < ∞.

Sp(A
2(Bn)) is a Banach space with the norm ‖T ‖Sp = {

∑∞
n=1 |tn(T )|p}1/p. Hereafter, we will

simply write Sp = Sp(A
2(Bn)). If T ∈ S1 and {en} is an orthonormal basis for A2(Bn), then

tr(T ) =
∑∞
n=1〈Ten, en〉 is convergent and independent of {en}. If T ∈ S1 and T ≥ 0, then

‖T ‖S1
= tr(T ). In general we have ‖T ‖Sp = {tr(T ∗T )p/2}1/p. Another elementary fact about

the Schatten class is that if T ∈ Sp, then T ∗ ∈ Sp. Moreover, ‖T ∗‖Sp = ‖T ‖Sp, see [9]. This

theme has attracted the attention of many researchers, but there are still many problems left for

investigation. For more information on the Schatten ideals, see [5–8, 10–12].

It is of great interest to find some simple conditions on the functions ϕ and ψ such that

Wϕ,ψ belongs to the Schatten ideal Sp. In [4], H. M. Xu and T. S. Liu considered the weighted

composition operators between Bergman space on the unit ball, and characterized the bound-

edness and compactness of the weighted composition operator in term of Carleson measures.

The main purpose of this paper is to give a characterization of those mappings ϕ and ψ so that

Wϕ,ψ belongs to the Schatten ideal Sp on the Bergman spaces A2(Bn). Finally, we would like

to acknowledge the fact that we are borrowing heavily the techniques of the proofs of [11]. For

any map ϕ and ψ , we define a function on Bn as follows:

Qϕ,ψ(z) =

{
∫

Bn

K(z, z)−1|K(z, ϕ(w))|2|ψ(w))|2dV (w)

}1/2

.

2. Some basic lemmas

We collect some facts mostly well known, that will be used in the sequel.
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Lemma 1[9] If T is a compact operator on the Hilbert space H and p > 1, then T ∈ Sp if and

only if |T |p = (T ∗T )p/2 ∈ S1, and if and only if T ∗T ∈ Sp/2.

Lemma 2 For any ψ ∈ H(Bn), ϕ ∈ H(Bn, Bn), let the weighted composition operator Wϕ,ψ

be bounded operator on A2(Bn). Then

Q2
ϕ,ψ(z) = 〈(Wϕ,ψ)∗Wϕ,ψkz, kz〉A2(Bn).

Proof For any ψ ∈ H(Bn), ϕ ∈ H(Bn, Bn), we have

〈(Wϕ,ψ)∗Wϕ,ψkz, kz〉A2(Bn) = 〈Wϕ,ψKz,Wϕ,ψKz〉A2(Bn)K(z, z)−1

=

∫

Bn

K(z, z)−1Kz(ϕ(w))Kz(ϕ(w))dVψ(w)

=

∫

Bn

K(z, z)−1|K(z, ϕ(w))|2dVψ(w) = Q2
ϕ,ψ(z),

where dVψ(z) = |ψ(z)|2dV (z).

Lemma 3[9,13] Suppose T is a positive operator on a Hilbert space H and x is a unit vector in

H . Then (1) 〈T px, x〉 ≥ 〈Tx, x〉p, for all p ≥ 1; (2) 〈T px, x〉 ≤ 〈Tx, x〉p, for all 0 < p ≤ 1.

This Lemma follows directly from the spectral decomposition of the positive operator T .

The following Lemma is due to K. H. Zhu[6, Lemma 13] for Ω = Bn.

Lemma 4 Suppose T is an operator in the trace class of A2(Bn, dVα). Then

tr(T ) =

∫

Bn

〈TKα(·, z),Kα(·, z)〉L2(Bn,dVα)dVα(z)

=

∫

Bn

〈Tkαz , k
α
z 〉L2(Bn,dVα)Kα(z, z)dVα(z).

The following Lemma is due to K. H. Zhu[6, Theorem 12] for Ω = Bn.

Lemma 5 Suppose µ ≥ 0 is a finite Borel measure on Bn. If p ≥ 1 and r > 0, then the following

conditions are equivalent:

(1) Tµ ∈ Sp; (2) µ∼
α ∈ Lp(Bn, dλ(z)); (3) µ∧

r ∈ Lp(Bn, dλ(z));

(4)
∑∞

n=1

(

µ(D(an,r))
|D(an,r)|α

)p

=
∑∞

n=1 (µ∧
r (an))

p
<∞,

where {an} is the sequence given by Lemma 2.6 of [6], µ∼
α (z) =

∫

Bn
|kz(w)|2αdµ(w), µ∧

r (z) =
µ(D(z,r))
|D(z,r)|α .

Lemma 6[4] For any ψ ∈ A2(Bn), ϕ ∈ H(Bn, Bn), g is a positive Lebesgue measurable function

on Bn, then
∫

Bn

gdµϕ,ψ =

∫

Bn

(g ◦ ϕ)|ψ|2dV,

where µϕ,ψ(A) =
∫

ϕ−1(A)
|ψ|2dV for given Borel set A ⊂ Bn.

This is just Lemma 4.2 of H. M. Xu and T. S. Liu[4] for the case p = 2.

3. Schatten class weighted composition operators

Our problem in this section is to find necessary and sufficient conditions on ψ and ϕ that
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will ensure that the weighted composition operator Wϕ,ψ belongs to Sp. We can now show the

main results of the paper.

Theorem 1 For any ψ ∈ H(Bn), ϕ ∈ H(Bn, Bn), let the weighted composition operator Wϕ,ψ

be compact operator on A2(Bn), then

(a) If 0 < p ≤ 2 and Qϕ,ψ ∈ Lp(Bn, dλ), then Wϕ,ψ ∈ Sp;

(b) If 2 ≤ p <∞ and Wϕ,ψ ∈ Sp, then Qϕ,ψ ∈ Lp(Bn, dλ),

where dλ(z) = K(z, z)dV (z).

Proof If 0 < p ≤ 2, and Qψ,ϕ ∈ Lp(Bn, dλ), using Lemmas 2, 3 and 4, we have that

‖Wϕ,ψ‖
p
Sp

= tr
(

((Wϕ,ψ)∗Wϕ,ψ)p/2
)

≤

∫

Bn

〈(Wϕ,ψ)∗Wϕ,ψkz , kz〉
p/2
A2(Bn)K(z, z)dV (z)

=

∫

Bn

|Qϕ,ψ(z)|pK(z, z)dV (z) =

∫

Bn

|Qϕ,ψ(z)|pdλ(z),

so (a) follows. If 2 ≤ p <∞ and Wϕ,ψ ∈ Sp, by using Lemmas 2, 3 and 4, it follows that

‖Wϕ,ψ‖
p
Sp

= tr
(

((Wϕ,ψ)∗Wϕ,ψ)p/2
)

≥

∫

Bn

〈(Wϕ,ψ)∗Wϕ,ψkz , kz〉
p/2
A2(Bn)K(z, z)dV (z)

=

∫

Bn

|Qϕ,ψ(z)|pK(z, z)dV (z) =

∫

Bn

|Qϕ,ψ(z)|pdλ(z).

So Qϕ,ψ ∈ Lp(Bn, dλ), and (b) immediately follows.

Remark In Theorem 2 we will prove that Wϕ,ψ ∈ Sp is also a necessary condition for Qϕ,ψ to

be in Lp(Bn, dλ), if 2 ≤ p <∞.

Theorem 2 Suppose p ≥ 2. For any ψ ∈ H(Bn), ϕ ∈ H(Bn, Bn), let the weighted composition

operator Wϕ,ψ be a compact operator on A2(Bn). Then Wϕ,ψ ∈ Sp if and only if Qϕ,ψ ∈

Lp(Bn, dλ), where dλ(z) = K(z, z)dV (z).

Proof Given a Borel set A ⊂ Bn, recall that

µϕ,ψ(A) =

∫

ϕ−1(A)

|ψ|2dV.

Then for any f, g ∈ A2(Bn), we can write by Lemma 6

〈(Wϕ,ψ)∗Wϕ,ψf, g〉A2(Bn) = 〈Wϕ,ψf,Wϕ,ψg〉A2(Bn)

=

∫

Bn

Wϕ,ψf(z)Wϕ,ψg(z)dV (z) =

∫

Bn

f(ϕ(z))g(ϕ(z))|ψ(z)|2dV (z)

=

∫

Bn

f(w)g(w)dµϕ,ψ(w).
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Considering the Toeplitz operator

Tµϕ,ψ(z) =

∫

Bn

f(w)Kw(z)dµϕ,ψ(w),

we have that by Fubini’s theorem

〈Tµϕ,ψf, g〉A2(Bn) =

∫

Bn

Tµϕ,ψf(z)g(z)dV (z)

=

∫

Bn

(
∫

Bn

f(w)Kw(z)dµϕ,ψ(w)

)

g(z)dV (z)

=

∫

Bn

f(w)

(
∫

Bn

g(z)Kz(w)dV (z)

)

dµϕ,ψ(w)

=

∫

Bn

f(w)g(w)dµϕ,ψ(w).

Thus (Wϕ,ψ)∗Wϕ,ψ = Tµϕ,ψ . We obtain that by Lemmas 1 and 5, Wϕ,ψ ∈ Sp if and only if

Tµϕ,ψ ∈ Sp/2, and if and only if µ∼
ϕ,ψ ∈ Lp/2(Bn, dλ). We rewrite the Berezin transform of µ∼

ϕ,ψ

in the form

µ∼
ϕ,ψ(z) =

∫

Bn

|kz(w)|2dµϕ,ψ(w) =

∫

Bn

|kz(ϕ(w)|2 |ψ(w)|2dV (w)

=

∫

Bn

(1 − |z|2)n+1

|1 − zϕ(w)|2n+2
|ψ(w)|2dV (w) = Q2

ϕ,ψ(z).

Thus, Wϕ,ψ ∈ Sp if and only if Qϕ,ψ ∈ Lp(Bn, dλ). The proof is completed. 2

The corollary below is a direct consequence of Theorem 2, Fubini’s theorem and the nor-

malized reproducing kernel.

Corollary For any ψ ∈ H(Bn), ϕ ∈ H(Bn, Bn), let the weighted composition operator Wϕ,ψ

be a compact operator on A2(Bn). Then Wϕ,ψ is a Hilbert-Schmidt operator if and only if

∫

Bn

|ψ(w)|2

(1 − |ϕ(w)|2)n+1
dV (w) <∞.

Proof By Theorem 2, Wϕ,ψ ∈ S2 if and only if Qϕ,ψ ∈ L2(Bn, dλ) which means that

I =

∫

Bn

Q2
ϕ,ψ(z)dλ(z)

=

∫

Bn

(

∫

Bn

(1 − |z|2)n+1

|1 − zϕ(w)|2n+2
|ψ(w)|2dV (w)

)

1

(1 − |z|2)n+1
dV (z)

<∞.

By Fubini’s theorem,

I =

∫

Bn

(

∫

Bn

1

|1 − zϕ(w)|2n+2
dV (z)

)

|ψ(w)|2dV (w)

=

∫

Bn

|ψ(w)|2

(1 − |ϕ(w)|2)n+1
dV (w).



538 Journal of Mathematical Research and Exposition Vol.27

Thus, Wϕ,ψ ∈ S2 if and only if

∫

Bn

|ψ(w)|2

(1 − |ϕ(w)|2)n+1
dV (w) <∞,

as we claimed.
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