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Abstract: We consider the Schatten class weighted composition operators on the Bergman
space of the unit ball. The main result is several necessary and sufficient conditions for such
kind of weighted composition operators belong to the Schatten-Von Neumann ideal S,. As a
corollary, we now have that W, , is a Hilbert-Schmidt operator if and only if
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1. Introduction

Throughout this paper, we fix n € N, and let B, be the unit ball of C"™ and dV the
normal Lebesgue measures on B,. Let H(B,) be the set of holomorphic functions defined on
B,,, and H(B,, B,,) the set of holomorphic maps from B,, to B,,. We will always assume that
v € H(By,) and ¢ € H(B,,B,). The weighted composition operator is defined as W,y :
H(B,) — H(B,), where W, ,(f)(z) = ¥(2)f(¢(2)), Yf € H(B,). These operators can be
considered as a combination of a multiplication operator and a composition operator!' 3], When
=1, W, = C, is the usual composition operator. When ¢(z) = z, Wi, ,, = My is the usual
multiplication operator induced by %. Let 0 < p < co. We consider the Lebesgue spaces LP(B,,)

defined as the Banach space of Lebesgue measurable functions f on B,, with
1£np =4[ U@PAVEP <o

The weighted Bergman spaces AP(B,,) is the subspace of LP(B,) consisting of holomorphic
functions on B,,. It is easy to prove that AP(B,,) is the closed subspace of LP(B,,) generated by
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polynomials. Denote by P an orthogonal projection from L?(B,) onto A?(B,), defined as the

following integral operator
Pf(z) :/ fw)K(z,w)dV (w), f € L*B,),
Bn

where K, (z) = K(z,w) = 1/(1 — zw)"*! is the reproducing kernel of A?(B,) and K(z,w) =
K(w, 2). Let k.(w) = K(2,w)/K(z,2)"/?, z,w € B,. This is the normalized reproducing kernel

for A%(B,,). Given a positive measure y on B,, , we define an operator T, as follows:

Tuf(z) = B Fw)Ku(2)dp(w), Vf € L*(By).

T, is called the Toeplitz operator with symbol u. The Berezin transform of p is defined as

)o@ = [ hw)Pduu), vz € B

To describe the background about the Schatten class weighted composition operators and to
state our results we need some notations. We begin with a trace formula for operators on
A%(B,,) which are either positive or in the trace class. Let T' be a bounded operator on a
Hilbert space A%(B,). Then the singular numbers of the operator T on A?(B,) are defined
by t,(T) = inf{||T — B|| : rankB < n}. For any 1 < p < oo, the Schatten ideal S,(A%(By,))
is defined to be the set of all compact operators T on A%(B,,) such that Y>>~ (t,(T))? < ooc.
S,(A2(By,)) is a Banach space with the norm ||T||s, = {300, [t,(T)[P}/P. Hereafter, we will
simply write S, = S,(A%(B,)). If T € S; and {e,} is an orthonormal basis for A?(B,,), then
tr(T) = Y07 [ (Ten, e,) is convergent and independent of {e,}. If T € S; and T > 0, then
|T|ls, = tr(T). In general we have ||T||s, = {tr(T*T)?/?}1/P. Another elementary fact about
the Schatten class is that if ' € S),, then T* € S,. Moreover, ||T%||s, = ||T||s,, see [9]. This
theme has attracted the attention of many researchers, but there are still many problems left for
investigation. For more information on the Schatten ideals, see [5-8, 10-12].

It is of great interest to find some simple conditions on the functions ¢ and v such that
W, 4 belongs to the Schatten ideal Sy,. In [4], H. M. Xu and T. S. Liu considered the weighted
composition operators between Bergman space on the unit ball, and characterized the bound-
edness and compactness of the weighted composition operator in term of Carleson measures.
The main purpose of this paper is to give a characterization of those mappings ¢ and % so that
W, belongs to the Schatten ideal S, on the Bergman spaces A%(B,,). Finally, we would like
to acknowledge the fact that we are borrowing heavily the techniques of the proofs of [11]. For

any map ¢ and @ , we define a function on B,, as follows:

1/2
QW(z):{ K(z,z>-1|K<z,so(w>>|2|w<w>>|2dv<w>} |

By,

2. Some basic lemmas

We collect some facts mostly well known, that will be used in the sequel.
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Lemma 1 If T is a compact operator on the Hilbert space H and p > 1, then T € Sy if and
only if |T|P = (T*T)P/? € Sy, and if and only if T*T € S/,

Lemma 2 For any ¢ € H(B,,), ¢ € H(B,, By), let the weighted composition operator W, .,
be bounded operator on A%(B,,). Then

2 0(2) = (W) W ykey kz) a2(B,,)-
Proof For any ¢ € H(B,,), ¢ € H(By, B,), we have

(W) Wk, kz) a2,y = (WK, We y K2) a2(5,) K (2,2) 7!

=/, K (z,2) 7 K (p(w)) K ((w) dVy (w)

=/, K (z,2) 7K (2, 0(w))PdVy (w) = QF 4 (2),

where dVy,(2) = |¢(2)[2dV (2).

9,13]

Lemma 3! Suppose T is a positive operator on a Hilbert space H and x is a unit vector in

H. Then (1) (T?z,z) > (Txz,z)?, for all p > 1; (2) (TPx,z) < (Tx,x)P, for all 0 < p < 1.
This Lemma follows directly from the spectral decomposition of the positive operator 7.
The following Lemma is due to K. H. Zhul6: Lemma 13 5, ) — B

Lemma 4 Suppose T is an operator in the trace class of A?>(B,,,dV,,). Then

(T) = / (TKa(2), Kal 2)) 1205, avydVal(2)

= [Tk k) 1 avi Kol 2)Val2)
B,
The following Lemma is due to K. H. Zhul¢: Theorem 12] ¢  — B .

Lemma 5 Suppose p > 0 is a finite Borel measure on B,,. If p > 1 and r > 0, then the following
conditions are equivalent:

(1) T, € Syi (2) py € LP(BoydA(2); (3) i) € LP(By, dA(2));

(4) 252y (B} = 5500 (i (an))? < oo,
where {a,} is the sequence given by Lemma 2.6 of [6], juy(2) = [ [k:(w)*du(w), pp(2) =

wD(z,1))
[D(z,r)[*

Lemma 64 For any ¢ € A*(B,,), ¢ € H(B,, By,), g is a positive Lebesgue measurable function
on B, then

[ stion= [ gopluav.
B, By,

where pu, y(A) = f 1(4) ||>dV for given Borel set A C B,,.
This is just Lemma 4.2 of H. M. Xu and T. S. Liul¥ for the case p = 2.

3. Schatten class weighted composition operators

Our problem in this section is to find necessary and sufficient conditions on i and ¢ that
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will ensure that the weighted composition operator W, ,, belongs to S,. We can now show the

main results of the paper.

Theorem 1 For any ¢ € H(B,,), ¢ € H(By, By,), let the weighted composition operator W, .,
be compact operator on A%(B,,), then

(a) If 0 < p <2 and Q. € LP(B,,d\), then W, 4 € Sp;

(b) If 2 < p < 00 and W, € Sy, then Q € LP(By,,d\),
where dA\(z) = K(z, z)dV (z).

Proof If 0 < p <2, and Qy,, € LP(B,,d\), using Lemmas 2, 3 and 4, we have that
Wi, = tr (W) Wep0)"7?)
N 2
< / (Wep)" We gk, kz>f)4/2(Bn)K(z, 2)dV(z)

n

= [ 1QusePK Ve = [ 10purare).
o (a) follows. If 2 < p < 00 and W,, 4 € Sy, by using Lemmas 2, 3 and 4, it follows that

Wi lB, = tr (W) Wep0"7?)

2 /Bn<(W@,¢)*W%¢kz,kz>f)4/22(BH)K(Z,Z)dV(z)
:3/ |Q%¢@npK«azyn«z>:L/ Qo (2)PAN(2).
B, B,

S0 Q¢ € LP(By,d\), and (b) immediately follows.

Remark In Theorem 2 we will prove that W, ,, € S}, is also a necessary condition for @  to
be in LP(B,,,d\), if 2 < p < cc.

Theorem 2 Suppose p > 2. For any i) € H(B,,), ¢ € H(By, B,), let the weighted composition

operator Wy, 4 be a compact operator on A?(B,). Then W, € S, if and only if Q, €
L?(B,,,d\), where d\(z) = K (z,2)dV(z).

Proof Given a Borel set A C B, recall that

posld) = [ juav.
p=1(4)

Then for any f,g € A?(B,,), we can write by Lemma 6

Wowf9) a2,y = Weu f, ¢w9>,42(3n)

l/ Wi f ()W (2) ‘/ PN gD () PV (2)
/ Fw)gw)dpg, .y (w).
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Considering the Toeplitz operator

/f (2)dptgplw),

we have that by Fubini’s theorem

(T f 9 a0, = / T, f(2)3)dV(2)

-[ [ (] s 5 (M) ) SV ()

- [ s ( / n g(z)Kz<w>dv<z>)du@,¢<w>

= | flw)g(w)dpg,y(w).

By,

Thus (W) Wy = Ty, . We obtain that by Lemmas 1 and 5, W,y € S, if and only if
T

low € Sps2, and if and only if uZ; € LP/2(B,,,d\). We rewrite the Berezin transform of Koy

in the form

1 (2) = /B e (1) Pt () = /B e () P () AV ()
- (1—|Z|2)n+1 2 _ N2
- [ ww)Pav ) = @2 (2)

B, |1 = zp(w)[?n+2

Thus, Wy, 4 € S, if and only if Q, . € LP(By,dA). The proof is completed. |
The corollary below is a direct consequence of Theorem 2, Fubini’s theorem and the nor-

malized reproducing kernel.

Corollary For any ¢ € H(B,), ¢ € H(By,B,), let the weighted composition operator W,
be a compact operator on A?(B,,). Then W, 4 is a Hilbert-Schmidt operator if and only if

Y (w)|?
/Bn (1 — |gp(w)|2)n+1dv(w) < 0.

Proof By Theorem 2, W, , € Ss if and only if Q. € L?(B,,,d)\) which means that

:/ Q%.4(2)dA(2)

B,

- AR ) L avis
- ‘/“ </Bn 11 _ZSD(UJ)P"”W( JFavi )> (1- |Z|2)n+1dv( )

< 00.

1
"), (/B |1—Z<p( P2 “”) Hw)PdV(w)

dV (w).

By Fubini’s theorem,

/Bn 1- |s0 w) |2)’”rl
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Thus, W, 4 € S if and only if

[¢(w)|*
/Bn (1= [p(w)[?)"+1 dV(w) < oo,

as we claimed.
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BAIEKEY Bergman Z¥[E] E Schatten EIMMEERT

WAR Y TR
(1. BRINEIERZERCE R, 1095 BN 221116; 2. BN TREZEREITARIER, 1097 4R 221008 )

FEE: ASCHFSR T BEAIERIY Bergman 23[H] | Schatten IANE SHF, B3 T XM s &5
FJ&T Schatten-Von Neumann FEAE S, LD FRESAG. VENHERSGH T W,y &— Hilbert-
Schmidt FFH) B2

¥ (w)[?

X$#E: Bergman ZF[H]; JIANESGHT; Schatten- 2§; Hilbert-Schmidt .



