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n
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R M �℄ R- , M 27 n 'u'���hV��h��2K4^� �T R _G_{fd�M M ∼= Rn _"�U�L!,�/ n �wL!, M 2��r n = rank(M). M M _"�U�qQ R- ,�/! Kaplansky:� [5,Theorem2], > R 2G_g�� P , MP _"�U�L! RP - ,�).LDb nP , [1
MP

∼= RnP

P . M>�?g�� P , n = nP _�O& P }X2�LDb�/� M _"��w
n 2qQ,��OF�2�\_�&O"�U�qQ R- ,"��/��/ R _�od�q R2g:�x Spec(R) _�o2t9�x [2]. ;1I�2_0/=w=�>��2HZp<&qQ,2�~	�%"�U�P�I�04dLD_�od��&�, M <"�w rank(M) =

dimK(K
⊗

R M), <C K �℄4d R 2O)�/ M _qQ,�� rank(M) < ∞ X�M M _"�U�2�/ rank(M) &=(2��eA_�?2�.!%4dP2F�qQ���:_�2���U! Vasconscelos :� [9], &X2 M �:_"�U�2���_e���K4�1..EB������a�v:_"�U�2�.{� [3], [6]& [7]C�Flanders4F�k �G_ R-, M _Iw"�U�i M _IwqQ,2mz�Flanders6)�M). n, [1 ∧n
M_�w 1 2"�U�L!,�/ M _"�U�2 [3,Theorem3]. Ramras sY�u>� Flanders2� �6)�M). n, [1 ∧n

M _"�U�qQ,�. R 2G_g��2	�
9��F��/ M _"��2"�U�qQ, [7,Corollary2.5]. Æ{<!���2:����v: M _qQ,& M _"�U�2�q.Æ{C:��Q�"�

2��2K4�6).2E����9��G_"��2qQ,�:_"�U�2�Vx 1 T M _ R- ,� P _ R 2g���M MP _"�U�L!, (�K�/ M _"�U�6j,X), /�L! RP - , MP 2� rank(MP ) w M .g�� P $2	���Vx 2 TM _ R-,�K\> R 2G_g�� P , MP _L!,��<	�� rank(MP )w�W:2FJ4b m, /� M _"��w m, rw rank(M) = m.lXih: 2005-11-23; ℄mih: 2006-07-06[^vg: [tME��l� (10671137); ~+��^9J���l� (20060636001).
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:�Cs%"v:M _"�U�2��%"v: M _qQ,��D�M "��w 0/��/ M = 0. I��M M "���/ M �:_6j, [1]. .{� [4] C�Glaz & Vasconcelos6)�>4d R, M DY6j��/��/ M _	�H����&�DY6j��2��w 1..DY6j��x�_"�U�2qQ,�J��0�M M, N _G�"��w m, n, / M
⊗

R N "��w mn.ya 1
[7,Proposition22] T S _d R 2 Ao� M _ R- ,�/

(

n
∧

R

M)S =

n
∧

RS

MS .ya 2[7,Proposition23] T M, N _ R- ,�/
n
∧

(M ⊕ N) ∼=

n
⊕

i=0

{(

i
∧

M)
⊗

R

(

n−i
∧

N)}.qb 1 T F _�w m 2L!,�/ ∧n
F _�w Cn

m 2L!,�%_/ n > m X�
∧n

F = 0.ya 3 T M _ R- ,��> R 2G_g�� P , MP _	��"�2L!,�/ M "��w54b n /��/>G_g�� P ,
∧n

MP 6= 0, . ∧n+1
MP = 0.}d M M "��w n, /> R 2G_g�� P , MP

∼= Rn
P , �&"

n
∧

MP
∼= RP 6= 0,

n+1
∧

MP = 0.B9�M rank(MP ) > n,/"∧n+1
MP 6= 0,$?�U rank(MP ) ≤ n. p��M rank(MP ) <

n, /" ∧n
MP = 0, $?�U rank(MP ) = n. �&� M "�� n. 2en 1 T M _ R- , (x�_qQ,), n _54b�/

(1) M M _	�"�U�L!,�/ ∧n
M �_	�"�U�L!,�

(2) M M "��w m, / ∧n
M _"��w Cn

m. %_/ n > m X�" ∧n
M = 0.}d (1) ! � 1; (2) ! � 1, (1) &s 1 q8� 2T M _ R- ,�:� τM : M

⊗

R M∗ → R, [> x ∈ M , f ∈ M∗,

τM (x ⊗ f) = f(x)./ Im(τM ) = τM (M
⊗

R M∗) _ R 2!h" f(x) (x ∈ M , f ∈ M∗) U�2����9, M 2m����yrw τ(M).I�MT M _F�2L!,�/ τ(M) = R.Va 1 T M _qQ,� { ei, fi | i ∈ Γ } _ M 2qQj�> Γ 2G_ n O,g2Ko
σn = {s1, . . . , sn} ∈ Γ,�

gσn
(x1 ∧ · · · ∧ xn) = det(fsi

(xj)), x1, . . . , xn ∈ M,/
{ es1

∧ · · · ∧ esn
, gσn

},
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M 2qQj�q ∧n

M �_qQ,�<C σn C� Γ 2G_ n O,g2Ko�}d >G_ x1, . . . , xn ∈ M , !% { ei, fi|i ∈ Γ } _ M 2qQj�/"
xk =

∑

i

fi(xk)ei, >""�O fi(xk) �w�.U A = (fi(xk)) _&	>""�OF�,g2 n× |Γ| 
3�(�>""�O gσn
(x1 ∧ · · · ∧ xn)�w��!	�\2
B"

x1 ∧ · · · ∧ xn =
∑

σn

det(fsi
(xj))es1

∧ · · · ∧ esn
=

∑

σn

gσn
(x1 ∧ · · · ∧ xn)es1

∧ · · · ∧ esn
.U { es1

∧ · · · ∧ esn
, gσn

} _ ∧n
M 2qQj� 2Va 2 T M _F�2qQ,� { ei, fi|i ∈ Γ } _ M 2qQj�/

(1) τ(M) _!h"2 fi(ek), i, k ∈ Γ, U�2���UM M _"�U�qQ,�/ τ(M)�_"�U�2�
(2) τ(

∧n
M) _!G det(fsi

(esj
)) U�2���<C {s1, . . . , sn} _ Γ 2G_�O n O,g2Ko�

(3) >G_ n ≥ 1, τ(
∧n+1

M) ⊆ τ(
∧n

M).}d (1) >G_ x ∈ M , !% { ei, fi|i ∈ Γ } _ M 2qQj�%_�T x =
∑

i

fi(x)ei, �&�>G_ g ∈ M∗, "
g(x) =

∑

i

g(ei)fi(x).$>&O i ∈ Γ, "
fi(x) =

∑

k

fk(x)fi(ek),�& τ(M) _!h"2 fi(ek), i, k ∈ Γ, U�2���
(2) !:� 1 & (1) q8�
(3) >G_ s1, . . . , sn, sn+1 ∈ Γ, 	 n + 1 �	�\ det(fsi

(esj
)) 2Nb�	1Æq1� 2ya 4

[9] T M _qQ R- ,� S _ R 2 Ao�/
(1) τ(M)M = M ;

(2) τ(MS) = τ(M)S .ya 5 T R _	�d� M _F�L!,�/ JM 6= M .}d !% M _F�L!,�/ M pS%MM R 2:^��ET M =
⊕

i Ri, <C
Ri = R. � Ji = J . %_" JM =

⊕

i Ji 6=
⊕

i Ri = M . 2Va 3 T M _qQ,�
(1) M M "��w n 6= 0, / τ(M) = R.

(2) M M _"�U�DY, (q! rM = 0, r ∈ R, 1s! r = 0), /�" τ(M) = R.}d (1) M τ(M) 6= R, /). R 2n*�� P , [1 τ(M) ⊆ P . ! � 4, " τ(M)M =

M , U PM = M , (�" PMP = MP . !% MP _L!,�!&10 MP = 0. . M 2��w
n 6= 0, U" MP 6= 0, $?�(�" τ(M) = R.
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(2) ! τ(M)M = M p M _"�U�2�U). a ∈ τ(M), [1 (1 − a)M = 0. !% M_DY2�U" a = 1, %_" τ(M) = R. 2ya 6 T R _	�d� F _L!,�/
(1) M rank(F ) = 1, � u1, . . . , us _ F 2U�~�/). k, 1 ≤ k ≤ s, [1 uk _ F 2j6�
(2) M rank(F ) = n, �

α = (x11 ∧ · · · ∧ x1n) + · · · + (xs1 ∧ · · · ∧ xsn)_ ∧n
F 2j6�/>.O k, 1 ≤ k ≤ s, xk1 ∧ · · · ∧ xkn ��_ ∧n

F 2j6�
(3) M rank(F ) = n, � x1 ∧ · · · ∧ xn _ ∧n

F 2j6�/ x1, . . . , xn _ F 2j6�}d (1) T rank(F ) = 1, α _ F 2j6�/" bi ∈ R, [1 ui = biα, �p
α = r1u1 + · · · + rsus, ri ∈ R.%_" r1b1 + · · · + rsbs = 1. !% R _	�d�U). k, [1 bk _-z��&� uk _ F 2j6�

(2) !% rank(F ) = n, U" rank(
∧n

F ) = 1. T
α = (x11 ∧ · · · ∧ x1n) + · · · + (xs1 ∧ · · · ∧ xsn)_ ∧n

F 2j6�/ xi1∧· · ·∧xin, i = 1, . . . , s_ ∧n
F 2U�~��&). k,[1 xk1∧· · ·∧xkn_ ∧n

F 2j6�
(3) T y1, . . . , yn _ F 2j6� α = x1 ∧ · · · ∧ xn. /

y1 ∧ · · · ∧ yn = rα.$Mr




x1
...

xn



 = A







y1
...

yn






,<C A _ R P2 n × n 
3�/

α = by1 ∧ · · · ∧ yn,<C b = det(A). �& rb = 1. U b _-z�(� A _�2
3�%_" x1, . . . , xn _ F 2j6� 2Va 4 T M _ R- ,��"�� 1. M τ(M) = R, / M _"�U�2�}d ! τ(M) = R, U). xi ∈ M , fi ∈ M∗, [1
τ(

n
∑

i=1

xi ⊗ fi) =
n

∑

i=1

fi(xi) = 1,%_�>G_g�� P , .d RP C"
n

∑

i=1

gi(
xi

1
) = 1.
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gi(

x

s
) =

fi(x)

s
, x ∈ M, s ∈ R − P.�&�).�O i,[1 gi(

xi
1 )_ RP C2-z�%_ gi : MP → RP _#pi�!% rank(MP ) =

rank(RP ) = 1, q ker(gi) _�w�2L! RP - ,�U ker(gi) = 0, q gi _pS�%_ xi
1 _

MP 2U�,�� N _ M 2! x1, . . . , xn U�2K,�/> R 2G_g�� P , MP = NP ,q M = N _"�U�2� 2Va 5 T M _ R- ,�/��Pm4w�
(1) τ : M

⊗

R M∗ → R _pS�
(2) M _"�U�2qQ,��"�� 1;

(3) M _"��w 1 2qQ,�}d (1)⇒(2). T g : R → M
⊗

R M∗ _ τ 22�r g(1) =
∑n

i=1 xi ⊗ fi, <C xi ∈ M ,

fi ∈ M∗, /
τ(

n
∑

i=1

xi ⊗ fi) = 1.%_"
M ∼= R

⊗

R

M ∼= M
⊗

R

M∗

⊗

R

M ∼= M
⊗

R

R ∼= M,<C
x → 1 ⊗ x →

n
∑

i=1

(xi ⊗ fi) ⊗ x →
n

∑

i=1

xi ⊗ fi(x) →
n

∑

i=1

fi(x)xi,q α : M → M , α(x) =
∑n

i=1 fi(x)xi, _pS�T zi = α−1(xi). %_>G_ x ∈ M , "
x =

n
∑

i=1

fi(x)zi.U { z1, . . . , zn; f1, . . . , fn } _ M 2qQj��&" M _"�U�qQ,�>G_g�� P , T rank(MP ) = s, /" rank(M∗

P ) = s. !%
(M

⊗

R

M∗)P
∼= MP

⊗

RP

(MP )∗ ∼= RP ,/" s2 = 1, (� s = 1. U M "�� 1.

(2)⇒(1). T M _"��w 1 2qQ,�!:� 3, τ(M) = R, �& τ _#pi�T
K = ker(τ), / 0 → K → M

⊗

R M∗ → R → 0 _5`��!% M _"�� 1 2"�U�qQ,�U M∗ �_"��w 1 2"�U�qQ,��& K "�� 0, (�" K = 0. %_" τ _pS�
(2)⇒(3). �D�
(3)⇒(2). !:� 3, τ(M) = R. !:� 4, M _"�U�2� 2Va 6 T M _ R- ,��"�� n. M ∧n

M _"�U�2�/ M _"�U�2�
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}d �ET {xi1 ∧ · · · ∧ xin | i = 1, . . . , s} _ ∧n
M 2U�~�<C xij ∈ M . >G_g�� P , !% ∧n

MP _�w 1 2L! RP - ,�( � 6 8). k, [1
xk1 ∧ · · · ∧ xkn

1
=

xk1

1
∧ · · · ∧

xkn

1_ (
∧n

M)P =
∧n

MP 2j6��&�I! � 6, {xk1
1 , . . . ,

xkn
1 } _ MP 2j6�(��_

MP 2U�~�%_1T�0 {xi1, . . . , xin | i = 1, . . . , s} _ M 2U�~� 2Va 7 T M _"��w n 2qQ,�/ M _"�U�2�}d !+l 1,
∧n

M _��w 1 2qQ,�!:� 5,
∧n

M _"�U�2�!:� 6,

M _"�U�2� 2R_su�
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Projective Modules of Constant Rank

WANG Fang-gui
(Department of Mathematics, Sichuan Normal University, Sichuan 610066, China )

Abstract: In this note we define the notion of the constant rank of modules (not necessarily finitely
generated projective modules) and prove that if M is of constant rank n and

∧

n

M is finitely generated,
then M is finitely generated, and that if M is a projective module of constant rank n, then M is finitely
generated.

Key words: constant rank; projective module; finitely generated.


