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1 r n)5h zO:Z=�N��F&GNjjP>tv}%��<H��6D [3],[5]t [10]V�I1 ��}:�� BP 1St1&LJ:s�: BP 1S�:q2�PC��:a!��6,L1zh\s�p�g5 p - n -1 :1S�^D^>d�� {ξj , Oj}J
j=1 ⊂ Rp × R, � g :

R → R t f : R → R V�5s4�t�)4��:~zp��I�}�8s�:t&�5 V = (vij)n×p, � vi = (vi1, vi2, . . . , vip)
T (1 ≤ i ≤ n), s�8�)�:tLA5 w =

(w1, w2, . . . , wn)T.�6:a!�� Euclidean0���P:��� K �yh����I} x = (x1, . . . , xK)T,

y = (y1, . . . , yK)T ∈ RK , Dp x · y =
∑K

k=1 xkyk, ‖x‖ = (x · x)1/2. 5C�N���9Y|r}�s
G(x) = (g(x1), g(x2), . . . , g(xn))T, ∀x = (x1, . . . , xn) ∈ Rn, (1.1)

ϕj = G(V ξj), 1 ≤ j ≤ J, (1.2)

ϕk
j = G(V kξj), k = 0, 1, . . . , 1 ≤ j ≤ J. (1.3)I}^D:�}d� ξ ∈ Rp, 1S:
�)�5

ζ = f(w · G(V ξ)).IW\^>d� j, DpfR; p�
Ẽj(w · ϕj) =

1

2

(
Oj − ζj

)2
=

1

2

[
Oj − f(w · ϕj)

]2
. (1.4)Y<UT: 2005-09-28; G[UT: 2006-02-28CIjS: mÆ$w.℄�� (10471017).
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Ẽ(w, V ) =

J∑

j=1

Ẽj(w · ϕj). (1.5)r}&LJ�	 (1.4) t (1.5) �5
Ej(w · ϕj) =

1

2

[
(Oj − f(w · ϕj))

2 + λ(w · ϕj)
2

]
, (1.6)

E(w, V ) =

J∑

j=1

Ej(w · ϕj), (1.7)k� λ �UW:
��1S^>:℄:�5Cr9t� w∗ t V ∗, �
E(w∗, V ∗) = min E(w, V ). (1.8)5+�xY""�v�4zO:�F&GN�9Yvh %�: �R�Y� ξj , ��WhN^>�P�m��BI^>d� ξ1, . . . , ξJ  �dW�vx	98: ξm1, . . . , ξmJ �W�}1S�Iyo^D:(t� w0 t V 0, �AEf�C3>TYtLA

wmJ+j = wmJ+j−1 + △m
j wmJ+j−1, m = 0, 1, . . . , 1 ≤ j ≤ J, (1.9)

v
mJ+j
i = v

mJ+j−1
i + △m

j v
mJ+j−1
i , m = 0, 1, . . . , 1 ≤ j ≤ J, 1 ≤ i ≤ n, (1.10)k�

△m
j w = −ηm

∂Emj (w · ϕmj)

∂w
= −ηmE′

mj(w · ϕmj)ϕmj , (1.11)

△m
j vi = −ηm

∂Emj (w · ϕmj)

∂vi
= −ηmE′

mj(w · ϕmj)wig
′(vi · ξ

mj)ξmj , (1.12)Æ6 ηm �? m N:Z=�#�r}&LJ:℄:�([1S:/ja9��p1�t�:/M [5,10]. K�v �R��}d�a�1Sam+)$��M [2]. �6.	�vCÆ� Z=R��y}�WhN1SZ=��℄d�lr��vh,�-K�w/%G�ÆJCh�&GN:�}%A�5'x98uDR�<�n(eC!f:m(*��
2 u,7N9Y�B^)6�#Uf:	\��*��k� C0, C1 <��\h�:"��p.h�s��.:>R/k���.:��

(A1) |g(t)|, |g′(t)|, |g′′(t)| ≤ C0, t ∈ R.

(A2) |f(t)|, |f ′(t)|, |f ′′(t)| ≤ C0 , t ∈ R.

(A3) ‖wmJ+j‖ ≤ C0, m = 0, 1, . . . , 1 ≤ j ≤ J.

(A4) ‖ v
mJ+j
i ‖ ≤ C0, m = 0, 1, . . . , 1 ≤ i ≤ n, 1 ≤ j ≤ J.
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(A5) Z=�#WE { ηm} :C3f�5
1

ηm+1
=

1

ηm
+ β, m = 0, 1, . . . , (2.1)k��"� β :���xZ:�[�^)�`'��*��9Yzm98|A:j\r4�k�r4 2.1–2.4 :�[/�6D [3] �kr6��8�r4 2.5 t 2.6 zm�9�Kr4 2.7 �6D [1] �r4 3.5.10 :��/P�qM 2.1 � X = (x1, . . . , xK)T ∈ RK , 	

‖X‖ ≤

K∑

i=1

|xi| , (2.2)

( K∑

i=1

|xi|
)2

≤ K

K∑

i=1

|xi|
2
. (2.3)qM 2.2 Z=�#WE { ηm}

∞

m=1 (zAER�
0 < ηm < ηm−1 ≤ η0; (2.4)

ηm <
δ

m
, δ > 0. (2.5)qM 2.3 ���� ∑∞

n=1
a2

n

n (an > 0) �<�|n.�"� µ > 0, �9
|an+1 − an| <

µ

n
,^V

lim
n→∞

an = 0.qM 2.4 I vm
id = v

(m+1)J
i − vmJ

i , m = 0, 1, . . . , 1 ≤ i ≤ n. �*� (A1) $8�^V
‖G(X)‖ ≤ C1, ∀X ∈ Rn, (2.6)

∥∥ϕmJ+s
j − ϕmJ

j

∥∥ ≤ C1

n∑

i=1

∥∥vmJ+s
i − vmJ

i

∥∥, (2.7)

∥∥G((vmJ
1 , . . . , vmJ

i , v
(m+1)J
i+1 , . . . , v(m+1)J

n )Tξj) − ϕmJ
j

∥∥ ≤ C1

n∑

k=1

‖vm
kd‖ ,

m = 0, 1, . . . , 1 ≤ i ≤ n − 1, 1 ≤ s ≤ J. (2.8)qM 2.5 �*� (A1), (A2) $8�WE {
wmJ+j

}t {vmJ+j
i } yZ=�N (1.9) t (1.10)�$�	

∣∣E′′
j (t)

∣∣ ≤ C1, 1 ≤ j ≤ J, t ∈ R, (2.9)

|E′
j(tj)| ≤ C1, 1 ≤ j ≤ J, (2.10)k�� tj ��} wmJ · ϕmJ

mj t wmJ+j−1 · ϕmJ+j−1
mj ��:yh
�� m = 0, 1, . . ..
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d = w(m+1)J −wmJ , m = 0, 1, . . .. �*� (A1), (A2)$8�WE {wmJ+j}t {vmJ+j

i } yZ=�N (1.9) � (1.10) �$�	z
∥∥ Eww(wmJ , V mJ)

∥∥ ≤ C1, (2.11)
∥∥ Ewvi

(wmJ , V mJ)
∥∥ ≤ C1, 1 ≤ i ≤ n. (2.12)+0�Iyo: 0 ≤ t ≤ 1, I

w̃ = wmJ + twm
d ,

V1 = (vmJ
1 + tvm

1d, v
(m+1)J
2 , . . . , v(m+1)J

n )T,

Vi = (vmJ
1 , . . . , vmJ

i−1, v
mJ
i + tvm

id , v
(m+1)J
i+1 , . . . , v(m+1)J

n )T, 2 ≤ i ≤ n − 1,

Vn = (vmJ
1 , . . . , vmJ

n−1, vmJ
n + tvm

nd)
T,	z

∥∥ Eww(w̃, V (m+1)J)
∥∥ ≤ C1, (2.13)

∥∥ Evivi
(wmJ , Vi)

∥∥ ≤ C1, 1 ≤ i ≤ n. (2.14)qM 2.7 �p� h : RK −→ R ��� D �:X/3��p h � D �:F�A� Ω =

{x ∈ D|∇h(x) = 0} �zE:��WE {xm}∞m=0 ⊂ D U&
lim

m→∞
‖xm+1 − xm‖ = 0, lim

m→∞
‖∇h(xm)‖ = 0,	.� x∗ ∈ Ω, �9

lim
m→∞

xm = x∗.

3 ?se0A℄4E=7N5C�zxZ:�[�I k = 1, 2, �
∥∥

J∑

j=1

∆m
j wmJ

∥∥k
= σm

k, 1,

n∑

i=1

∥∥
J∑

j=1

∆m
j vmJ

i

∥∥k
= σm

k, 2,

J∑

j=1

‖∆m
j wmJ‖k = σm

k, 3,

n∑

i=1

J∑

j=1

‖∆m
j vmJ

i ‖k = σm
k, 4.+0�9Y|r}

Rm, j = △m
j wmJ+j−1 −△m

j wmJ , m = 0, 1, . . . , 1 ≤ j ≤ J, (3.1)

r
m, j
i = △m

j v
mJ+j−1
i −△m

j vmJ
i , m = 0, 1, . . . , 1 ≤ j ≤ J, 1 ≤ i ≤ n. (3.2)Cv
Rm, 1 = 0, (3.3)
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r
m, 1
i = 0. (3.4)6M 3.1 �*� (A1)–(A3) $8�WE {wmJ+j} t {vmJ+j

i } yZ=�N (1.9) � (1.10)�$�	I} m = 0, 1, . . . , j = 1, . . . , J, i = 1, · · · , n,

wmJ+j = wmJ +

j∑

k=1

(△m
k wmJ + Rm, k), (3.5)

v
mJ+j
i = vmJ

i +

j∑

k=1

(△m
k vmJ

i + r
m, k
i ). (3.6)�Kz

max
{ J∑

j=1

‖Rm, j‖,

n∑

i=1

J∑

j=1

‖rm, j
i ‖

}
≤ C2ηm(σm

1, 3 + σm
1, 4). (3.7)yR (3.5) ~ (3.6) �/y (1.9) t (1.10) ����9�`' (1.11) t (3.1) ��9

Rm, j =△m
j wmJ+j−1 −△m

j wmJ

=ηm[E′
mj(w

mJ · ϕmJ
mj )ϕmJ

mj − E′
mj(w

mJ+j−1 · ϕmJ+j−1
mj )ϕmJ+j−1

mj ]

=ηmE′
mj(w

mJ · ϕmJ
mj )(ϕmJ

mj − ϕ
mJ+j−1
mj )+

ηm[E′
mj(w

mJ · ϕmJ
mj ) − E′

mj(w
mJ+j−1 · ϕmJ+j−1

mj )]ϕmJ+j−1
mj

=ηmE′
mj(w

mJ · ϕmJ
mj )(ϕmJ

mj − ϕ
mJ+j−1
mj )+

ηmE′′
mj(t

′
j)[w

mJ · (ϕmJ
mj − ϕ

mJ+j−1
mj ) + (wmJ − wmJ+j−1) · ϕmJ+j−1

mj ]ϕmJ+j−1
mj ,k� t′j �} wmJ · ϕmJ

mj t wmJ+j−1 · ϕmJ+j−1
mj ���y (A3), (2.6), (2.7), (2.9) t (2.10) ��/)

‖Rm, j‖ ≤ C′
2ηm

(
‖wmJ+j−1 − wmJ‖ +

n∑

i=1

‖vmJ+j−1
i − vmJ

i ‖
)
, (3.8)k� C′

2 = C2
1 (1 + C1 + C0C1)..4�

n∑

i=1

‖rm, j
i ‖ ≤ C′′

2 ηm

(
‖wmJ+j−1 − wmJ‖ +

n∑

i=1

‖vmJ+j−1
i − vmJ

i ‖
)
, (3.9)k�� C′′

2 = C1(C0C1 + C0n + C1n + C0 max1≤j≤J |ξj |)max1≤j≤J |ξj |.AZ�9Y7v�Zl_N�[�Iyo k = 1, . . . , J , .��"� C2, k �9
max

{
‖Rm, k‖,

n∑

i=1

‖rm, k
i ‖

}
≤ C2, kηm

k−1∑

s=1

(
‖△m

s wmJ‖ +
n∑

i=1

‖△m
s vmJ

i ‖
)
. (3.10)y (3.3), (3.4) �m�� k = 1 	.� C2, 1 �9 (3.10) �$8�� j �/} 1 :yo���p k < j 	�.� C2, k �9 (3.10) �$8�AZ9Y�[ k = j 	�.� C2, j �9 (3.10)�g$8�
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2 = max1≤k≤j−1 C2, k. y (3.5), (3.6) t (3.8) ��
‖Rm, j‖ ≤C′

2ηm

(
‖wmJ+j−1 − wmJ‖ +

n∑

i=1

‖vmJ+j−1
i − vmJ

i ‖
)

=C′
2ηm

(
‖

j−1∑

k=1

(△m
k wmJ + Rm,k)‖ +

n∑

i=1

‖

j−1∑

k=1

(△m
k vmJ

i + r
m,k
i )‖

)

≤C′
2ηm

[ j−1∑

k=1

‖△m
k wmJ‖ +

j−1∑

k=1

C′′′
2 ηm

k−1∑

s=1

(‖△m
s wmJ‖ +

n∑

i=1

‖△m
s vmJ

i ‖)+

n∑

i=1

j−1∑

k=1

‖△m
k vmJ

i ‖ +

j−1∑

k=1

C′′′
2 ηm

k−1∑

s=1

(‖△m
s wmJ‖ +

n∑

i=1

‖△m
s vmJ

i ‖)
]

≤C′
2ηm

j−1∑

k=1

(
‖△m

k wmJ‖ +
n∑

i=1

‖△m
k vmJ

i ‖
)
+

2C′
2C

′′′
2 η2

m

j−1∑

k=1

j−1∑

s=1

(
‖△m

s wmJ‖ +
n∑

i=1

‖△m
s vmJ

i ‖
)

≤C′
2(1 + 2C′′′

2 Jη0)ηm

j−1∑

k=1

(
‖△m

k wmJ‖ +

n∑

i=1

‖△m
k vmJ

i ‖
)
..4�

n∑

i=1

‖rm, j
i ‖ ≤ C′′

2 (1 + 2C′′′
2 Jη0)ηm

j−1∑

k=1

(
‖△m

k wmJ‖ +
n∑

i=1

‖△m
k vmJ

i ‖
)
.� k = j 	�.� C2, j = (C′

2 + C′′
2 )(1 + 2C′′′

2 Jη0), �9 (3.10) �$8�|I C′′′′
2 = max1≤k≤j C2, k, 	I}yo k, z
max

{
‖Rm, k‖,

n∑

i=1

‖rm, k
i ‖

}
≤ C′′′′

2 ηm

k−1∑

s=1

(
‖△m

s wmJ‖ +

n∑

i=1

‖△m
s vmJ

i ‖
)
.-K

J∑

j=1

‖Rm, j‖ ≤ C′′′′
2 ηm

J∑

j=1

j−1∑

k=1

(
‖△m

k wmJ‖ +

n∑

i=1

‖△m
k vmJ

i ‖
)

≤ C′′′′
2 ηm

J∑

j=1

J∑

k=1

(
‖△m

k wmJ‖ +
n∑

i=1

‖△m
k vmJ

i ‖
)

≤ C′′′′
2 Jηm(σm

1, 3 + σm
1, 4)..4�

J∑

j=1

n∑

i=1

‖rm,j
i ‖ ≤ C′′′′

2 Jηm(σm
1, 3 + σm

1, 4).s C2 = C′′′′
2 J , �+D49�� 2
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i } yZ=�N (1.9) � (1.10)��$�	I} m = 0, 1, . . ., .�h\~ m :i:UW"� C3 �9

E(w(m+1)J , V (m+1)J) − E(wmJ , V mJ) ≤ −
1

ηm
(σm

2, 1 + σm
2, 2) + C3(σ

m
2, 3 + σm

2, 4). (3.11)yR I
V mJ

i = (vmJ
1 , . . . , vmJ

i , v
(m+1)J
i+1 , . . . , v(m+1)J

n )T, 1 ≤ i ≤ n − 1,

V mJ
n = (vmJ

1 , . . . , vmJ
n )T = V mJ ,

Ṽ1 = (vmJ
1 + t1v

m
1d, v

(m+1)J
2 , . . . , v(m+1)J

n )T,

Ṽi = (vmJ
1 , . . . , vmJ

i−1, v
mJ
i + tiv

m
id , v

(m+1)J
i+1 , . . . , v(m+1)J

n )T, 2 ≤ i ≤ n − 1,

Ṽn = (vmJ
1 , . . . , vmJ

n−1, v
mJ
n + tnvm

nd)
T,k� ti (1 ≤ i ≤ n) �} 0 t 1 ���`'$3
�/9

E(w(m+1)J , V (m+1)J) − E(wmJ , V mJ)

= E(w(m+1)J , v
(m+1)J
1 , . . . , v(m+1)J

n ) − E(wmJ , vmJ
1 , . . . , vmJ

n )

= E(w(m+1)J , v
(m+1)J
1 , . . . , v(m+1)J

n ) − E(wmJ , v
(m+1)J
1 , . . . , v(m+1)J

n )+

E(wmJ , v
(m+1)J
1 , . . . , v(m+1)J

n ) − E(wmJ , vmJ
1 , v

(m+1)J
2 , . . . , v(m+1)J

n ) + · · ·+

E(wmJ , vmJ
1 , . . . , vmJ

n−1, v
(m+1)J
n ) − E(wmJ , vmJ

1 , . . . , vmJ
n )

= (wm
d )TEw(wmJ , V (m+1)J ) +

1

2
(wm

d )TEww(wmJ + t∗wm
d , V (m+1)J)wm

d +

n∑

i=1

[
(vm

id)TEvi
(wmJ , V mJ

i ) +
1

2
(vm

id)TEvivi
(wmJ , Ṽi)v

m
id

]
, (3.12)k� 0 ≤ t∗ ≤ 1. K

Ew(wmJ , V (m+1)J)

=

J∑

j=1

E′
j(w

mJ · ϕ
(m+1)J
j )ϕ

(m+1)J
j

=

J∑

j=1

[
E′

j(w
mJ · ϕmJ

j ) + (E′
j(w

mJ · ϕ
(m+1)J
j ) − E′

j(w
mJ · ϕmJ

j ))
]
ϕ

(m+1)J
j

=

J∑

j=1

[
E′

j(w
mJ · ϕmJ

j )ϕmJ
j + E′

j(w
mJ · ϕmJ

j )(ϕ
(m+1)J
j − ϕmJ

j )
]
+

J∑

j=1

E′′
j (t′′j )[wmJ · (ϕ

(m+1)J
j − ϕmJ

j )]ϕ
(m+1)J
j

= Ew(wmJ , V mJ ) +
J∑

j=1

E′
j(w

mJ · ϕmJ
j )(ϕ

(m+1)J
j − ϕmJ

j )+
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J∑

j=1

E′′
j (t′′j )

[
wmJ · (ϕ

(m+1)J
j − ϕmJ

j )
]
ϕ

(m+1)J
j ,k� t′′j �} wmJ · ϕ

(m+1)J
j t wmJ · ϕmJ

j ���7v (A3), (1.6), (2.6), (2.17) t (2.9)–(2.11) ��z
(wm

d )TEw(wmJ , V (m+1)J)

≤ (wm
d )TEw(wmJ , V mJ) + C1J(1 + C0C1)‖ϕ

(m+1)J
j − ϕmJ

j ‖‖wm
d ‖

≤ (wm
d )TEw(wmJ , V mJ) + C2

1J(1 + C0C1)
n∑

i=1

‖vm
id‖‖w

m
d ‖

≤ (wm
d )TEw(wmJ , V mJ) + C′

3(

n∑

i=1

‖vm
id‖

2 + ‖wm
d ‖2),k� C3 = 1

2C2
1n(1 + C0C1). .4�y (A1), (A3) t (2.9) �/�

(vm
id)TEvi

(wmJ , V mJ
i ) ≤ (vm

id)TEvi
(wmJ , V mJ) + C′′

3

n∑

k=1

‖vm
kd‖

2, 1 ≤ i ≤ n.y (1.11),(1.12) t (3.5)–(3.7) ��9
(wm

d )TEw(wmJ , V mJ) +

n∑

i=1

(vm
id)TEvi

(wmJ , V mJ )
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Convergence of Online Gradient Method with a Penalty Term

for BP Neural Network with Stochastic Inputs

LU Hui-fang1,2, WU Wei1, LI Zheng-xue1

(1. Department of Mathematics, Dalian University of Technology, Liaoning 116024, China;
2. Department of Mathematics and Physics, Shandong Jiaotong University, Shandong 250023, China )

Abstract: In this paper, we present and discuss an online gradient method with a penalty term for three-
layer BP neural networks. The input training examples are reset stochastically before the performance
of each batch so that the learning is easy to jump off from local minima. The monotonicity and the
convergence of deterministic nature are proved.

Key words: BP neural networks; online gradient method; convergence; penalty term; stochastic inputs.


