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1 5 1�Hrx~!rE1T L.V. Ahlfors[1], M.A. Lavrentieff[2] ;\+,e>�BZ2QjI$��FszON#yFU�pa9>�NprF�TW Ahlfors dlF>�2℄y9�'Y+�1981E_qWolf�:��BZ2Qj'5�b0!rFE9If�*H��n�4�O:
[3] �Teichmüller #� [4] �OB-$� [5] e Riemann X: [6] ;N#�zge1�9~FNpy��Tod�y'5 [7] e4�-: [8] ;:�yi40OS���z 1985E�D.P. Sullivan[9]+SBZ2Qj���DW�!X
�0OB-$�y�=9 “U3℄h9 Fatou-Julia �	”j�t8�HrE$EBZ2Qj'5XOS9>�(S0FU/9T���T,�o07F��:��3\\"9z� 5dBZ2Qj'5If9&P�ozdP'5IfY8%%�a9*d�F/Ky_�:W�kdP2℄9>�yu|)WxÆ)��L�a'64 [10] V'9���w��*L [11] 849�Zn9 Mori A';�l.�a��E*dGTE�$BZ2Qj'59>��If��geOSC��ouv9P-�BZ2QjzZ2Qj9�[Ife�p�=iBZ2Qj9��5W℄e"lFUÆI�BZ2Qj9��Fsz>�BZ2Qj9�DA`rF���9?9z�^ Cigar ℄9QG�ALd Cigar℄��n; Rn 4 Rn h9ÆIzBZ2Qj9$D��z�
#d Cigar℄���Æ3 1.1 l D ⊂ Rn zFm�℄�
.d�� a ≥ 1, E℄K x1, x2ǫD, .d D y.� x1X x2 /?9!V�X, γ, E℄K x ∈ γ 8�











l(γ) ≤ a|x1 − x2|, (1.1)

min
j=1,2

l(γj(xj , x)) ≤ ad(x, ∂D), (1.2)(�$#: 2005-11-21; �)$#: 2006-08-26��/!: `�}�s(A�Jh|m (973 |m) s� (2006CB708304).



660 � ; ? � Y M 6 27�e� D zFv℄�Ry l(γ) �wX, γ 9Hz*7�D� d(x, ∂D) �w? x 4 D 9�Æ ∂D9Hz*7�&� γj(xj , x) �wX, γ �d xj X x r�9�X,�dAL 1.1 y�
 D 8��;v (1.1), e� D zB�℄�
 D 8��;v (1.2), e� D z Cigar ℄�Fv℄zT O. Martio e J. Sarvas[12] d>�
�9Aj5xs})Nb9�Rj F.W.

Gehring e B.G. Osgood[13] n;0 Rn y9BZ2Qj
# Rn y9Fv℄��� 1992 E�g0R [14] n;0�
 Rn y9ÆI
# Rn y9Fv℄���eRÆ�BZ2Qj�TWBZ2Qj��
#X,9!V�5�d��y�9��^ Cigar ℄9QG�ALa&d Cigar ℄�Æ3 1.2 l D ⊂ Rn zFm�℄�
.d�� a > 0, E℄K x1, x2 ∈ D, .d D y.�
x1 X x2 /?9X, γ, E℄K x ∈ γ 8�

min
j=1,2

dia(γj(xj , x)) ≤ ad(x, ∂D), (1.3)e� D zd Cigar ℄�r��=�� a- d Cigar ℄����Dn;a&/U�a�Æ� 1 l f z Rn 4 Rn 9 K- BZ2Qj� D ⊂ Rn zFm�℄� D′ = f(D), 
.d�� a > 0, D z a- d Cigar℄�e D′ z a′- d Cigar ℄�Ry a′ = a′(a, n, K) zuX a, n, KV℄9���Æ� 2 l f z Rn 4 Rn h9ÆI�
E℄K�� a > 0, .d a′ = a′(n, a) > 0, f � Rny9℄K a- d Cigar ℄ D Q! a′- d Cigar ℄ D′ = f(D), e f zBZ2Qj��0&F
8�en;96D�d��y�9��S�+ [15]y9��}de~[�E x ∈

Rn, 0 < r < ∞, } Bn(x, r) = {z ∈ Rn : |z − x| < r}, Sn−1 = ∂Bn(x, r), Bn(r) = Bn(0, r),

Bn = Bn(1), Ωn �w Rn y92�U Bn 9 n � Lebesgue �D�l f z Rn 4 Rn h9ÆI�}
L(x, f, r) = max

|y−x|=r
|f(y) − f(x)|,

l(x, f, r) = min
|y−x|=r

|f(y) − f(x)|,

H(x, f) = lim
r→0

Sup
L(x, f, r)

l(x, f, r)
.

2 ��; �0A'n;96D��9})6DNbe�,zeN'�4� 1 l f z Rn 4 Rn h9 K- BZ2Qj� c ≥ 1 z���E℄K x ∈ Rn e r > 0,V
L(x, f, cL(x′, f−1, r))/r ≤ a, (2.1)Ry x′ = f(x), f−1 �w f 9DQj� a = a(n, K, c) zuX n, K, c V℄9���:� l Γ z Bn(x, cL(x′, f−1, r))\f−1(Bn(x′ , r)) y.� Sn−1(x, cL(x′, f−1, r)) e

∂(f−1(Bn(x′, r))) 9X,��M(Γ)�wX,� Γ9>�eT>9
	_'y�+ [15,A' 7.5]!8
M(Γ) ≥ ωn−1

(

log
cL(x′, f−1, r)

l(x′, f−1, r)

)1−n

, (2.2)



3Q �\<�<�C[3Rkfe Cigar ^ 661Ry ωn−1 �w Sn−1 9 n − 1 � Lebesgue �D�l Γ′ = f(Γ), eÆCV
M(Γ′) ≤ ωn−1

(

log
l(x, f, cL(x′, f−1, r))

r

)1−n

. (2.3)TBZ2Qj>9B��58
KM(Γ′) ≥ M(Γ) ≥ M(Γ′)/K, (2.4)+S�+ [15, P79] y9�;vV
L(x′, f−1, r)

l(x′, f−1, r)
≤ c′ = c′(n, K), (2.5)Ry c′(n, K) zuX n, K V℄9����i�;v (2.2),(2.3),(2.4) e (2.5) !8

l(x, f, cL(x′, f−1, r))

r
≤ (cc′)K

1

n−1

. (2.6)ÆC+S�+ [15, P79] y9�;v8
L(x, f, cL(x′, f−1, r))

l(x, f, cL(x′, f−1, r))
≤ c′, (2.7)�i (2.6) e (2.7) /vV

L(x, f, cL(x′, f−1, r))

r
≤ c′(cc′)K

1

n−1

= a.Æ� 1 
:� E℄K y1, y2 ∈ D
′

, .d x1 = f−1(y1),x2 = f−1(y2) ∈ D. TW D z a- d
Cigar ℄�.d D y.� x1 X x2 /?9X, γ, TE℄K x ∈ γ 8�

min
j=1,2

dia(γj(xj , x)) ≤ ad(x, ∂D).

γ′ = f(γ) ⊂ D′ z D′ y.� y1 X y2 /?9X,�E℄K y ∈ γ′ = f(γ), V x = f−1(y) ∈ γ T
min
j=1,2

dia(γj(xj , x)) ≤ ad(x, ∂D).�Ml dia(γ1(x1, x)) ≤ ad(x, ∂D), e γ1 ⊆ B
n
(x, ad(x, ∂D)), -G

γ′
1 = f(γ1) = γ′

1(y1, y) ⊆ B
n
(y, L(x, f, ad(x, ∂D))).G L(x, f, ad(x, ∂D)) ≤ L(x, f, aL(y, f−1, d(y, ∂D′))), �iN' 1 !8

L(x, f, ad(x, ∂D)) ≤
a′

2
d(y, ∂D′) (a′ = a′(n, K, a)zuXn, K, aV℄9��).T,!8

γ′
1 = f(γ1) ⊆ B

n
(y,

a′

2
d(y, ∂D′)),
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1) ≤ a′d(y, ∂D), -G

min
j=1,2

dia(γj(yj , y)) ≤ a′d(y, ∂D),

D′ z a′- d Cigar ℄�4� 2
[14] l D, D′ ⊂ Rn z Rn y9/Um�℄� f z D 4 D′ h9ÆI�
.d��

c > 1, E℄K x ∈ D, .d 0 < r0 < d(x, ∂D), E℄K r ∈ (0, r0] V
[dia(f(Bn(x, r)))]n ≤ cm[f(Bn(x, r))], (2.8)e f z K- BZ2Qj�Ry K = K(n, c) zuX n, c V℄9��� m[f(Bn(x, r))] �w

f(Bn(x, r)) 9 n � Lebesgue �D�4� 3 l D, D′ z Rn y9/Um�℄� f z D 4 D′ h9ÆI�
E℄K a > 0, .d a′ = a′(n, a) > 0, f � D y9℄F a- d Cigar ℄Qj! D′ y9 a′- d Cigar ℄�e f Æz
D 4 D′ h9 K- BZ2Qj�Ry K = K(n, a′) zuX n, a′ V℄9���:� E℄K x ∈ D, ℄9 0 < r0 < d(x, ∂D), E℄K r ∈ (0, r0], 9Y y ∈ Bn(x, r) t8

dia[f(Bn(x, r))] ≤ 3|f(y) − f(x)|.Jq.d�� a > 1, Bn(x, r) z a-d Cigar℄�TN' 3 9��q�.d�� a′ = a′(n, a) > 0t f(Bn(x, r)) z a′- d Cigar ℄�-G.d f(Bn(x, r)) y9X, γ .� f(x) X f(y) TE℄K z ∈ γ !,
min{dia(γ(f(x), z)), dia(γ(f(y), z))} ≤ a′d(z, ∂f(Bn(x, r))),
9Y z0 ∈ γ t dia(γ(f(x), z0)) = dia(γ(f(y), z0)), e

d(z0, ∂f(Bn(x, r))) ≥
1

a′
dia(γ(f(x), z0)) ≥

1

2a′
dia(γ(f(x), f(y)))

≥
1

2a′
|f(x) − f(y)| ≥

1

6a′
dia[f(Bn(x, r))].T,!8

Bn(z0,
1

6a′
dia[f(Bn(x, r))]) ⊆ f(Bn(x, r)),-GV

Ωn(
dia[f(Bn(x, r))]

6a′
)n ≤ m[f(Bn(x, r))],e

[dia(f(Bn(x, r)))]n ≤
(6a′)n

Ωn

m[f(Bn(x, r))].TN' 2 !8 f z D 4 D′ h9 K- BZ2Qj� K = K(n, a′).Æ� 2 
:� E℄K x ∈ Rn, ℄Y D ⊂ Rn t x ∈ D, 
} D′ = f(D), e f z D 4
D′ h9ÆI�T f � D y9℄K a- d Cigar ℄Q! D′ y9 a′- d Cigar ℄�TN' 3 q fz D 4 D′ h9 K- BZ2Qj� K = K(n, a′). T�+ [15, A' 34.1] q H(x, f) ≤ H , Ry
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H = H(K, n). T x ∈ Rn 9℄K5!q H(x, f) d Rn hFvVÆ�
T�+ [15, A' 34.1]8� f z Rn h9 K- BZ2Qj���,.�
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Quasiconformal Mappings and Weakly Cigar Domains

CHU Yu-ming1, HUANG Man-zi2

(1. Department of Mathematics, Hunan City University, Hunan 413000, China;
2. College of Mathematics and Computer Science, Hunan Normal University, Hunan 410081, China )

Abstract: Let f : Rn

→ Rn be a homeomorphism. We prove that f is a quasiconformal mapping if and
only if the weakly Cigar domains in Rn are invariant under f .

Key words: quasiconformal mapping; weakly Cigar domain; weakly quasiconvex domain.


