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1 > 6���5^�6I[k minimax Kl_m�
(P) minF (x) = max

y∈Y

f(x, y) + ϕ(x)

h(x, y) − ψ(x)

s.t. g(x) = (g1(x), . . . , gm(x)) ≤ 0, x ∈ X,Po Y o R
m o6�ys� X o R

n o6I#�ys� f : R
n × R

m → R, h : R
n × R

m → R,

∇xf(x, y) h ∇xh(x, y) ,℄TZT (x, y) -2� f(x, y) h −h(x, y) ZT y ℄ Y 
o
Æ-26� g : R
n → R

m o-2!�et� ϕ : R
n → R h ψ : R

n → R Æ�et� f(x, y)− ϕ(x) ≥ 0T h(x, y) − ψ(x) > 0, ∀(x, y) ∈ R
n × Y .�bhBH$�0B3a8�0A%D�eto.R�!�&^ (xTBx)1/2 6I!._m�� [1−6]. ^�1 ϕ(x) = (xTBx)1/2, ψ(x) = (xTDx)1/2(B,D ∈ R

n×n ÆA!Æf=e),

X = R
n i (P ) Æ�� [1,2] y8�6��	1 ϕ(x) = (xTBx)1/2, ψ(x) = 0, X = R

n i (P ) Æ�� [4] y8�6���`X<�!�& ϕ(x) h ψ(x), _ (P ) �Æ#K6!�℄GKl_m�� [7,8]. I(�8�(%��_U�A�.�℄|7b%D�eto.R�!�& (xTBx)1/2 6_m��6~O.�=��i�A�>R$AQ%wsj��E�(sjÆ#s��ÆAQR����^��� [2]–[6] Ay8�6���R$AQsj Qȳ0
(x0), �E� Qȳ0

(x0) Æ#s��ÆAQR��� (Po x0 Æ��6~O	), 2$��6 Kuhn-Tucker *~O.�=���pTb)�=����� [1]–[6] �|70~O.#K��hAJ��� [9] k$�� [2,4] o� Qȳ0
(x0) Æ#s�bQ��{S��g�0bQ���e�!	$��6 Kuhn-Tucker*~O.�=���C��=V� x0 Æ��6~O	�6���I(�Ab%��7`AQ��|0CjM6XrK.��4rÆr=0�)�%$: 2005-01-26; �*%$: 2006-07-03��3#: ay|[ 6q� (60473097; 60673177).



710 u 4 9 � V M 8 27�syth�A�8lXr6!�I!._m�℄�� [10] oR$6 Kuhn-Tucker XrK.h Arrow-Hurwicz-UzawaXrK.o~�R/�.6/QXrK.�ATb%D�etdR�!�&6_m���℄b/QXrK.�6 Kuhn-Tucker *�=��℄B)#Z6��o�B~T8�?�f%��b!GoD�etI[k.k40B3a<R�RZ��h!�6��,�Q$��� [11] A1 ϕ(x) = ‖Ax‖p1
, ψ(x) = ‖Cx‖p2

(A,C ∈ R
m×n, p1, p2 ≥ 1) i6��

(P ), 
℄ Kuhn-TuckerXrK.��+0P Kuhn-Tucker*~O.�=�����6D6�o℄ Arrow-Hurwicz-UzawaXrK.�R$�� (P) 6~O	6 Kuhn-Tucker*�=����ik$��� [7,8]6#Z�b6g�>o)M�� [12]ZT minx∈Rn maxy∈Y f(x, y) s.t. g(x) ≤ 06�b�Cb(6g�lo)MI[kK�t℄GKl_mo6p�V���T��6!�.zd?��� [2,4] a�
2 ��D'd x ∈ X , w

S = {x ∈ R
n : g(x) ≤ 0}, I(x) = {i : gi(x) = 0, i = 1, . . . ,m},

Z(x) = {d ∈ R
n : ∇gi(x)

Td ≤ 0, i ∈ I(x)},

Y (x) = {y ∈ Y :
f(x, y) + ϕ(x)

h(x, y) − ψ(x)
= max

z∈Y

f(x, z) + ϕ(x)

h(x, z) − ψ(x)
}.�; 1

[10] ! g ℄ x∗ ∈ S ∩X ';} Arrow-Hurwicz-UzawaXrK.�`�?��
∇gi(x

∗)Td < 0, i ∈ W, ∇gi(x
∗)Td ≤ 0, i ∈ VZT d ∈ R

n R	�Po V = {i : gi(x
∗) = 0, gi o�6 }, W = {i : gi(x

∗) = 0, gi oI�6 }.�; 2
[13] �� Lipschitz et f : R

n → R ℄ x ∈ R
n ';H' d ∈ R

n 6 Clarke 6℄GH'2th℄G~?K�=GÆ
f◦(x, d) = lim

y→x
sup
t↓0

f(y + td) − f(y)

t
,

∂f(x) = {ξ ∈ R
n : f◦(x, d) ≥ ξTd, ∀d ∈ R

n}.�� [13] g�0` f Æ-2!�6�_ ∂f(x) = {∇f(x)}; ` f Æ�6�_ f ℄ x '6
Clarke ℄G~?U�K�FG�6)~?oAm6�=� 1

[13] d f : R
n → R Æ�� Lipschitz et�_ (i). ∂f(x) ÆI#��s	 (ii). A

∀d ∈ R
n, f◦(x, d) = max{ξTd : ξ ∈ ∂f(x)} �=� 2

[11] d A ⊆ R
n ÆI#��s�C ⊆ R

n Æ�s�̀ ∀d ∈ C, ∃ξd ∈ A, k4 ξTd d ≥ 0,_,℄ ∃ξ ∈ A k4 ξTd ≥ 0, ∀d ∈ C.=� 3
[14] d Y ⊆ R

m ÆI#�s� f(x, y) : R
n × Y → R, ∇xf(x, y) ,℄TZT (x, y)-2�`w g(x) = maxy∈Y f(x, y), _ ∂g(x) = Co{∇xf(x, y) : y ∈ M(x)}, Po M(x) = {y ∈

Y : f(x, y) = g(x)}, Co �ns6���ATR=6 k ∈ R, A (P) J_^�6Mv�t_m�
(Pk) min

x∈X∩S
Φ(x, k) = max

y∈Y
{f(x, y) + ϕ(x) − k[h(x, y) − ψ(x)]}.
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[15] (i). ` x∗ o (P)6~O	T k∗ = F (x∗),_ x∗ o (Pk∗)6~O	T Φ(x∗ , k∗) =

0; (ii). {i : yi ∈ Y (x∗)} = {i : f(x∗, yi) + ϕ(x∗) − k∗[h(x∗, yi) − ψ(x∗)] = 0}.

3 F8���� 1 d x∗ o�� (P) 6~O	�T g ℄ x∗ ';} Arrow-Hurwicz-UzawaXrK.�_,℄ s∗ ∈ N , 1 ≤ s∗ ≤ n+ 1, t∗ ∈ R
s∗

, λ∗ ∈ R
m
+ , k∗ ∈ R+, y∗i ∈ Y (x∗), i = 1, . . . , s∗, k4

0 ∈

s∗

∑

i=1

t∗i [∇xf(x∗, y∗i ) − k∗∇xh(x
∗, y∗i )] + ∂ϕ(x∗) + ∂ψ(x∗)k∗ +

m
∑

j=1

λ∗j∇gj(x
∗), (1)

f(x∗, y∗i ) + ϕi(x
∗) − k∗[h(x∗, y∗i ) − ψi(x

∗)] = 0, i = 1, . . . , s∗, (2)

λ∗i gi(x
∗) = 0, i = 1, . . . ,m, (3)

t∗i ≥ 0, i = 1, . . . , s∗,

s∗

∑

i=1

t∗i = 1, (4)Po ∂ Æ�K�FG�6)�Kxy�C" \R= d ∈ Z(x∗), _
∇gi(x

∗)Td ≤ 0, i = 1, . . . ,m, d ∈ R
n. (5)Q Arrow-Hurwicz-UzawaXrK.h,℄ d̂ ∈ R

n, k4
∇gi(x

∗)Td̂ < 0, i ∈W, ∇gi(x
∗)Td̂ ≤ 0, i ∈ V. (6)=G αs(t) = x∗ + t(d+ sd̂), Po s h t Æt��Y� αs(0) = x∗, dαs(0)

dt = d+ sd̂. �g�A\F6 s > 0, ,℄ δ = δ(s) > 0, k4
αs(t) ∈ S ∩X, t ∈ [0, δ]. (7)Y= s > 0, QT X o�6�A#K(6 t > 0 R αs(t) ∈ X . A i ∈ V , QT gi(x

∗) = 0 T gi o�6��j (5) h (6), A ∀t > 0, R gi(αs(t)) = gi(αs(t)) − gi(αs(0)) ≤ ∇gi(x
∗)T(td+ tsd̂) ≤ 0.A i ∈W , IÆ dgi(αs(0))

dt = ∇gi(x
∗)T(d+ sd̂) < 0, A#K(6 t > 0, R

gi(αs(t)) < 0. (8)\A i ∈ {1, . . . ,m}\(V ∪ W ), �Y�8l (8) A#K(6 t > 0 ℄"+�IÆ gi(αs(0)) =

gi(x
∗) < 0 h αs(t) ZT t o-26�I(� (7) l"+�I x∗ o�� (P) 6~O	�wP~OjÆ k∗, XQJ' 4(i) h x∗ o (Pk∗) 6~O	�T Φ(x∗, k∗) = 0. +CQ (7) h αs(0) = x∗ h t = 0 �Æ�� mint∈[0,δ] Φ(αs(t), k

∗) 6	�T
Φ(αs(0), k∗) = 0. wF3Q�� (P) o6��h k∗ ≥ 0. QT ∇xf(x, y) h ∇xh(x, y) ,℄TZT (x, y) -2t ϕ h ψ Æ R

n 
6�et��F<g Φ(αs(t), k
∗) ZT t ℄ [0, δ] 
o��

Lipschitz 6�`w θ(t) = Φ(αs(t), k
∗), _ t = 0 o mint∈[0,δ] θ(t) 6	�C 1 o t = 0 '6!-H'�T�℄GH'2t6=Gh θ◦(0; 1) ≥ 0; \CJ' 1 (ii) 4 max{η · 1 : η ∈ ∂θ(0)} ≥ 0.Q ∂θ(0) ÆI#��sh,℄ ηd,s = η(d, s) ∈ ∂θ(0) T ηd,s ≥ 0. \)MZTNjet6℄



712 u 4 9 � V M 8 27�G~?E_ (�~�� [13] 6=' 2.3.9), αs(t) 6=Gt αs(0) = x∗, dαs(0)
dt = d + sd̂ h,℄

ξd,s = ξ(d, s) ∈ ∂xΦ(x∗, k∗), k4 ξTd,s(d + sd̂) = ηd,s ≥ 0. I ∂xΦ(x∗, k∗) oI#��sTs
sd̂+ Z(x∗) = {d+ sd̂ : d ∈ Z(x∗)} Æ�s�)MJ' 2 (w ∂xΦ(x∗, k∗) = A, sd̂ + Z(x∗) = C),!h�A=Q s > 0, ,℄ ξs = ξ(s) ∈ ∂xΦ(x∗, k∗), k4

ξs(d+ sd̂) ≥ 0, ∀d ∈ Z(x∗). (9)I ∂xΦ(x∗, k∗) o�s�X12 {ξs} RAQq.6y2 {ξsk
} T ξsk

→ ξ ∈ ∂xΦ(x∗, k∗). �TQ
(9) l4 ξsk

(d+ skd̂) ≥ 0, ∀d ∈ Z(x∗). ℄(�8loY= d, 4 sk → 0, 4
ξTd ≥ 0, ∀d ∈ Z(x∗). (10)�8l (10) 8{T���

{

ξTd < 0,
∇gi(x

∗)Td ≤ 0, i ∈ I(x∗)
(11)ZT d ∈ R

n �	�To�)M�� [10]o6 FarkasJ'��� (11)ZT d ∈ R
n �	8{T�,℄ λ∗i ≥ 0, i ∈ I(x∗) k4

ξ +
∑

i∈I(x∗)

λ∗i ∇gi(x
∗) = 0. (12)3��QT Φ(x, k∗) = max

y∈Y
{f(x, y) − k∗h(x, y)} + ϕ(x) + k∗ψ(x), )M�� [13] o6A� 2.3.3, J' 3 h 4(ii), vx Φ(x, k∗) ℄ x∗ '6℄G~?��4�,℄ t∗ ∈ R, ω ∈ ∂ϕ(x∗),

ν ∈ ∂ψ(x∗) k4
ξ =

∑

i∈J0(x∗)

t∗i [∇xf(x∗, y∗i ) − k∗∇xh(x
∗, y∗i )] + ω + k∗ν, (13)Po J0(x

∗) o J(x∗) = {i : y∗i ∈ Y (x∗)} 6BQR ys�T
t∗i ≥ 0,

∑

i∈J0(x∗)

t∗i = 1. (14)℄ (13) lo�Q�� [16] 6 Caratheodory ='�,℄ s∗ ∈ N , 1 ≤ s∗ ≤ N k4
∑

i∈J0(x∗)

t∗i [∇xf(x∗, y∗i ) − k∗∇xh(x
∗, k∗)] =

s∗

∑

i=1

t∗i [∇xf(x∗, k∗) − k∗∇xh(x
∗, y∗i )] (15)XQ (12)–(15) �4 (1)–(4). 2

4 + ��?o�� (P) 6/Q}*�
(P1) min max

y∈Y

f(x, y) + (xTBx)1/2

h(x, y) − (xTDx)1/2
s.t. g(x) ≤ 0, x ∈ R

n,

(P2) min max
y∈Y

f(x, y) + ‖Ax‖p1

h(x, y) − ‖Cx‖p2

s.t. g(x) ≤ 0, x ∈ R
n,



4O �o��9�B&J\l^HLm`n7 Kuhn-Tucker +�P/�>�� 713Po Y , f , h, g6=V� (P), Bh Do n× nA!Æf=e�A ∈ R
m×n, C ∈ R

m×n, p1, p2 ≥ 1.)M�et6)�K6=G��|0vx�!4
∂(xTBx)1/2 = {Bη : ηTBη ≤ 1, ηTBx = (xTBx)1/2};3Q�� [17] h` 1 ≤ p ≤ ∞, A ∈ R

m×n, _ ∂‖Ax‖p = {ATζ : ‖ζ‖q ≤ 1, ζTAx = ‖Ax‖p}, Po p, q > 1, p−1 + q−1 = 1, ` p = 1 _ q = ∞; ` p = ∞ _ q = 1. To�Q=' 1 !43
Arrow-Hurwicz-UzawaXrK.�6�� (P1) h (P2) 6 Kuhn-Tucker *~O.�=���. 1 d x∗ o�� (P1) 6~O	�T g ℄ x∗ ';} Arrow-Hurwicz-Uzawa XrK.�_,℄ s∗ ∈ N , 1 ≤ s∗ ≤ n + 1, t∗ ∈ R

s∗

, λ∗ ∈ R
m
+ , k∗ ∈ R+, y∗i ∈ Y (x∗), i = 1, . . . , s∗,

ω ∈ R
n, ν ∈ R

n k4
s∗

∑

i=1

t∗i [∇xf(x∗, y∗i ) − k∗∇xh(x
∗, y∗i )] +Bω + k∗Dν +

m
∑

j=1

λ∗j∇gj(x
∗) = 0,

f(x∗, y∗i ) + (x∗TBx∗)1/2 − k∗[h(x∗, y∗i ) − (x∗TDx∗)1/2] = 0, i = 1, . . . , s∗,

λ∗i gi(x
∗) = 0, i = 1, . . . ,m, t∗i ≥ 0, i = 1, . . . , s∗,

s∗

∑

i=1

t∗i = 1,

{

ωTBx∗ = (x∗TBx∗)1/2, νTDx∗ = (x∗TDx∗)1/2,

ωTBω ≤ 1, νTDν ≤ 1.. 2 d x∗ o�� (P2) 6~O	�T g ℄ x∗ ';} Arrow-Hurwicz-Uzawa XrK.�_,℄ s∗ ∈ N , 1 ≤ s∗ ≤ n + 1, t∗ ∈ R
s∗

, λ∗ ∈ R
m
+ , k∗ ∈ R+, y∗i ∈ Y (x∗), i = 1, . . . , s∗,

ω ∈ R
m, ν ∈ R

m k4
s∗

∑

i=1

t∗i [∇xf(x∗, y∗i ) − k∗∇xh(x
∗, y∗i )] +ATω + k∗CTν +

m
∑

j=1

λ∗j∇gj(x
∗) = 0,

f(x∗, y∗i ) + ‖Ax∗‖p1
− k∗[h(x∗, y∗i ) − ‖Cx∗‖p2

] = 0, i = 1, . . . , s∗,

λ∗i gi(x
∗) = 0, i = 1, . . . ,m, t∗i ≥ 0, i = 1, . . . , s∗,

s∗

∑

i=1

t∗i = 1,

{

ωTAx∗ = ‖Ax∗‖p1
, νTCx∗ = ‖Cx∗‖p2

,

‖ω‖q1
≤ 1, ‖ν‖q2

≤ 1,Po pi, qi > 1, p−1
i + q−1

i = 1, ` pi = 1 _ qi = ∞; ` pi = ∞ _ qi = 1, i = 1, 2.G 	7 1 OÆh	℄0�� [2] o6=' 3.1 h=' 3.2 t�� [4] 6=' 3.1. �� [2],

[4] ℄g��� (P1) 6 Kuhn-Tucker *�=��i�&0XrK.N[��yM6zd��o
f(x, y) h h(x, y) ℄ R

n ×R
m 
�-2!��C�>yM6��o ∇xf(x, y) h ∇xh(x, y) ,℄TZT (x, y) -2� f(x, y) h −h(x, y) ZT y ℄ Y 
o
Æ-26�UP#���4Ua���02�
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Kuhn-Tucker Type Necessary Optimality Conditions for a Class of

Nonsmooth Minimax Fractional Programming

WU Hui-xian1, LUO He-zhi2

(1. Department of Mathematics, Hangzhou Dianzi University, Zhejiang 310018, China;;
2. Department of Applied Mathematics, Zhejiang University of Technology, Zhejiang 310032, China )

Abstract: In this paper, we consider a class of nonsmooth minimax fractional programming problems
with nonlinear inequality constraints, where the numerator in the objective function is in the form of
sum of differentiable function and convex function while the denominator is in the form of difference of
a differentiable function and a convex function, and the constrained functions are differentiable. The
Kuhn-Tucker type necessary optimality conditions for such class of problems are developed under the
Arrow-Hurwicz-Uzawa constraint qualification. The results obtained in this paper improve and generalize
some existing results in the literature.

Key words: nonsmooth minimax fractional programming; Kuhn-Tucker type necessary conditions;
constraint qualification.


