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1 $ �` (Ω, F, P )�.H2�r�̀ {Xn , n ≥ 0}h68KEH2�r^��b?i S = {s1, s2, . . .}^QU0V5�F�J%_B��
P (X0 = x0, . . . , Xn = xn) = p(x0, . . . , xn) > 0, xi ∈ S, 0 ≤ i ≤ n. (1)JW.

fn(ω) = − 1

n + 1
log p(X0, . . . , Xn), (2)

fn(ω) �� {Xi, 0 ≤ i ≤ n} 0�:f;8�R� fn(ω) 0g��Vh��4W0Z,
z�K��4W�� Shannon-Mcmillan 6�b�F0v��JBK� (t� S-M 6�), wh��4W�70&� Shannon KJ\>04� [5] Wl�R=)K(� 8i�F0 S-M 6��Mcmillan[6] ^ Breiman[7] LR=)D	� �F0 S-M 6��X�� [8] �1)b?i��*i0O��2a?=�<eNw^m�Y�T-.�0te["�K�� [1] W�/�}[V5�FB�m7�F�|�:y=0BÆ?>N$).�V5�\�F�:f;8:�2fN$0Lg�6��-���B�6���F�:f;8�B�6�h Shannon-Mcmillan 6�0.Y�T�� Shannon-Mcmillan 6�0&��Æ).LR�0&�?��	�0�0hw�� [1]0�Y�T-V5�F0O��k}[H2�8�0V5te�( *Tr��|�.-); (2) f680�:f;800.�LB�6��w�� [1] Wv:0?>p2G���e��4.-)�� [2] ^ [3] 0[,�Y�ZY Q � F 0,.H2�8�J%_B��
Q(X0 = x0, . . . , Xn = xn) = q(x0, . . . , xn) > 0, xi ∈ S, 0 ≤ i ≤ n. (3)�u�: 2005-04-11; |��: 2006-08-15y~�
: XoaU�%d� (10571076); zsa{E|aU�%d� (02KJD110003).



720 o # ' 	 C E 5 27Æp" ` p ^ q Z (1) ^ (3) fvg�.
h(P |Q) = lim supn→∞(1/n) log[p(X0, . . . , Xn)/q(X0, . . . , Xn)]. (4)

h(P |Q) �� P �:� Q 0+	\8�n^ h(P |Q) h {Xi, 0 ≤ i ≤ n} KH2�8 Q B P �0f;8B�0^g��#�[4] ` p ^ q Z (1) ^ (3) fvg�L=
lim sup

n→∞
(1/n) log[q(X0, . . . , Xn)/p(X0, . . . , Xn)] ≤ 0 P -a.s. (5); (5) f��$

h(P |Q) ≥ lim inf
n→∞

(1/n) log[p(X0, . . . , Xn)/q(X0, . . . , Xn)] ≥ 0 P -a.s. (6)?m
q(xn|x1, . . . , xn−1) = Q(Xn = xn|X0 = x0, . . . , Xn−1 = xn−1) n ≥ 1, (7)L; (3) f=

q(X0, . . . , Xn) = q(X0)

n
∏

k=1

qk(Xk|X0, . . . , Xk−1). (8)�:m Xn = {X0, . . . , Xn}, Xn
m = {Xm, . . . , Xn}. xn, xn

m B��� Xn ^ Xn
m 0��

2 +�}wp� 1 ` {Xn, n ≥ 0} h=B� (1) f0V5�F� fn(ω) ^ h(P |Q) B�; (2) ^
(4) f68�` α ≥ 0. HQ

k (ω) � Xk K�8 Q �R� X0, . . . , Xk−1 0te{uf�k
HQ

k (ω) = −
∑

xk∈S

qk(xk|X0, . . . , Xk−1) log qk(xk|X0, . . . , Xk−1). (9).
D(c) = {ω : h(P |Q) ≤ c}, (10)

bα = lim sup
n→∞

(1/n)

n
∑

k=1

EQ[(log(qk(Xk|Xk−1))2qk(Xk|Xk−1)−α|Xk−1] < ∞. (11)L�, 0 ≤ c ≤ α2bα

/

2 b�=
lim sup

n→∞
[fn(ω) − (1/n)

n
∑

k=1

HQ
k (ω)] ≤

√

2cbα P -a.s. D(c), (12)

lim inf
n→∞

[fn(ω) − (1/n)

n
∑

k=1

HQ
k (ω)] ≥ −

√

2cbα − c P -a.s. D(c). (13)y�=
lim

n→∞
[fn(ω) − (1/n)

n
∑

k=1

HQ
k (ω)] = 0 P -a.s. D(0). (14)
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�7� 721JW EQ �g�:� Q 0n"H��)	 �:Q (Ω, F, P ) �v�10H2�r�` λ �V5�n�.
Qk(λ) = EQ[qk(Xk|Xk−1)−λ|Xk−1] =

∑

xk∈S

qk(xk|xk−1)1−λ, (15)

qk(λ, xk) =
qk(xk|xk−1)1−λ

Qk(λ)
, xk ∈ S, (16)

g(λ, x1, . . . , xn) =

n
∏

k=1

qk(λ, xk). (17)L g(λ, x1, . . . , xn), n = 1, 2, . . . h Sn ^0.�YB��.
Tn(λ, ω) =

g(λ, X1, . . . , Xn)

p(X0, . . . , Xn)
. (18);� {Tn(λ, ω), n ≥ 1} h a.s. k&0AD^h [4,p354]. Q; Doob hk&6� [9] =

lim
n→∞

Tn(λ, ω) = T∞(λ, ω) < ∞ P -a.s. (19)9==
lim sup

n→∞
(1/n) log Tn(λ, ω) ≤ 0 P -a.s. (20); (15)–(18) f=

(1/n) log Tn(λ, ω) =(1/n)

n
∑

k=1

[(−λ log qk(Xk|Xk−1)) − log EQ(qk(Xk|Xk−1)−λ|Xk−1)+

log(
n

∏

k=1

qk(Xk|Xk−1)

/

p(X0, . . . , Xn))] P -a.s. (21); (8), (10), (20) j (21) f=
lim sup

n→∞
(1/n)

n
∑

k=1

[(−λ log qk(Xk|Xk−1)) − log EQ(qk(Xk|Xk−1)−λ|Xk−1)] ≤ c

P -a.s.ω ∈ D(c). (22); (22) f=
lim sup

n→∞
(1/n)

n
∑

k=1

[(−λ log qk(Xk|Xk−1)) − EQ(−λ log qk(Xk|Xk−1)|Xk−1)]

≤ lim sup
n→∞

(1/n)
n

∑

k=1

[log EQ(qk(Xk|Xk−1)−λ|Xk−1) − EQ(−λ log qk(Xk|Xk−1)|Xk−1)] + c

P -a.s.ω ∈ D(c) (23)4S;�2f
x−λ − 1 + λ log x ≤ (1/2)λ2(log x)2x−|λ|, 0 ≤ x ≤ 1 (24)



722 o # ' 	 C E 5 27Æj (24), (23) B (11) f�, |λ| < α, b=
lim sup

n→∞
(1/n)

n
∑

k=1

[(−λ log qk(Xk|Xk−1)) − EQ(−λ log qk(Xk|Xk−1)|Xk−1)]

≤ lim sup
n→∞

(1/n)

n
∑

k=1

[EQ(qk(Xk|Xk−1)−λ|Xk−1) − 1 − EQ(−λ log qk(Xk|Xk−1)|Xk−1)] + c

≤ lim sup
n→∞

(1/n)

n
∑

k=1

EQ[(1/2)λ2(log(qk(Xk|Xk−1))2qk(Xk|Xk−1)−|λ||Xk−1] + c

≤ (1/2)λ2 lim sup
n→∞

(1/n)

n
∑

k=1

EQ[(log(qk(Xk|Xk−1))2qk(Xk|Xk−1)−α|Xk−1] + c

= (1/2)λ2bα + c P -a.s. ω ∈ D(c). (25), 0 < λ < α b�; (25) f=
lim sup

n→∞
(1/n)

n
∑

k=1

[(− log qk(Xk|Xk−1)) − EQ(− log qk(Xk|Xk−1)|Xk−1)]

≤ (1/2)λbα + c/λ P -a.s. ω ∈ D(c). (26), 0 < c ≤ (α2bα)
/

2 b�K (26) fW. λ =
√

(2c)/bα, L=
lim sup

n→∞
(1/n)

n
∑

k=1

[(− log qk(Xk|Xk−1)) − EQ(− log qk(Xk|Xk−1)|Xk−1)] ≤
√

2cbα

P -a.s. ω ∈ D(c). (27), c = 0 b�Q 0 < λi < α (i = 1, 2, . . .), d. λi → 0 (i → ∞) L:.N i, ; (26) f=
lim sup

n→∞
(1/n)

n
∑

k=1

[(− log qk(Xk|Xk−1)) − EQ(− log qk(Xk|Xk−1)|Xk−1)] ≤ 0

P -a.s. ω ∈ D(0). (28); (28) fS�, c = 0 b� (27) fX #��q0�, −α < λ < 0 b�!: (25) f�R�,
0 ≤ c ≤ (α2bα)

/

2 b�=
lim inf
n→∞

(1/n)
n

∑

k=1

[(− log qk(Xk|Xk−1)) − EQ(− log qk(Xk|Xk−1)|Xk−1)] ≥ −
√

2cbα

P -a.s. ω ∈ D(c). (29); (15)–(18) f�S�K (20) fW. λ = 0 L=
lim sup(1/n)

n→∞
log Tn(ω) = lim sup(1/n)

n→∞
log

n
∏

k=1

qk(Xk|Xk−1)

p(X0, . . . , Xn)
≤ 0 P -a.s. (30)?℄5-

HQ
k (ω) = EQ(− log qk(Xk|Xk−1)|Xk−1),
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�7� 723�h; (2), (30) j (27) f�.
lim sup

n→∞
[fn(ω) − (1/n)

n
∑

k=1

HQ
k (ω)]

≤ lim sup(1/n)
n→∞

log[

n
∏

k=1

qk(Xk|Xk−1)

/

p(X0, . . . , Xn)]+

lim sup
n→∞

(1/n)
n

∑

k=1

[(− log qk(Xk|Xk−1))−EQ(− log qk(Xk|Xk−1)|Xk−1)]

≤
√

2cbα P -a.s. ω ∈ D(c), (31)�h (12) f #�; (2),(8),(10) B (29) f=
lim inf
n→∞

[fn(ω) − (1/n)

n
∑

k=1

HQ
k (ω)]

≥ lim inf
n→∞

(1/n) log[

n
∏

k=1

qk(Xk|Xk−1)

/

p(X0, . . . , Xn)]+

lim inf
n→∞

(1/n)
n

∑

k=1

[(− log qk(Xk|Xk−1))−EQ(− log qk(Xk|Xk−1)|Xk−1)]

≥ −h(P |Q) −
√

2cbα ≥ −
√

2cbα − c P -a.s. ω ∈ D(c), (32)Q (13) - #�� (12) B (13) fW. c = 0 �. (14) f #�R� 2

3 -�%��z�nÆt Shannon-Mcmillan q�p� 2 ` {Xn, n ≥ 0}h=B� (1)��b?i S = {1, 2, . . . , N}^QU0V5�F�
fn(ω), h(P |Q)^D(c)B�; (2)^ (4), (10)f68�?` 0 ≤ α < 1, 0 ≤ c ≤ 2Nα2

/

[(1 − α)e]
2
.

HQ
k (ω) �g Xk K�8 Q �R� X0, . . . , Xk−1 0te{uf�k

HQ
k (ω) = −

∑

xk∈S

qk(xk|X0, . . . , Xk−1) log qk(xk|X0, . . . , Xk−1).L=
lim sup

n→∞
[fn(ω) − (1/n)

n
∑

k=1

HQ
k (ω)] ≤ 2e−1

(1 − α)

√
2cN P -a.s. ω ∈ D(c), (33)

lim inf
n→∞

[fn(ω) − (1/n)

n
∑

k=1

HQ
k (ω)] ≥ − 2e−1

(1 − α)

√
2cN − c P -a.s. ω ∈ D(c). (34))	 ; 0 < α < 1, �1℄n

ϕ(x) = (log x)2x1−α, 0 < x ≤ 1, 0 < α < 1. (ϕ(0) = 0) (35)4S ϕ(x) K [0, 1] Pr^0d*U�
max{ϕ(x), 0 ≤ x ≤ 1} = ϕ(e2/(α−1)) = (

2

α − 1
)2e−2. (36)



724 o # ' 	 C E 5 27Æ; (11) ^ (36) f�S
bα = lim sup

n→∞
(1/n)

n
∑

k=1

EQ[(log(qk(Xk|Xk−1))2qk(Xk|Xk−1)−α|Xk−1]

= lim sup
n→∞

(1/n)

n
∑

k=1

N
∑

xk=1

(log(qk(xk|Xk−1))2qk(xk|Xk−1)1−α]

≤ lim sup
n→∞

(1/n)

n
∑

k=1

N
∑

xk=1

[(
2

α − 1
)2e−2] ≤ N(

2

α − 1
)2e−2 < ∞, (37)v2 (11) f`T #�; (37) B (25) f=

lim sup
n→∞

(1/n)
n

∑

k=1

[(−λ log qk(Xk|Xk−1)) − EQ(−λ log qk(Xk|Xk−1)|Xk−1)]

≤ Nλ2 2e−2

(α − 1)2
+ c P -a.s. ω ∈ D(c). (38), 0 < λ < α b�; (38) f=

lim sup
n→∞

(1/n)

n
∑

k=1

[(− log qk(Xk|Xk−1)) − EQ(− log qk(Xk|Xk−1)|Xk−1)]

≤ Nλ
2e−2

(α − 1)2
+

c

λ
P -a.s. ω ∈ D(c). (39), 0 < c ≤ 2Nα2

/

[(1 − α)e]
2 b�K (39) fW. λ = (1 − α)e

√

c/2N , �=
lim sup

n→∞
(1/n)

n
∑

k=1

[(− log qk(Xk|Xk−1)) − EQ(− log qk(Xk|Xk−1)|Xk−1)]

≤ 2e−1

(1 − α)

√
2cN P -a.s. ω ∈ D(c). (40)�q�R�, c = 0, b (42) fX #��M (12) f0R=�; (40), (2) B (30) f�. (33) f #��q4�!: −α < λ < 0 0 (38) f�.�, 0 ≤ c ≤ 2Nα2

/

[(1 − α)e]
2 b�=

lim inf
n→∞

(1/n)
n

∑

k=1

[(− log qk(Xk|Xk−1)) − EQ(− log qk(Xk|Xk−1)|Xk−1)]

≥ − 2e−1

(1 − α)

√
2cN P -a.s. ω ∈ D(c) (41)�M (13) f0R=�; (2), (4), (10) ^ (41) f�. (34) f #�, 6� 2 0^����� [1] 6� 1 0^��P�S��� 1

[2] ` {Xn, n ≥ 0} h=B� (1) 0V5�F�JW fn(ω) ; (2) 68� Hk(ω) �
Xk K�8 P �R� X0, . . . , Xk−1 0te{uf�k

Hk(ω) = −
∑

xk∈S

pk(xk|X0, . . . , Xk−1) log pk(xk|X0, . . . , Xk−1). (42)
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lim

n→∞
[fn(ω) − (1/n)

n
∑

k=1

Hk(ω)] = 0 P -a.s. (43))	 ;6� 2 W (33) ^ (34) fS, c = 0 =
lim

n→∞
[fn(ω) − (1/n)

n
∑

k=1

HQ
k (ω)] = 0 P -a.s. ω ∈ D(0). (44)Ob. P ≡ Q, L= HQ

k (ω) = Hk(ω), h(P |Q) ≡ 0. O�=, c = 0 b (10) f` #�9==
D(0) = Ω. )=; (44) f�. (43) f #�E�4kh/� [2] 0[,�Y��� 2 ` {Xn, n ≥ 0}�m~AK(8i�F�JW fn (ω); (2)68�̀ H(pk(Xk−1

k−m, 1), . . .,

pk(Xk−1
k−m, N)) �K�8 P � m ~AK(8i'0te{uf�k

H(pk(Xk−1
k−m, 1), . . . , pk(Xk−1

k−m, N)) = −
∑

xk∈S

pk(xk|Xk−1
k−m) log pk(xk|Xk−1

k−m), (45)L=
lim

n→∞
[fn(ω) − (1/n)

n
∑

k=1

H(pk(Xk−1
k−m, 1), . . . , pk(Xk−1

k−m, N))] = 0 P -a.s. (46))	 O��4 1 SOb Hk(ω) = H(pk(Xk−1
k−m, 1), . . . , pk(Xk−1

k−m, N)), ; (43) fk. (46)f�, m = 1 b�E�4�h/��)�V [3] 06� 2, v2/^)0�YhE�40y"�` {Xn, n ≥ 0} h2 S = {1, 2, . . . , N} �_x�r0 m ~AK(8i�F�JK�8 P�0 m �#eB�B m ~^0�QB��
po(i0, . . . , im−1) = P (X0 = i0, . . . Xm−1 = im−1), (47)

Pn = (pn(im|i0, . . . , im−1)), (48)JW pn(im|i0, . . . , im−1) = P (Xn = im|Xn−m = i0, . . .Xn−1 = im−1).Ob {Xn, n ≥ 0} K�8 P �0%_B�^�:f;8B��
p(x0, . . . , xn) = po(x0, . . . , xm−1)

n
∏

k=m

pk(xk|xk−m, . . . , xk−1), (49)

fn(ω) = − 1

n
[log po(X0, . . . , Xm−1) +

n
∑

k=m

log pk(Xk|Xk−m, . . . , Xk−1)]. (50)?` {Xn, n ≥ 0} K�8 Q �0 m �#eB�B m ~^0�QB��
qo(j0, . . . , jm−1) = Q(X0 = j0, . . . , Xm−1 = jm−1), (51)

Qn = (qn(jm|j0, . . . , jm−1)), (52)JW qn(jm|j0, . . . , jm−1) = Q(Xn = jm|Xn−m = j0, . . . , Xn−1 = jm−1).



726 o # ' 	 C E 5 27Æ�� 3 ` {Xn, n ≥ 0} h m ~AK(8i�F�JK�8 P ^ Q �0 m �#eB�^
m ~^0�QB�� (47),(48) f^ (51),(52) f�ZY=

lim
n→∞

1

n

n
∑

k=m

[
pk(im|i0, . . . , im−1)

qk(im|i0, . . . , im−1)
− 1]

+

= 0, ∀i0, . . . , im ∈ S, (53)L=
lim

n→∞
[fn(ω) − (1/n)

n
∑

k=m

HQ(qk(Xk−1
k−m, 1), . . . , qk(Xk−1

k−m, N))] = 0 P -a.s. (54))	 ; (2), (4) B (50) f=
h(P |Q) = lim sup

n→∞

1

n + 1
[log po(X

m−1) − log qo(X
m−1) +

n
∑

k=m

log
pk(Xk|Xk−1

k−m)

qk(Xk|Xk−1
k−m)

]. (55);�2f log x ≤ x − 1(x > 0) j a ≤ [a]+ =
1

n

n
∑

k=m

log
pk(Xk|Xk−1

k−m)

qk(Xk|Xk−1
k−m)

=
1

n

n
∑

k=m

∑

i0,...,im∈S

δi0(Xk−m) . . . δim
(Xk) log

pk(im|i0, . . . , im−1)

qk(im|i0, . . . , im−1)

≤ 1

n

n
∑

k=m

∑

i0,...,im∈S

δi0(Xk−m) . . . δim
(Xk)[

pk(im|i0, . . . , im−1)

qk(im|i0, . . . , im−1)
− 1]+

≤
∑

i0,...,im∈S

1

n

n
∑

k=m

[
pk(im|i0, . . . , im−1)

qk(im|i0, . . . , im−1)
− 1]+. (56); (53) B (56) f=

lim sup
n→∞

1

n

n
∑

k=m

log
pk(Xk|Xk−1

k−m)

qk(Xk|Xk−1
k−m)

≤ 0 P -a.s. (57); (55) B (57) f=
h(P |Q) ≤ 0 P -a.s. (58); (10) B (58) f= D(0) = Ω. �h;�4 1 W0 (44) fS (54) f #�l����

[1] 0��*�W�SA Shannon-Mcmillan 7�1[J'	 [J]. o#�#�� 1994, 14(3): 337–345.
LIU Wen, YANG Wei-guo. Some investigations related to the Shannon-McMillan theorem [J]. Acta Math.
Sci. (Chinese), 1994, 14(3): 337–345. (in Chinese)

[2] 0��/M;�℄�GG�!$1Mh�7� [J]. o#�#�� 1996, 16(4): 440–443.
LIU Wen. A strong limit theorem for discrete information sources that holds universally [J]. Acta Math. Sci.
(Chinese), 1996, 16(4): 440–443. (in Chinese)

[3] LIU Wen, YANG Wei-guo. An extension of Shannon-McMillan theorem and some limit properties for nonho-

mogeneous Markov chains [J]. Stochastic Process. Appl., 1996, 61(1): 129–145.
[4] CHUNG K L. A Course in Probability Theory [M]. Academic Press, New York, 1974.
[5] SHANNON C. A mathematical Theory of Communication [M]. Bell System Tech J., 1948, 27: 379–423.
[6] MCMILLAN B. The Basic Theorem of information theory [J]. Ann. Math. Statist., 1953, 24: 196–219.



4I ����3�W6�G1/� Shannon-McMillan 
�7� 727

[7] BREIMAN L. The individual ergodic theorem of information theory [J]. Ann. Math. Statist., 1957, 28:
809–811.

[8] CHUNG K L. The ergodic theorem of information theory [J]. Ann. Math. Statist, 1961, 32: 612–614.
[9] DOOB J L. Stochastic Process [M]. New York, Wiley, 1953.

[10] GRAY R M. Entropy and Information Theory [M]. New York, Springer, 1990.

A Class of Shannon-Mcmillan Approximation Theorems for Arbitrary

Discrete Information Source

WANG Kang-kang1, YANG Wei-guo2

(1. School of Mathematics and Physics, Jiangsu University of Science and Technology, Zhenjiang 212003, China;
2. Faculty of Science, Jiangsu University, Zhenjiang 212013, China )

Abstract: In this paper, a class of small-deviation theorems for the relative entropy densities of the
arbitrary stochastic sequence are discussed by comparing two joint distributions. As corollaries, some
Shannon-Mcmillan theorems for arbitrary information source, m-order Markov information source are
obtained and some results for the discrete information source are extended.

Key words: Shannon-Mcmillan theorem; arbitrary information source; small-deviation theorems; rela-
tive entropy density; m-order Markov information source.


