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1 ℄ Z�S<9��U<9�Q�<9�,��8�!U<�.:Q�<�.:#&#y)��i�z�o6i,U<Q�<�.:����H�Ve�,9���8�JF���Do�v�s(i,Yb [1]–[4], [6]–[8] Y!�Y�!!Yb [2] a Hermite-Hadamard �.:PI)6�
g-OP?�Yb [7]�a HilbertQ Hardy-HilbertU<�.:PI)6�,&y���gS<�U<Q�<9�,1m<\!�|�YbB",dKRR�=(℄,�V�?h�gdKk�nys�i,�.:�
Ya��
O��3��
P?,i,U<�.:Y!~0|B���gi,��!H�aC9�9��7|�,�.:=���b���
2 d\>8

t�,rV8�P?%Vz$U<�'Q}Y�Ur�!1�Æ�hl� R �<8?X� R+ = [0,∞). _���z�7<��,U<�.:�2E 1 5 u(x, y), a(x, y), b(x, y), c(x, y) = R+ ×R+ 4,;>�pP?� p > 1 �?�/

up(x, y) ≤ a(x, y) + b(x, y)

∫ x

0

∫
∞

y

c(s, t)u(s, t)dtds, x, y ∈ R+ (2.1)�
u(x, y) ≤ [a(x, y) + b(x, y)A(x, y) exp(

∫ x

0

∫
∞

y

c(s, t)
b(s, t)

p
dtds)]

1

p , x, y ∈ R+ (2.2)!!
A(x, y) =

∫ x

0

∫
∞

y

c(s, t)(
p − 1

p
+

a(s, t)

p
)dtds, x, y ∈ R+. (2.3)P5KI: 2005-11-07; =QKI: 2006-07-03
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z(x, y) =

∫ x

0

∫
∞

y

c(s, t)u(s, t))dtds, (2.4)� (2.1) :vhV
up(x, y) ≤ a(x, y) + b(x, y)z(x, y). (2.5)��!.�.: [5, p30]: α

1

p β
1

q ≤ α
p

+ β
q
, !! α ≥ 0, β ≥ 0, 1

p
+ 1

q
= 1, p > 1, � (2.5) :*)

u(x, y) ≤ [a(x, y) + b(x, y)z(x, y)]
1

p · [1]
p−1

p ≤
p − 1

p
+

a(x, y)

p
+

b(x, y)

p
z(x, y). (2.6)�S (2.4) Q (2.6) :��

z(x, y) ≤

∫ x

0

∫
∞

y

c(s, t)(
p − 1

p
+

a(s, t)

p
z(s, t))dtds

= A(x, y) +

∫ x

0

∫
∞

y

c(s, t)
b(s, t)

p
z(s, t)dtds, (2.7)!! A(x, y) =� (2.3):1��a+�A(x, y) =;>�p%H� x ;^�H� y ;��>`�[�5 A(x, y) > 0, x, y ∈ R+, �� (2.7) :*)

z(x, y)

A(x, y)
≤ 1 +

∫ x

0

∫
∞

y

c(s, t)
b(s, t)

p

z(s, t)

A(s, t)
dtds. (2.8)a4:�4\)P? v(x, y). � v(x, y) > 0,

z(x,y)
A(x,y) ≤ v(x, y), v(x, y) H� y ;��%

vx(x, y) =

∫
∞

y

c(x, t)
b(x, t)

p

z(x, t)

A(x, t)
dt ≤

∫
∞

y

c(x, t)
b(x, t)

p
v(x, t)dt

≤ v(x, y)

∫
∞

y

c(x, t)
b(x, t)

p
dt. (2.9)� (2.9) :!Æ y G1���#} v(x, y), a x \) s, 5 s & 0 ) x U<�*)

v(x, y) ≤ exp(

∫ x

0

∫
∞

y

c(s, t)
b(s, t)

p
dtds). (2.10)%~) z(x, y)

A(x, y) ≤ v(x, y), �
z(x, y) ≤ A(x, y) exp(

∫ x

0

∫
∞

y

c(s, t)
b(s, t)

p
dtds). (2.11)�S (2.5) Q (2.11) :[*1� 1 ,d��!%�/ A(x, y) ≥ 0, �5,~f, ε > 0, � A(x, y) + ε > 0, �4�,�D!�[�}

A(x, y) + ε > 0 'K A(x, y), +T�Æ ε → 0 (W
�Mxv}*) (2.11) :� 22E 2 5 u(x, y), a(x, y), b(x, y) = R+ ×R+ 4,;>�pP?� F : R3
+ → R+ =�pP?%�'L_� 0 ≤ F (x, y, u)− F (x, y, v) ≤ G(x, y, v)(u − v), u ≥ v ≥ 0, !! G : R3

+ → R+=�pP?� p > 1 �?�/
up(x, y) ≤ a(x, y) + b(x, y)

∫ x

0

∫
∞

y

F (s, t, u(s, t))dtds, x, y ∈ R+, (2.12)
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u(x, y) ≤ [a(x, y) + b(x, y)B(x, y) × exp (

∫ x

0

∫
∞

y

G(s, t,
p + 1

p
+

a(s, t)

p
)
b(s, t)

p
dtds)]

1

p , (2.13)!!
B(x, y) =

∫ x

0

∫
∞

y

F (s, t,
p − 1

p
+

a(s, t)

p
)dtds, x, y ∈ R+. (2.14)bH 1�P?

z(x, y), z(x, y) =

∫ x

0

∫
∞

y

F (s, t, u(s, t))dtds, (2.15)�-M1� 1 ��zx�� (2.12) :��.: (2.5) Q (2.6) ���& (2.6),(2.15) :QH�P? F ,L_��
z(x, y) ≤

∫ x

0

∫
∞

y

[F (s, t,
p − 1

p
+

a(s, t)

p
+

b(s, t)

p
z(s, t)) − F (s, t,

p − 1

p
+

a(s, t)

p
)+

F (s, t,
p − 1

p
+

a(s, t)

p
)]dtds

≤B(x, y) +

∫ x

0

∫
∞

y

G(s, t,
p − 1

p
+

a(s, t)

p
)
b(s, t)

p
z(s, t)dtds, (2.16)!! B(x, y) � (2.14) :1��	_�<,���Q*
1� 1 ��|B�[��)�

3 CLAR

ul1� 1Q1� 2,~0|B�H����<9�,ul!���\N0 = {0, 1, 2, . . .},�%�1x,QX( 0, x,�U( 1.2E 3 5 u(m, n), a(m, n), b(m, n), c(m, n) (m, n ∈ N0) =;>P?� p > 1 V8�?�/
u(m, n) ≤ a(m, n) + b(m, n)

m−1∑
s=0

∞∑
t=n+1

c(s, t)u(s, t) (3.1)5 m, n ∈ N0 ����
u(m, n) ≤ [a(m, n) + b(m, n)e(m, n)

m−1∏
s=0

[1 +

∞∑
t=n+1

c(s, t)
b(s, t)

p
]]

1

p (3.2)5 m, n ∈ N0 ���!!
e(m, n) =

m−1∑
s=0

∞∑
t=n+1

c(s, t)(
p − 1

p
+

a(s, t)

p
), m, n ∈ N0. (3.3)bH 1�P?

z(m, n), z(m, n) =

m−1∑
s=0

∞∑
t=n+1

c(s, t)u(s, t), (3.4)



784 � q v m � � � 27q� (3.1) :vhV
up(m, n) ≤ a(m, n) + b(m, n)z(m, n). (3.5)-M1� 1 ,���& (3.5) :*)

u(m, n) ≤
p − 1

p
+

a(m, n)

p
+

b(m, n)

p
z(m, n). (3.6)& (3.4) Q (3.6) :��

z(m, n) ≤

m−1∑
s=0

∞∑
t=n+1

c(s, t)(
p − 1

p
+

a(s, t)

p
+

b(s, t)

p
z(s, t))

= e(m, n) +

m−1∑
s=0

∞∑
t=n+1

c(s, t)
b(s, t)

p
z(s, t), (3.7)!!� e(m, n) � (3.3) :1��a+� e(m, n) =;>,�%H� m ;^�H� n ;��

m, n ∈ N0. >`�[�5 e(m, n) > 0, m, n ∈ N0, �� (3.7) :*
z(m, n)

e(m, n)
≤ 1 +

m−1∑
s=0

∞∑
t=n+1

c(s, t)
b(s, t)

p

z(s, t)

e(s, t)
.1�P? v(m, n),

v(m, n) = 1 +
m−1∑
s=0

∞∑
t=n+1

c(s, t)
b(s, t)

p

z(s, t)

e(s, t)
, (3.8)� z(m,n)

e(m,n) ≤ v(m, n), %
[v(m + 1, n) − v(m, n)] − [v(m + 1, n + 1) − v(m, n + 1)]

= c(m, n + 1)
b(m, n + 1)

p

z(m, n + 1)

e(m, n + 1)
≤ c(m, n + 1)

b(m, n + 1)

p
v(m, n + 1). (3.9)%~) v(m, n) > 0, v(m, n + 1) ≤ v(m, n), � (3.9) :�6

[v(m + 1, n) − v(m, n)]

v(m, n)
−

[v(m + 1, n + 1) − v(m, n + 1)]

v(m, n + 1)
≤ c(m, n + 1)

b(m, n + 1)

p
. (3.10)� (3.10) :!G1 m, Æ n = t %5 t = n, n + 1, . . . , r − 1 'Q (r ≥ n + 1 = N0 !,~�?)*)

[v(m + 1, n) − v(m, n)]

v(m, n)
−

[v(m + 1, r) − v(m, r)]

v(m, r)
≤

r∑
t=n+1

c(m, t)
b(m, t)

p
. (3.11)%~) limr→∞ v(m + 1, r) = limr→∞ v(m, r) = 1. � (3.11) :!Æ r → ∞, �

[v(m + 1, n) − v(m, n)]

v(m, n)
≤

∞∑
t=n+1

c(m, t)
b(m, t)

p
,[

v(m + 1, n) ≤ [1 +

∞∑
t=n+1

c(m, t)
b(m, t)

p
]v(m, n). (3.12)
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��/�	Aj-V=�/;Z"�1}C 785� (3.12) :!G1 n, Æ m = s, $%� s = 0, 1, 2, . . . , m − 1 '.�%~)�1 v(0, n) = 1, *)
v(m, n) ≤

m−1∏
s=0

[1 +

∞∑
t=n+1

c(m, t)
b(m, t)

p
]. (3.13)a z(m,n)

e(m, n) ≤ v(m, n) '. (3.13) :��
z(m, n) ≤ e(m, n)

m−1∏
s=0

[1 +
∞∑

t=n+1

c(m, t)
b(m, t)

p
]. (3.14)�S (3.5) Q (3.14) :[*Ey',�.: (3.2).!%�5 e(m, n) ≥ 0, �5 ε > 0 V,~f,�?�� e(m, n) + ε > 0, �4�,��M�!� e(m, n) + ε 'K e(m, n), �*)e(� (3.14) ,�.:!Æ ε → 0 (W
Mxv*�.: (3.2). 22E 4 5 u(m, n), a(m, n), b(m, n) (m, n ∈ N0) =;>P?�P? L : N2

0 ×R+ → R+ �'L_� 0 ≤ L(m, n, u)− L(m, n, v) ≤ K(m, n, v)(u − v), !! u ≥ v ≥ 0, K(m, n, v) =1��
m, n ∈ N0, v ∈ R+ 4,;>P?� p > 1 V�?�/

up(m, n) ≤ a(m, n) + b(m, n)

m−1∑
s=0

∞∑
t=n+1

L(s, t, u(s, t)) (3.15)5 m, n ∈ N0 ����
u(m, n) ≤ [a(m, n) + b(m, n)f(m, n)

m−1∏
s=0

[1 +

∞∑
t=n+1

K(s, t,
p − 1

p
+

a(s, t)

p
)
b(s, t)

p
]]

1

p (3.16)5 m, n ∈ N0 ���!!
f(m, n) =

m−1∑
s=0

∞∑
t=n+1

L(s, t,
a(s, t)

p
)
b(s, t)

p
), m, n ∈ N0, (3.17)$1�,��Q*|B�4�1�,���[��)�

4 ^ __�B"1� 1 ,z����t�;dmU<9�
up(x, y) = f(x, y) +

∫ x

0

∫
∞

y

g(x, y, s, t, u(s, t))dtds, (4.1)!! p > 1 V�?� u, f : R2
+ → R, g : R5

+ → R rV�pP?�9*
|f(x, y)| ≤ a(x, y), (4.2)

|g(x, y, s, t, u(s, t))| ≤ b(s, y)c(s, t)|u(s, t)|, (4.3)



786 � q v m � � � 27q!! 0 ≤ s ≤ x, 0 ≤ t ≤ y, x, y ∈ R+, P? a, b, c ,1�M1� 1. 5 u(x, y) =9� (4.1) �
x, y ∈ R+ !,z�f�& (4.1)–(4.3) :��

|u(x, y)|p ≤ a(x, y) + b(x, y)

∫ x

0

∫
∞

y

c(s, t)|u(s, t)|dtds. (4.4)��1� 1, � (4.4) :�6
|u(x, y)| ≤ [a(x, y) + b(x, y)A(x, y) exp(

∫ x

0

∫
∞

y

c(s, t)
b(s, t)

p
dtds)]

1

p , (4.5)!! A(x, y) � (2.3) :1��[�s)� (4.5) :,�4=�|�P?B",9� (4.1) f,g�(T�[�%~)�1� 1–4 *),g�{{�X�P?��$���S<9�Q��<9�f,�gm�Uzm��p{{mQzg!Gm ,ul!�o6���.?VX�
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[7] YANG Bi-cheng, BRNETIĆ I, KRNIĆ M. et al. Generalization of Hilbert and Hardy-Hilbert integral inequal-

ities [J]. Math. Inequal. Appl., 2005, 8(2): 259–272.
[8] ZHANG Wei-nian, DENG Sheng-fu. Projected Gronwall-Bellman’s inequality for integrable functions [J].

Math. Comput. Modelling, 2001, 34(3-4): 393–402.

Two New Integral Inequalities and Their Discrete Analogues

HAN Yu-liang1, YU Yuan-hong2

(1. Shandong Institute of Business and Techology, Shandong 264005, China;
2. Academy of Mathematics and System Science, Chinese Academy of Sciences, Beijing 100080, China )

Abstract: In the present paper, we establish new integral inequalities in two variables and their discrete
analogues. The result obtained here can be used as tools in the study of certain differential, integral and
difference equations.

Key words: integral inequality; two variable; discrete analogues.


