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1 6 1p p > 1, q > 1, 1/p + 1/q = 1, am ≥ 0, bm ≥ 0, 0 <
∑+∞

m=1 ap
m < +∞, 0 <

∑+∞
n=1 bq

n < +∞,bxK5�v�1 Hardy-Hilbert �7{� [1,2]:
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, (2)Us f(x) > 0, g(x) > 0, 0 <
∫ +∞

0
fp(x) dx < +∞, 0 <

∫ +∞

0
gq(y) dy < +∞. P�) [1] o3"� π

sin( π
p
) ~�}5�PT�7{ (1) � (2) a-=
KNl5vC
ZD6�7>�:��f� Hsu L C, Gao

M Z, Yang B C, Kuang J C 
 Hu K 7 =U�5^rg5?�
�Z�?�wCrsaf%xQEG [3]:
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(ii). �Z``� 1
m+n
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x+y

. f� 1
m+n

a�) [12] s��Z� 1
(Am+Bn)λ (A > 0, B >

0, 0 < λ ≤ 2); 1
x+y
��Z� 1

(Ax+By)λ . E�3{5``���) [13]–[15] 7�
(iii). $<=TnH℄�5N��f� Yang a�) [16] snI�f℄ b > a > 0, 0 < t ≤

1, f, g ∈ L2[0, +∞), b
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,Us B(p, q) � Beta `���E�5?��℄��) [17]–[19] 7�
(iv). ,O�\+�Z�jEG5Me'G+�) [20] s#2�WT Hilbert �7{5KN
P*? s5E./5�7{�|��f [3]. j.<�I=�7{ (1) 
 (2) 5�E�?�
�Z~gQHI5�'b�l�=T Hilbert�7{5?� *T Lp (�s5`�
 Lp 86(��PT Orlicz(�~ Lp (�5�r5�zb5�Z�f℄OUa Orlicz B�%
1l�4t�7{5�03{�+?�M�7{5?�qd2T�'-5`�(�s_�~QHI5�

2 8 N �'7Æ�40��	5 1
[21] GL39Q5�`� M(u) A}�

M(0) = 0; M(u) > 0, u 6= 0; lim
u→0+

M(u)

u
= 0; lim

u→+∞

M(u)

u
= +∞.b$U�EQ N- `��	5 2

[21] =T N- `� M(u) Ua Young �7{:I%5V N- `� N(v) :I�
N(v) = max

u≥0
(u|v| − M(u)), v ≥ 0.p M(u) � N- `�� G ⊂ Rn �℄\� G Q�l���{

L∗
M = {f(x) : ∃α > 0z4 ∫

G

M(αf(x)) dx < +∞},b$ L∗
M �P M(u) ?s%5 Orlicz (��a L∗

M l'GH�KX%6 Orlicz B�
‖f‖M = sup{
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:

∫
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N(g(x)) dx ≤ 1}, f ∈ L∗
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‖f‖(M) = inf
α>0
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∣
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∣

∣

α
) dx ≤ 1}.



4T uÆk�8� Orlicz C�&6 Hardy-Hilbert �8| 7894tB�p�Qf%7�W"
‖ · ‖(M) ≤ ‖ · ‖M ≤ 2‖ · ‖(M).P Luxemburg B�5:IQ

∫

G

M(
|f(x)|

‖f‖(M)
) dx ≤ 1, f ∈ L∗

M .p M(u) � N- `��f℄-a"� l > 0 z4
M(uv) ≤ lM(u)M(v), u, v ≥ 0, (3)b$ M(u) ∈ △′.	5 3

[21] p M(u) � N- `�� a = (a1, a2, . . . , an, . . .) �E�*�6�f℄-a"�
α > 0 z ∑+∞

n=1 M(α|an|) < +∞, b$ a ∈ l∗M . :I l∗M s℄	5B���
‖a‖(M) = inf

α>0
{α :

+∞
∑

m=1

M(
|am|

α
) ≤ 1}, a ∈ l∗M .$ l∗M �P M(u) ?s%5 Orlicz 86(��'b�%1�7{

+∞
∑

m=1

M(
|am|

‖a‖(M)
) ≤ 1, a ∈ l∗M .{ N `� M(u), u > 0, 5A`�� M−1(u). bQ%65�7{%1 [21]:

uv ≤ M(u) + N(v), u, v ∈ R, (Young �7{); (4)

v ≤ M−1(v)N−1(v) ≤ 2v, v ≥ 0; (5)

M(u′)

u′
<

M(u)

u
, 0 < u′ < u; M(u) + N(v) ≤ M(|u| + |v|), u, v ∈ R.p N- `� N(u) ∈ △′, k0 = N(1)

l
(l � (3)), b
N−1(u) ≤

1

N−1(k0

u
)
, u > 0. (6)}yl�PT N(u) ∈ △′, �G (3) {%1�9 u = 1

v
, b N(1) ≤ lN( 1

v
)N(v). S9

v = N−1(u), b N(1) ≤ lN( 1
N−1(u) )u. 9 k0 = N(1)

l
bQ k0

u
≤ N( 1

N−1(u) ), 4��^A`�bQ
(6) {%1�
3 >3���!<�	� 1 p N- `� M(u) sV N- `� N(u)  A} △′ Æ��u-a"� l, k > 0, z

M(uv) ≤ lM(u)M(v), u, v ≥ 0; N(uv) ≤ kN(u)N(v), u, v ≥ 0.
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f ∈ L∗

M , g ∈ L∗
N , A} f(x) ≥ 0, g(x) ≥ 0, ‖f‖(M) > 0, ‖g‖(N) > 0, bQ

∫ +∞

0

∫ +∞

0

f(x)g(y)

x + y
dxdy ≤ (l2α + k2β)‖f‖(M)‖g‖(N), (7)Us α =

∫ +∞

0
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, β =
∫ +∞
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.P Young �7{s M(u) ∈ △′, N(u) ∈ △′ 5�pQ
∫ +∞
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=

∫ +∞

0
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y
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x

y
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g(y)
)[

∫ +∞

0

1

1 + u
N

( 1

M−1(N−1(u))

)
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]
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= β

∫ +∞

0

N
(

g(y)
)

dy. (10)P (8), (9) 
 (10) {o3
∫ +∞

0

∫ +∞

0

f(x)g(y)

x + y
dxdy ≤ l2α

∫ +∞

0

M(f(x)) dx + k2β

∫ +∞

0

N(g(y)) dy. (11)J*�
∫ +∞

0

∫ +∞

0

f(x)
‖f‖(M)

· g(y)
‖g‖(N)

x + y
dxdy

≤ l2α

∫ +∞

0

M
( f(x)

‖f‖(M)

)

dx + k2β

∫ +∞

0

N
( g(y)

‖g‖(N)

)

dy ≤ l2α + k2β.u (7) {%1�	� 2 p N- `� M(u) sV N- `� N(u)  A} △′ Æ��u-a"� l, k > 0, z
M(uv) ≤ lM(u)M(v), u, v ≥ 0; N(uv) ≤ kN(u)N(v), u, v ≥ 0.�6 a = (a1, a2, . . . , an, . . .) ∈ l∗M , b = (b1, b2, . . . , bn, . . . , ) ∈ l∗N , A} an ≥ 0, bn ≥ 0 (n =

1, 2, . . .), ‖a‖(M) > 0, ‖b‖(N) > 0, bQ
+∞
∑

m=1

+∞
∑

n=1

am bn

m + n
≤ (l2α + k2β) ‖a‖(M) ‖b‖(N). (12);� P:- 1 5nIs Young �7{o3
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m + n
= ambn ·

1

m + n

≤ amM−1(
1

m + n
) × bnN−1(

1

m + n
)

= amM−1(
1

m + n
)M−1(N−1(

m

n
)) × bnN−1(

1
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)

1

M−1(N−1(m
n
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(

amM−1(
1

m + n
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m
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(
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1

m + n
)

1

M−1(N−1(m
n
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)
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1
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m

n
) + k2N(bn)

1

m + n
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( 1

M−1(N−1(m
n
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)

.�G
+∞
∑

m=1

+∞
∑

n=1
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m + n
≤l2

+∞
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+∞
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1

m + n
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m

n
)+
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k2

+∞
∑

m=1

+∞
∑

n=1

N(bn)
1

m + n
N

( 1

M−1(N−1(m
n

))

)

. (13)?
+∞
∑

m=1

+∞
∑

n=1

M(am)
1

m + n
N−1(

m

n
) ≤

+∞
∑

m=1

+∞
∑

n=1

M(am)
1

m + n

1

N−1(k0n
m

)

=
+∞
∑

m=1
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+∞
∑

n=1

1

m + n

1

N−1(k0n
m

)
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∑

n=1

1

m + n

1

N−1(k0n
m
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0
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m
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+∞
∑
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1

m + n
N−1(

m

n
) ≤ α

+∞
∑

m=1

M(am). (14)8EEG�
+∞
∑
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+∞
∑

n=1
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1
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1
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1

m + n
N

( 1

M−1(N−1(m
n

))

)

≤

∫ +∞

0

1

x + n
N

( 1

M−1(N−1( x
n
))

)

dx

=

∫ +∞
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x
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=
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N

( 1

M−1(N−1(u))

)

du = β.�G
+∞
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+∞
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N
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M−1(N−1(m
n
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)

≤ β
+∞
∑
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 (15) h{�Q
+∞
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+∞
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n=1
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≤ l2α

+∞
∑

m=1

M(am) + k2β

+∞
∑

n=1

N(bn).J*�
+∞
∑

m=1

+∞
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n=1
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‖a‖(M)
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‖b‖(N)
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≤ l2α

+∞
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m=1
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‖a‖(M)
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+∞
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N(
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≤ l2α + k2β.�G (12) %1�j/KMq(5~^`�Y N- `� A} △′ Æ�5 N- `�~-a5�f�9 M(u) =
|u|p

p
, p > 1, b M(u) � N- `��U�=K5V N `�� N(v) = |v|q

q
, Us 1

p
+ 1

q
= 1. Sf℄

N- `� M(u) A}
lim

u→+∞

lnM(u)

lnu
= p < +∞,b$ M(u) ∈ M△, D$ M(u) �G p �F5��F`��{� M(u) ≈ up. P�) [22], [23] o3*wUV N- `�D���F`��Y N(u) ≈ uq Us 1

p
+ 1

q
= 1. 'b� M(u), N(u) ∈ △′.��+.�
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The Hardy-Hilbert’s Inequalities in Orlicz Norm

SHENG Bao-huai1, ZHOU Lin-lin1, LI Hong-tao2

(1. Department of Mathematics, Shaoxing University, Zhejiang 312000, China;
2. Department of Mathematics, Baoji University, Shaanxi 721007, China )

Abstract: The Hardy-Hilbert inequalities in Orlicz norm are investigated. Both the double serical and
integral type Hardy-Hilbert inequalities in Orlicz norm are established under the conditions that both
the N-function and its complentary N-function satisfy the △

′ condition.

Key words: N-function; Hardy-Hilbert inequality; Young inequality; △′ condition.


