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1 B >( f . 2π 	�*�[P3�my,wk0 xk = x0 + 2kπ/(2n + 1), k = 0, 1, . . . , 2n '*&i��9S,
Ln(x, f) =

2

2n + 1

2n∑
k=0

f(xk)Dn(x − xk), (1)�� Dn(x) . Dirichlet T�7P3 f *ÆoF?fq_r*A��B�7qe�>3�p
‖f − Ln(f)‖C ≤ C lnnEn(f).~EJ`y�[P3*~
fq���Cm��oqHv Faber 2����9S, Ln(x, f) 7�[P3��
�e�Æo� Bernstein[1]([DO [2, p563]), {
� Ln(x, f) *90�z��

Pn,m(x, f) =
1

m + 1

m∑
s=0

Ln,s(x, f) =
2

2n + 1

2n∑
k=0

f(xk)Fm(x − xk), (2)�� Ln,s(x, f) . Ln(x, f) * s = 0, 1, . . . , n j�BU� Fm(x) . Fejér T� Bernstein ��'
n, m HP|$**X�9S, Pn,m(x, f) e�/�qeE�[* 2π 	�P3�' f(x) . Lp ~
�*P3*�{
 (1) r (2) ,�*��9S,.Hhi*�C"�
Kantorovich[3] U Lozinskin[4] MYk$�L�*9S,�

Qn(x, f) =
2

2n + 1

2n∑
k=0

Dn(x − xk)
1

δn

∫
δn

(k)

f(t)dt, (3)~� δn
(k) = [xk, xk + δn], δn = 2π/(2n + 1). yg'*IÆ��Ql9S,7uP3 f */�X)(!2�&Æo74�p�{
��o�Metelichenko[5] kV� Bernstein U Lozinskin *4�/.: 2005-07-14; "5/.: 2006-07-02
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�9S, Qn(x, f) * Cesáro �z�^
Uα

n,m(x, f) =
1

Aα
m

m∑
s=0

Aα−1
m−sQn,s(x, f) =

2

2n + 1

2n∑
k=0

Kα
m(x − xk)

1

δn

∫
δn

(k)

f(t)dt, (4)�� Qn,s(x, f) . Qn(x, f) * s = 0, 1, . . . , n j�BU� Kα
m .�= (C.α) *T�;g��

Uα
n,m(x, f) 7 f ∈ Lp[0, 2π], 1 ≤ p ≤ ∞ */�XUÆo74*J`�

‖Uα
n,m(f) − f‖p ≤ C(α)ω(

ln(m + 2)

m + 1
, f)p, α ≥ 1, m ≥ 0. (5)y��D}��G�Cm�'2J`�

2 J�#��) 1 ( f ∈ Lp[0, 2π], 1 ≤ p ≤ ∞, α ≥ 1, n ≥ m ≥ 0, {
‖Uα

n,m(f) − f‖p ≤
C(α)

m + 1

∫ 2π

π
m+1

ω(t, f)p

t2
dt. (6)% (6) ,���{p

‖Uα
n,m(f) − f‖p ≤

C(α)

m + 1

∫ 2π

π
m+1

ω(t, f)p

t2
dt

≤
C(α)

m + 1
ω(

ln(m + 2)

m + 1
, f)p

∫ 2π

π
m+1

m+1
ln(m+2) t + 1

t2
dt

≤ C1(α)ω(
ln(m + 2)

m + 1
, f)p,^ (5) ,
���;' ω(t) = tβ , 0 < β < 1 *�p

‖Uα
n,m(f) − f‖p ≤

C(α)

m + 1

∫ 2π

π
m+1

1

t2−β
dt ≤ C(α)

1

(m + 1)β
, (7)~EJ`,�Nnq (5) ,�

3 C� (C.α) -%�A<30(
Aα

m =
(α + 1)(α + 2) · · · (α + m)

m!
, α 6= −1,−2, . . . .7q Aα

m, {pgLLJ, (eDO [6, .ex� p77]):

C1(α) ≤
Aα

m

(m + 1)α
≤ C2(α), α > −1, m ≥ 0, (8)

Aα+h
m =

m∑
s=0

Aα
s Ah−1

m−s. (9)
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m =

∑m

s=0 Aα−1
s .b Um CZ	 ∑∞

v=0 uv *�BU�#MZ	* Cesáro �z
σα

m =
1

Aα
m

m∑
s=0

Aα−1
m−sUs, (10)' m → ∞ */�q U , {�Z	 ∑∞

v=0 uv(C.α)(α > −1) }Uq U .%eEZ	. (C.α)(α > −1) }U*�{<
 (C.α + h) }UqAeU3��� h > 0, �pgL*,,�
σα+h

m =
1

Aα+h
m

m∑
s=0

Ah−1
m−sA

α
s σα

s , α > −1, h > 0. (11)#Mm9S, Qn(x, f) * s = 0, 1, . . . , n j�BU�^
Qn,s(x, f) =

2

2n + 1

2n∑
k=0

Ds(x − xk)
1

δn

∫
δn

(k)

f(t)dt, (12)�% (10) ,�* Us, u)(�7 Qn(x, f) * Cesáro �z�Hv (11) ,�p
Uα+h

n,m (x, f) =
1

Aα+h
m

m∑
s=0

Ah−1
m−sA

α
s Uα

n,s(x, f), α > −1, h > 0. (13)o (4) U (12) ,}���= (C.α) *TC
Kα

m(x) =
1

Aα
m

m∑
s=0

Aα−1
m−sDs(x),

Uα
n,m(x, f) *j3�Z�O Kα

m(x) *j3 m � m ≤ n. jC m < 2n + 1, p (eDO [6, .<x� p22]):

2

2n + 1

2n∑
k=0

Kα
m(x − xk) ≡ 1. (14)2���*Lf. α = 1 *� K1

m *J`�#:	�
K1

m = Fm(x) =
1

2(m + 1)
(
sin(m + 1)(x/2)

sin(x/2)
)2. Fejér T�<Æ�gL*�,, (eDO [6, .ex� p90]):

|Fm(x)| ≤ m + 1, (15)

|Fm(x)| ≤
C

(m + 1)x2
, 0 < |x| ≤ π. (16)

4 �*G,M{
 α = 1 *���o (11) r (14) ,�)
|U1

n,m(x, f) − f(x)| ≤
2

2n + 1

2n∑
k=0

Fm(x − xk)
1

δn

∫
δn

(k)

|f(t) − f(x)|dt.



886 4 ℄ ` s s � � 27y7:p* m ≤ n,  ∆m = 2π/(m + 1), 	'�*U,����B S1(x), S2(x):

S1(x) =
2

2n + 1

∑
|x−xk|<∆m

, S2(x) =
2

2n + 1

∑
∆m≤|x−xk|≤π

.lm (15) ,�)
S1(x) =

2

2n + 1

∑
|x−xk|<∆m

|Fm(x − xk)|
1

δn

∫
δn

(k)

|f(t) − f(x)|dt

≤
m + 1

π

∑
|x−xk|<∆m

∫
δn

(k)

|f(t) − f(x)|dt

≤
2

∆m

∫ x+∆m+δn

x−∆m

|f(t) − f(x)|dt

=
2

∆m

∫ 2∆m

−∆m

|f(x + t) − f(x)|dt.7℄Blm Minkowski �,,�)
‖S1(x)‖p ≤

2

∆m

∫ 2∆m

−∆m

‖f(x + t) − f(x)‖pdt ≤
4

∆m

∫ 2∆m

0

ω(t, f)pdt

≤
4

∆m

2∆mω(2∆m, f)p ≤ 8(4π + 1)ω(
1

m + 1
, f)p. (17)' m = 0 *� S2(x) ≡ 0. ' m ≥ 1 *�\z j = j(m) ∈ N , +) 2j−1∆m ≤ π < 2j∆m.

S2(x) =
2

2n + 1

∑
∆m≤|x−xk|≤π

Fm(x − xk)
1

δn

∫
δ
(k)
n

|f(t) − f(x)|dt

≤
2

2n + 1

j−1∑
i=0

∑
2i∆m≤|x−xk|≤2i+1∆m

|Fm(x − xk)|
1

δn

∫
δ
(k)
n

|f(t) − f(x)|dt

≤
2

2n + 1

j−1∑
i=0

|Fm(x − xk)|
1

δn

∫ x−2i∆m+δn

x−2i+1∆m

|f(t) − f(x)|dt+

2

2n + 1

j−1∑
i=0

|Fm(x − xk)|
1

δn

∫ x+2i+1∆m+δn

x+2i∆m

|f(t) − f(x)|dt

=S′
2(x) + S′′

2 (x).lm (16) ,�)
S′

2(x) ≤
2

2n + 1

j−1∑
i=0

π2

2(m + 1)(2i∆m)2
1

δn

∫ x−2i∆m+δn

x−2i+1∆m

|f(t) − f(x)|dt

≤

j−1∑
i=0

∆m

(2i+1∆m)2

∫ 2i+1∆m

2i∆m−δn

|f(x − t) − f(x)|dt

≤

j−1∑
i=0

∆m

∫ 2i+1∆m

2i∆m−δn

|f(x − t) − f(x)|

t2
dt.
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S′

2(x) ≤ 2∆m

∫ 2j∆m

1
2 ∆m

|f(x − t) − f(x)|

t2
dt,7℄Blm Minkowski �,,�)

‖S′
2(x)‖p ≤ 2∆m

∫ 2j∆m

1
2∆m

‖f(x − t) − f(x)‖p

t2
dt

≤
4π

m + 1

∫ 2π

π
m+1

ω(t, f)p

t2
dt. (18)A��}`9 S′′

2 (x),

S′′
2 (x) ≤

j−1∑
i=0

∆m

(2i+1∆m)2

∫ x+2i+1∆m+δn

x+2i∆m

|f(t) − f(x)|dt

≤

j−1∑
i=0

4∆m

(2i+2∆m)2

∫ 2i+1∆m+δn

2i∆m

|f(x + t) − f(x)|dt

≤

j−1∑
i=0

4∆m

∫ 2i+1∆m+δn

2i∆m

|f(x + t) − f(x)|

t2
dt

≤ 8∆m

∫ 2j∆m+δn

∆m

|f(x + t) − f(x)|

t2
dt.7℄Blm Minkowski �,,�)

‖S′′
2 (x)‖p ≤ 8∆m

∫ 2π

∆m

‖f(x + t) − f(x)‖p

t2
dt ≤ 8∆m

∫ 2π

∆m

ω(t, f)p

t2
dt

≤
16π

m + 1

∫ 2π

π
m+1

ω(t, f)p

t2
dt. (19)~b�7"h* 0 ≤ m ≤ n, kV (17)–(19) ,�)(

‖U1
n,m(x, f) − f(x)‖p ≤ ‖S1(x)‖p + ‖S′

2(x)‖p + ‖S′′
2 (x)‖p

≤ Cω(
1

m + 1
, f)p +

C1

m + 1

∫ 2π

π
m+1

ω(t, f)p

t2
dt +

C2

m + 1

∫ 2π

π
m+1

ω(t, f)p

t2
dt

≤
C3

m + 1

∫ 2π

π
m+1

ω(t, f)p

t2
dt. (20)7 α > 1, o (9) U (13) ,�)�

Uα
n,m(x, f) =

1

Aα
m

m∑
s=0

Aα−2
m−sA

1
sU

1
n,s(x, f),

Uα
n,m(x, f) − f(x) =

1

Aα
m

m∑
s=0

Aα−2
m−sA

1
s[U

1
n,s(x, f) − f(x)].
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‖Uα

n,m(x, f) − f(x)‖p ≤
C(α)

(m + 1)α

m∑
s=0

(m − s + 1)α−2(s + 1)‖U1
n,s(x, f) − f(x)‖p

≤
C(α)

(m + 1)α

m∑
s=0

(m − s + 1)α−2(s + 1)
C

s + 1

∫ 2π

π
s+1

ω(t, f)p

t2
dt

≤
C1(α)

(m + 1)α

∫ 2π

π
s+1

ω(t, f)p

t2
dt

m∑
s=0

(m − s + 1)α−2

≤
C2(α)

(m + 1)α

∫ 2π

π
s+1

ω(t, f)p

t2
dt.2� 1 ��� 2�&8:�
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On Approximation by Modified Interpolation Polynomials in Spaces Lp

WU Xiao-hong1, LU Zhi-kang2

(1. Basic Courses Department, Hangzhou Wanxiang Polytechnic, Zhejiang 310023, China;
2. Department of Mathmatics, HangZhou Teacher’s College, Zhejiang 310012, China )

Abstract: The paper deals with certain modified interpolation polynomials for functions in space
f ∈ Lp[0, 2π], 1 ≤ p < ∞. An estimate of the rate of approximation to a function f by these polynomials
in terms of its modulus of continuity is obtained. This estimate improves essentially the result obtained
by Metelichenko[5].

Key words: modified interpolation polynomials; space Lp[0, 2π]; the rate of approximation.


