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1 ! �Æ
�
� [2] X;Y#:�x1�`$ Lp !��\// Orlicz !�E�Æ=�b M(u)h N(v) �joA1 N 
n�CM(u)h N(v) =41=.n p(u)h q(v)=, S+7L��Y? N 
n180zO�W�
� [1]. 9 N 
n N(v) 
�1 Orlicz & LN kS:`
ρ(v, N) =

∫ 1

0

N(v(x))dx < ∞1��
n1Vz v(x); 9 N 
n M(u) 
�1 Orlicz !� L∗
M kS�;;�1 Orlicz Cn

‖u‖M = sup
ρ(v,N)≤1

|
∫ 1

0

u(x)v(x)dx|1��
n1Vz u(x), �f Orlicz Cnq�9�i~r
‖u‖M = inf

α>0

1

α
(1 +

∫ 1

0

M(αu(x))dx),�S&I α > 0, :` ∫ 1

0 N(p(α|u(x)|))dx = 1, h0
‖u‖M =

1

α
(1 +

∫ 1

0

M(αu(x))dx).I L∗
M _q�-LBC Orlicz Cn3�1 Luxemburg Cn

‖u‖(M) = inf{α > 0 :

∫ 1

0

M(
u(x)

α
)dx ≤ 1}.�q
�: 2005-11-04; |�
�: 2006-10-11v}�
: G?W_X�#u
 (200408020108).



902 o ! $ � D K 8 27�-�I�7 L∗
M h L∗

(M) �j*; Orlicz Cnh Luxemburg Cn1 Orlicz !��Q8 l (l ≥ 1) OHMgn t1, . . . , tl z��i Pr(x) =
∏l

j=1(x
2 − t2j), D = d

dx
k�IrJ�� Pr(D) =

∏l
j=1(D

2 − t2j ), "! r = 2l. 3℄
n& Ω2l
M [0, 1]: f(x) ∈ Ω2l

M [0, 1] -SÆ-
f (2l−1)(x) I [0,1] _�=, � f (2k)(0) = f (2k)(1) = 0, k = 0, . . . , l − 1, S ‖Pr(D)f‖M ≤ 1.9
� [2] P�

Ωr
∞ = {f(x) =

∫ 1

0

K(x, y)g(y)dy : g(x)
a.e.
= Pr(D)f(x), ‖g‖∞ ≤ 1};

Ωr
(M) = {f(x) =

∫ 1

0

K(x, y)g(y)dy : g(x)
a.e.
= Pr(D)f(x), ‖g‖(M) ≤ 1};

Ωr
N = {f(x) =

∫ 1

0

K(x, y)g(y)dy : g(x)
a.e.
= Pr(D)f(x), ‖g‖N ≤ 1},OX K(x, y) = 2

∑∞
k=1

sin kπx sin kπy
pr(ikπ) , i =

√
−1.3℄Y? Pr(D) 1\0 Bernoulli g Kr(x) =

∑∞
k=1

cos kπx
pr(ikπ) . b g ∈ L∗

(M), - g̃ �j g 1[M� 2 1Q&��= f = K ∗ g, ;
f(x) =

∫ 1

0

K(x, y)g(y)dy

=

∫ 1

0

∞∑
k=1

cos kπ(x − y)

pr(ikπ)
g(y)dy −

∫ 1

0

∞∑
k=1

cos kπ(x + y)

pr(ikπ)
g(y)dy

=

∫ 1

0

∞∑
k=1

cos kπ(x − y)

pr(ikπ)
g(y)dy +

∫ 0

−1

∞∑
k=1

cos kπ(x − y)

pr(ikπ)
g̃(y)dy.^�

f̃(x) =

∫ 1

−1

Kr(x − y)g̃(y)dy,K f̃ �k f ∈ Ωr
(M)[0, 1] 1[M� 2 1Q&���
Λn = {ξ : ξ = (ξ1, . . . , ξn), 0 = ξ0 < ξ1 < · · · < ξn < ξn+1 = 1};

Γn = {hξ(t) : ξ ∈ Λm(m ≤ n), hξ(t) = (−1)j , ξj < t < ξj+1, j = 0, 1, . . . , m, hξ(ξj) = 0};

Πn = {fξ = K ∗ hξ : hξ ∈ Γn};

e(Πn, L∗
(M)) = inf{‖fξ‖(M) : fξ ∈ Πn}; (1.1)

e(Πn, L∗
N ) = inf{‖fξ‖N : fξ ∈ Πn}. (1.2)-�I�7 dn(A; X), dn(A; X), δn(A; X) �j
n& A I��LC!� X E1 n−K #:� n − G #:� n − L #:�;Y n #:180���
� [3].

2 Πn kw&��m� 1 b M(u) h N(v) k:` ∆2 {�1oA1 N 
n� M(u) h N(v) 1���bQ�<� p(u) h q(v) I�k M(u) h N(v) 1=.n� n ∈ Z+, K;
e(Πn, L∗

(M)) = ‖pn‖(M); (2.1)
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e(Πn, L∗
M ) = ‖pn‖M , (2.2)"! pn(x) =

∫ 1

0 K(x, y)sgn sin(n + 1)πydy.%� R� Bolzano-Weierstrass 8([.OBw��x (1.1) i;��b fξ∗ kNw��x1��|&I ξ∗ ∈ Λm(m ≤ n), h0 minhξ∈Γn
‖fξ‖(M) = ‖fξ∗‖(M). �5�I�x�3

Φ(ξ1, . . . , ξn) =

∫ 1

0

M(
|fξ(x)|

‖fξ∗‖(M)
)dx =

∫ 1

0

M(
|∑m

j=0(−1)j
∫ ξj+1

ξj
K(x, y)dy|

‖fξ∗‖(M)
)dx, (2.3)K; ∂Φ

∂ξj
|ξ∗= 0 (j = 1, . . . , m), �~r0

∫ 1

0

p(
|fξ∗(x)|
‖fξ∗‖(M)

)sgn(fξ∗(x))K(x, ξ∗j )dx = 0 (j = 1, . . . , m).3
G(y) =

∫ 1

0

p(
|fξ∗(x)|
‖fξ∗‖(M)

)sgn(fξ∗(x))K(x, y)dx,K G(ξ∗j ) = 0 (j = 1, . . . , m).��OB G(y) I (0,1) E / ξ∗j ���26�S<+ ξ∗j (j = 1, . . . , m) 9k G(y) 1�e6�3
f̃ξ∗(x) =

∫ 1

−1

Kr(x − y)h̃ξ∗(y)dy;

G̃(y) =

∫ 1

−1

p(
|f̃ξ∗(x)|
‖f̃ξ∗‖(M)

)sgn(f̃ξ∗(x))Kr(x − y)dx,K f̃ξ∗(x) h G̃(y) I�k fξ(x) h G(y) 1- 2 �[M1Q&����7
� [4] X1FB�O0 G(y) I (0,1) E261On�(? m (ZR)�Zn~r).
6b ξ∗ = {0 = ξ∗0 < ξ∗1 < · · · < ξ∗m < ξ∗m+1 = 1} \�1&�/VzNn k: k =

−m − 1,−m, . . . ,−1 f�^8 ξ∗k = −ξ∗|k|, = |k| > m + 1 1Nn k, &I k′, h0 |k′| ≤ m + 1,

k = k′(mod2(m + 1)), ^8 ξ∗k = ξ∗k′ , M'
 ξ∗k &�/VzNn k _�� ∆k = [ξ∗k−1, ξ
∗
k],

|∆k| = ξ∗k − ξ∗k−1, δ = min |∆k|, �3 H0(x) = G(x) + G(x + δ). \//
sgn(p(|a|)sgna + p(|b|)sgnb) = sgn(a + b),7C
� [2] &q1FB��O0 ∆k = 1

m+1 , k = −m, . . . , 0, . . . , m + 1. M'��-0/
fξ∗(x) =

∫ 1

0

K(x, y)sgn(sin(m + 1)πy)dy.
l�q�O m = n. �
Fj+1,r(x) =

4

π

∞∑
k=0

sin(2k + 1)πx

(2k + 1)pr(i(2k + 1)(j + 1)π)
(j = 0, 1, . . .).9
� [2] �0�^ j > j′, K;

Fj+1,r(x) < Fj′+1,r(x). (2.4)
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‖pn‖(M) = inf{α > 0 :

∫ 1

0

M(

∫ 1

0
K(x, y)sgn(sin(n + 1)πy)dy

α
) ≤ 1}

= inf{α > 0 :

∫ 1

0

M(
4

απ

∞∑
k=0

sin(2k + 1)(n + 1)πx

(2k + 1)pr(i(2k + 1)(n + 1)π)
)dx ≤ 1}

= inf{α > 0 :

n+1∑
j=1

∫ j
n+1

j−1

n+1

M(
4

απ

∞∑
k=0

sin(2k + 1)(n + 1)πx

(2k + 1)pr(i(2k + 1)(n + 1)π)
)dx ≤ 1}

= inf{α > 0 :

∫ 1

0

M(
4

απ

∞∑
k=0

sin(2k + 1)πx

(2k + 1)pr(i(2k + 1)(n + 1)π)
)dx ≤ 1}

= ‖Fn+1,r‖(M).^ m < n, 9 (2.4) iz Luxemburg Cn1�W�0
‖Fn+1,r‖(M) < ‖Fm+1,r‖(M). (2.5),>9?

‖Fn+1,r‖(M) = ‖pn‖(M) ≥ min
hξ∈Γn

‖
∫ 1

0

K(·, y)sgn(sin(m + 1))dy‖(M) = ‖Fm+1,r‖(M). (2.6)

(2.5) C (2.6) -i;?�X m = n. 2"� (2.1) i0O�
(2.2) i*�'�O�Tk
�I�x (2.3) s�

Φ(ξ1, . . . , ξn) =

∫ 1

0

M(k|fξ(x)|)dx,M) k > 0, :` ∫ 1

0
N(p(k|fξ∗ |))dx = 1, OA�IC_mT%���

3  ��nkx�m� 2 b M(u)k:` ∆2 {�1 N 
n�M(u) 1���bQ�<�K= n = 1, 2, . . .,;
(1) dn(Ωr

∞; L∗
M ) = δn(Ωr

∞; L∗
M ) = ‖pn‖M ,

(2) span{K(x, 1
n+1 ), . . . , K(x, n

n+1 )} k Ωr
∞ I L∗

M E1 n − K #:h n − L #:1w^!��%� 98( 1 X1 (2.2) ih
� [3] X18( 5.8-1 -z Orlicz !�1;Y�W�0
dn(Ωr

∞; L∗
M ) ≥ min

hξ∈Γn

‖Khξ‖M = ‖pn‖M . (3.1)�/0/_FT~��5 n 	^!� X0
n = span{K(x, j

n+1 )} (j = 1, . . . , n). 9
� [2] X8(
2 1OBP�= h ∈ L∞(0, 1), &I��E
 λ1(h), . . . , λn(h), h- ‖h‖∞ ≤ 1 f;

|
∫ 1

0

K(x, y)h(y)dy −
n∑

j=1

λj(h)K(x,
j

n + 1
)| ≤ |pn(x)|
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dn(Ωr

∞; L∗
M ) ≤ δn(Ωr

∞; L∗
M ) ≤ sup

‖h‖∞≤1

‖
∫ 1

0

K(x, y)h(y)dy −
n∑

j=1

λj(h)K(x,
j

n + 1
)‖M

≤ ‖pn‖M .H9
dn(Ωr

∞; L∗
M ) ≤ E(Ωr

∞; X0
n)M = sup

f∈Ωr
∞

min
g∈X0

n

‖f − g‖M

≤ sup
‖h‖∞≤1

‖
∫ 1

0

K(x, y)h(y)dy −
n∑

j=1

λj(h)K(x,
j

n + 1
)‖M

≤ ‖pn‖M ,�j (3.1) i0
dn(Ωr

∞; L∗
M ) = E(Ωr

∞; X0
n)M = δn(Ωr

∞; L∗
M ) = ‖pn‖M .m� 3 I8( 1 1{���= n = 1, 2, . . ., ;

dn(Ωr
M ; L1) = δn(Ωr

M ; L1) = ‖pn‖(N).%� I8( 1 1{��� L∗
(M) 1Se!�k L∗

N , L∗
M 1Se!�k L∗

(N), �S\//
K(x, y) = K(y, x), Xr^ K = KT(KT k K 1℄V). R�
� [3] X8( 5.8-31OBFB��j
� [5] X8( 4 1OBFB�H98( 1 1 (2.1) i�0

dn(Ωr
M ; L1) ≥ min

hξ∈Γn

‖
∫ 1

0

KT (·, y)hξ(y)dy‖(N)

= min
hξ∈Γn

‖
∫ 1

0

K(·, y)hξ(y)dy‖(N) = ‖pn‖(N).��T�OB
δn(Ωr

M ; L1) ≤ ‖pn‖(N). (3.2)R�
� [6] X8( 8.3-6 1OBFB��j
� [5] X8( 4 1OBFB���0/ (3.2) i1OB�m� 4 b N(v) k:` ∆2 {�1 N 
n�SO���bQ�<�K= n = 1, 2, . . ., ;
δn(Ωr

∞; L∗
(N)) = dn(Ωr

∞; L∗
(N)) = ‖pn‖(N).%� 98( 1 1 (2.1) i��R�
� [3] X8( 5.8-2 1OBFB�I Luxemburg Cn/0�D)1u7�V�+�2"�0

dn(Ωr
∞; L∗

(N)) ≥ min
hξ∈Γn

‖
∫ 1

0

K(·, y)hξ(y)dy‖(N) = ‖pn‖(N)._FT~C8( 2 1FB���



906 o ! $ � D K 8 27�m� 5 I8( 1 1{���= n = 1, 2, . . ., ;
dn(Ωr

(N); L1) = δn(Ωr
(N); L1) = ‖pn‖M .%� _FT~C8( 3 1FB����FT~�R�
� [3] X18( 5.8-41OBFB�j
� [5] X8( 4 1OBFB�\// K(x, y) = K(y, x), �R�8( 1 1 (2.2) i�0

dn(Ωr
(N); L1) ≥ min

hξ∈Γn

‖
∫ 1

0

KT (·, y)hξ(y)dy‖M

= min
hξ∈Γn

‖
∫ 1

0

K(·, y)hξ(y)dy‖M = ‖pn‖M .98( 2 h8( 5, 8( 3 h8( 4, �0��1�7��� I8( 1 h8( 2 1{���;
(1) dn(Ωr

∞; L∗
M ) = dn(Ωr

(N); L1);

(2) dn(Ωr
M ; L1) = dn(Ωr

∞; L∗
(N)).9_m�7�-���Æ
0//C Lp !�&q1=I8(�i~���
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On n-Widths of Certain Function Classes in Orlicz Spaces

SUN Zhi-ling1, WU Ga-ridi2

(1. College of Mathematics and Computer Science, Inner Mongolia University for Nationalities,
Inner Mongolia 028000, China;

2. College of Mathematics Science, Inner Mongolia Normal University, Inner Mongolia 010022, China )

Abstract: This paper deals with the extremal problems of general spline classes which degree of r in
Orlicz spaces. Based on this, we further study the problems of precisely estimation on n-Widths of
smoothness function classes Ωr

∞
[0, 1] in Orlicz spaces. Moreover, we discuss the problems of correspond-

ing dual cases.

Key words: Orlicz space; spline class; function class; width; duality.


