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1 ��

OÆt
rE$$N E WR2 Banach�y�E∗ W E 2B2�y�〈·, ·〉� E 0 E∗ y23B�
F (T ) �V T 2�?8q�&� J : E → 2E

∗ W)zU="2?`B2&��
J (x) = {f ∈ E∗ : 〈x, f〉 = ‖x‖ · ‖f‖ , ‖x‖ = ‖f‖} , x ∈ E.Z� 1.1 N K W E 2M�Jq� T : K → K W�&��

(1) T �o9p�`2�FbB ∀x, y ∈ K, '9 j (x − y) ∈ J (x − y) f�[ k > 0, &L
〈Tx − Ty, j (x − y)〉 ≤ k ‖x − y‖2

.�P�����LN k ∈ (0, 1).

(2) T �o ϕ- 9p�`2�FbB ∀x, y ∈ K, '9 j (x − y) ∈ J (x − y) f�T�S7<2e[ ϕ : [0, +∞) → [0, +∞), &L ϕ (0) = 0 T0
〈Tx− Ty, j (x − y)〉 ≤ ‖x − y‖

2
− ϕ (‖x − y‖) · ‖x − y‖ .

(3) T �o Φ- p�`2 [1], FbB ∀x, y ∈ K, '9 j (x − y) ∈ J (x − y) f�T�S7<2e[ Φ : [0, +∞) → [0, +∞), &L Φ (0) = 0 T0
〈Tx − Ty, j (x − y)〉 ≤ ‖x − y‖2 − Φ (‖x − y‖) .v($G� Φ- p�`&�W��2/ Φ- p�`&�Fzu^rq: 2005-11-08; fvrq: 2006-07-03bh�p: 8-OKA��n� (2006A0089M).
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 1 4 $ 27�Z� 1.2 N K W E 2M�Jq� T : K → K W�&��N F (T ) 6= Φ. ; T �o/ Φ- p�`2�FbB ∀x ∈ K, ∀q ∈ F (T ), '9 j (x − q) ∈ J (x − q) f�T�S7<2e[
Φ : [0, +∞) → [0, +∞), &L Φ (0) = 0 T0

〈Tx − q, j (x − q)〉 ≤ ‖x − q‖
2
− Φ (‖x − q‖) . (1.1)� 1.1 )="�.�"�Fb/ Φ- p�`&�'9�?8�;8�?8�Wm�2�9p�`&��W ϕ- 9p�`&� (C
> ϕ (s) = (1 − k) s, 0 < k < 1); ϕ- 9p�`&��W

Φ- p�`&� (C
> Φ (s) = ϕ (s) · s); . F (T ) 6= Φ Q� Φ- p�`&��W/ Φ- p�`&��Z� 1.3 N K W E 2M�hq� T : K → K W�&�� x0 ∈ K WB�V=28�
{un}, {vn} W K E2*�
!	 {αn}, {βn}, {γn}, {α

′

n
}, {β′

n
}, {γ′

n
} AW [0, 1] E2[!�;&L αn + βn + γn = α′

n + β′

n + γ′

n = 1, ∀n ≥ 0. ;
(1) )zU="2
! {xn} �o T 2
x�2 Ishikawa ;*
!

xn+1 = αnxn + βnTyn + γnun

yn = α′

nxn + β′

nTxn + γ′

nvn

}

n ≥ 0. (1.2)d��. γn = γ′

n
= 0, ∀n ≥ 0. ) (1.2) ="2
! {xn} �o T 2 Ishikawa ;*
!	

(2) . γ′

n
= β′

n
= 0, ∀n ≥ 0. )zU="2
! {xn} �o T 2
x�2 Mann ;*
!

xn+1 = αnxn + βnTxn + γnun, n ≥ 0. (1.3)�3\�Z9r~ [1] E$G��G�2 ϕ- 9p�`&�W��2 Φ- p�`&���V"��z=� (r~ [1] E=� 2.1, =� 2.3).Zm 1.1 N X W�D\i2 Banach �y� K ⊂ X WM�*�hJq� T : K → K W
Φ- p�`&��Fb q W T 2�?8;) (1.2) U="2 Ishikawa ;*
! {xn} &L

(i) limn→∞ βn = limn→∞β′

n
= limn→∞ γ′

n
= 0;

(ii)
∑+∞

n=0 βn = +∞ f ∑+∞

n=0 γn < +∞,; {xn} 9X�- T 2m��?8�Zm 1.2 N E WB 2R Banach �y� E∗ W8B2�y� K ⊂ X WM�*�hJq� T : K → K W�D��2 Φ- p�`&��xN) (1.2) U="2 Ishikawa ;*
! {xn}&L
(i) limn→∞ βn = 0 f ∑+∞

n=0 βn = +∞;

(ii) limn→∞β′

n
= 0;

(iii) limn→∞ γ′

n = 0 f ∑+∞

n=0 γn < +∞,Fb F (T ) 6= Φ, ;BB 2 x0 ∈ K, {xn} 9X�- T 2m��?8�Z-�L=��v(Do� (1) =� 1.1 E2g} “X W�D\i2 Banach �y” �|Io “X W�B R2 Banach �y”; =� 1.2 E2g} “T : K → K W�D��2” W���2	 (2) �T=�E2 “T : K → K W Φ- p�`&�”, �i^oW��2 “T : K → K W/
Φ- p�`&�”; (3) =� 1.1 f=� 1.2 2�*2Mh�OE�) {xn} 2J! {

xnj

} X�-
q, �* {xn} �X�- q Q�RvL(/ “C��BBV k ∈ N , 
! {

xnj+k

} . j → ∞ AX�- q”; >W� �2��F�B-[!�
{xn} : 1, 0, 1, 0, 0, 1, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, . . . ;



47 lME�4� Banach �zFN�	 Φ- q�a'���93<+�	 909>5 2 ��5 4 ��5 7 ��5 11 ��5 16 � (sb* 1 h)25��)· · · , 0 {xn} 2J!
{

xnj

}

= {0}, |�� xnj
→ 0 (j → ∞). BB k ∈ N , 
! {

xnj+k

} E#5 k �o 1 k�8/2b*�Ao 0, Y� xnj+k → 0 (j → ∞); , limn→∞ xn 6= 0 (>� {xn} GK). #%�=�Mh�O2�*W*te2�
r�,~r~ [1] E=� 1.1 2g} “X W�D\i2 Banach �y” |Io “X W�B R2 Banach�y”, �;?:�=� 1.2 E2g} “T : K → K W�D��2”; k~ T ) Φ-p�`&�i^/� T WW��2/ Φ- p�`&���;Q�f{j�=�2�*�T=�2�*W��f{��b0�b�Q�fi^�r~ [2]–[6] 2�Z�b�o�V"
rH�=�2�*�{V"�z$��m1.1[7] N E W�R2 Banach �y�;*
‖x + y‖2 ≤ ‖x‖2 + 2 〈y, j (x + y)〉 , ∀x, y ∈ E, ∀j (x + y) ∈ J (x + y) .8E J : E → 2E

∗ W?`B2&���m 1.2 N {an}, {bn} AWMP[!�; ∃N0 ∈ N+, ∀n ≥ N0 *�
an+1 ≤ an + bn ��H ∑

∞

n=0 bn < +∞, ; limn→∞ an '9�
2 ��g`Zm 2.1 N E WB 2R Banach �y� K ⊂ X WM�*�hJq� T : K → K W/
Φ- p�`&��Fb F (T ) 6= Φ, {xn} W) (1.2) U="2
x�2 Ishikawa ;*
!�;&L

(i) limn→∞ βn = limn→∞ β′

n
= limn→∞ γ′

n
= 0;

(ii)
∑+∞

n=0 βn = +∞ ; γn = o (βn), (n → ∞);

(iii)
∑+∞

n=0 γn < +∞,
∑+∞

n=0 β2
n

< +∞,
∑+∞

n=0 βnβ′

n
< +∞,

∑+∞

n=0 β′

n
γ′

n
< +∞,; {xn} 9X�- T 2m��?8�
o )=" 1.2 2I 1.1 B� T 2�?8Wm�2�No q. )- K *��Y ∃M > 0,B ∀x ∈ K, *

‖x‖ ≤ M. (2.1))- γn = o (βn), Y ∃cn > 0, ; cn → 0 (n → ∞), T0 γn = cn · βn. )$� 1.1 r (1.2)U*
‖xn+1 − q‖2 = ‖αn(xn − q) + βn(Tyn − q) + γn(un − q)‖2

≤ (1 − βn − γn)2‖xn − q‖2 + 2βn〈Tyn − q, j(x−

n+1q)〉 + 2γn〈un − q, j(xn+1 − q)〉

≤ (1 − βn)2‖xn − q‖2 + 2βn〈Tyn − q, j(x−

n+1yn)〉 + 2βn〈Tyn − q, j(yn − q)〉+

2γn〈un − q, j(xn+1 − q)〉. (2.2)}Xt (2.2) U+�U��+�5^�
2γn 〈un − q, j (xn+1 − q)〉 ≤ 2γn ‖un − q‖ · ‖xn+1 − q‖ ≤ 2M2γn = 2M2cn · βn. (2.3)
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 1 4 $ 27�+�5J��) (1.1) U*
2βn〈Tyn − q, j(yn − q)〉

= 2βn{〈Tyn − q, j(yn − q)〉 − ‖yn − q‖2 + Φ(‖yn − q‖)} + 2βn{‖yn − q‖2 − Φ(‖yn − q‖)}

≤ 2βn{‖yn − q‖2 − Φ(‖yn − q‖)}.D
‖yn − q‖

2
= ‖α′

n (xn − q) + β′

n (Txn − q) + γ′

n (vn − q)‖
2

≤ (1 − β′

n
− γ′

n
)
2
‖xn − q‖2 + 2β′

n
〈Txn − q, j (yn − q)〉 + 2γ′

n
〈vn − q, j (yn − q)〉

≤ (1 − β′

n
)
2
‖xn − q‖

2
+ 2β′

n
〈Txn − q, j (yn − xn)〉 + 2β′

n
〈Txn − q, j (xn − q)〉+

2γ′

n 〈vn − q, j (xn − q)〉

≤
(

1 + β′

n

2
)

‖xn − q‖2 + 2M2β′

n
+ 2β′

n

{

‖xn − q‖2 − Φ (‖xn − q‖)
}

+ 2M2γ′

n

≤
(

1 + β′

n

2
)

‖xn − q‖
2

+ 2M2(β′

n + γ′

n) + 2β′

n ‖xn − q‖
2
.Y

2βn 〈Tyn − q, j (yn − q)〉 ≤2βn

(

1 + β′

n

2
)

‖xn − q‖2 + 4M2βn (β′

n
+ γ′

n
)+

4βnβ′

n ‖xn − q‖
2
− 2βnΦ (‖yn − q‖) . (2.4)+�5F��#

2βn 〈Tyn − q, j (xn+1 − yn)〉 ≤ 2βn ‖Tyn − q‖ · ‖xn+1 − yn‖ ≤ 2βnM ‖xn+1 − yn‖

≤ 2Mβn {‖xn+1 − xn‖ + ‖xn − yn‖}

≤ 2Mβn {[βn ‖Tyn − xn‖ + γn ‖un − xn‖] + [β′

n ‖Txn − xn‖ + γ′

n ‖vn − xn‖]}

≤ 2M2βn (βn + γn + β′

n
+ γ′

n
) . (2.5)~ (2.3)–(2.5) *G (2.2) U0�

‖xn+1 − q‖
2
≤ (1 − βn)

2
‖xn − q‖

2
+ 2M2βn (βn + γn + β′

n + γ′

n) + 2M2βncn+

2βn

(

1 + β′

n

2
)

‖xn − q‖2 + 4M2βn (β′

n
+ γ′

n
) + 4βnβ′

n
‖xn − q‖2 − 2βnΦ (‖yn − q‖)

= ‖xn − q‖
2

+ βn

(

β+
n

2β′

n

2
+ 4β′

n

)

· ‖xn − q‖
2

+ 2M2βn (βn + γn + β′

n
+ γ′

n
)+

2M2βncn + 4M2βn (β′

n
+ γ′

n
) − 2βnΦ (‖yn − q‖)

≤ ‖xn − q‖
2

+ M2βn (β′

n + 2β′

n + 4β′

n) + 2M2βn (βn + γn + β′

n + γ′

n)+

2M2βncn + 4M2βn (β′

n
+ γ′

n
) − 2βnΦ (‖yn − q‖)

≤ ‖xn − q‖
2

+ M2βn (3βn + 2γn + 12β′

n + 6γ′

n + 2cn) − 2βnΦ (‖yn − q‖)

= ‖xn − q‖2 + Anβn − 2βnΦ (‖yn − q‖) , (2.6)8E An = M2 (3βn + 2γn + 12β′

n
+ 6γ′

n
+ 2cn) → 0 (n → ∞), ;)�Bg}B ∑+∞

n=0 Anβn <

+∞. ) (2.6) U�0 ‖xn+1 − q‖
2
≤ ‖xn − q‖

2
+ Anβn, D ∑+∞

n=0 Anβn < +∞, �$� 1.2 B�
limn→∞ ‖xn − q‖ '9�



47 lME�4� Banach �zFN�	 Φ- q�a'���93<+�	 911z� limn→∞ ‖xn − q‖ = 0, s limn→∞ xn = q.N� δ = inf {‖yn − q‖ : n ≥ 0}, ;� δ ≥ 0. }� δ = 0. N� δ > 0, ; ∀n ≥ 0, *
‖yn − q‖ ≥ δ. & ϕ 2�S<w��0� ∀n ≥ 0, * ϕ (‖yn − q‖) ≥ ϕ (δ) > 0. &D) (2.6) U�*

‖xn+1 − q‖ 2 ≤ ‖xn − q‖2 + Anβn − 2βnΦ (δ) . (2.7)#o An → 0 (n → ∞), Y� ∃n0 ∈ N, ∀n ≥ n0, An ≤ ϕ (δ), -W) (2.7) U�0
‖xn+1 − q‖ 2 ≤ ‖xn − q‖2 − βnΦ (δ) , ∀n ≥ n0.s βnΦ (δ) ≤ ‖xn − q‖

2
−‖xn+1 − q‖

2
,&D* Φ (δ)

∑

∞

n=n0
βn ≤ ‖xn0

− q‖
2
. 0g}∑

∞

n=0 βn =

+∞ �'C�Y δ = 0; s δ = inf {‖yn − q‖ : n ≥ 0}=0. #%�'9 {yn} 2J! {yni
} T0�

‖yni
− q‖ → 0, (i → ∞). , ‖yni

− xni
‖ ≤ β′

ni
‖Txni

− xni
‖ + γ′

ni
‖vni

− xni
‖ → 0 (i → ∞).Y ‖xni

− q‖ → 0 (i → ∞). ,��� limn→∞ ‖xn − q‖ '9�Y limn→∞ ‖xn − q‖ = 0, s
limn→∞ xn = q. 29=� 2.1 E�. γn = γ′

n = 0, ∀n ≥ 0 Q��0Zm 2.2 N E WB 2R Banach �y� K ⊂ X WM�*�hJq� T : K → K W/
Φ- p�`&��Fb F (T ) 6= Φ, {xn} W) (1.2) U="2 Ishikawa ;*
!�;&L

(i) limn→∞ βn = limn→∞ β′

n
= 0;

(ii)
∑+∞

n=0 βn = +∞;

(iii)
∑+∞

n=0 β2
n

< +∞,
∑+∞

n=0 βnβ′

n
< +∞,; {xn} 9X�- T 2m��?8�9=� 2.1 E�. β′

n
= γ′

n
= 0, ∀n ≥ 0 Q��0Zm 2.3 N E WB 2R Banach �y� K ⊂ X WM�*�hJq� T : K → K W/

Φ- p�`&��Fb F (T ) 6= Φ, {xn} W) (1.3) U="2
x�2 Mann ;*
!�;&L
(i) limn→∞ βn = 0;

(ii)
∑+∞

n=0 βn = +∞ ; γn = o (βn), (n → ∞);

(iii)
∑+∞

n=0 γn < +∞,
∑+∞

n=0 β2
n

< +∞,; {xn} 9X�- T 2m��?8�)-�9p�`&�� ϕ- 9p�`&�� Φ- p�`&�AW/ Φ- p�`&��#%~=� 2.1–2.3 E2g}� “T : K → K W/ Φ- p�`&�”, l � “T : K → K W9p�`&�” m “T : K → K W ϕ- p�`&�” m “T : K → K W Φ- p�`&�” Q��#|� ��� 
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Iteration Approximation for Fixed Point of Nonlinear

Φ-Pseudocontractive Mappings in Banach Spaces

WANG Shao-rong, YANG Ze-heng, XIONG Ming
(College of Mathematics and Computer, Dali University, Yunnan 671000, China )

Abstract: This paper deals with the iteration approximation problem of fixed point for the nonlinear
quasi-Φ-pseudocontractive mappings and Φ-pseudocontractive mappings. The results presented in this
paper show that the quasi-Φ-pseudocontractive mapping and Φ-pseudocontractive mapping T (T may
not be continuous) of the Ishikawa and Mann iterative sequences with errors converges strongly to the
unique fixed point of T in an arbitrary real Banach space E. Our results improve and extend some
recent results, and improve the methods of proof.

Key words: Φ-pseudocontractive mappings; Ishikawa iteration sequence with errors; fixed points.


