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1 ;6�<��*IM}5q81H���
�\gb�"
.4��On8})l	\2��S�:u8�:E!Bvx�9d~-2��x8>8�� [1], �B
sk�B0UuMB��~-2��x88>�$�nSz[8}5"��
1976 K� Rockafellar ` Hilbert #�8%
"�`a4��7�>�L xn+1 ≈ (I +

cnA)−1xn, )u�|R)�L8S��L�K
U& [2−4]. 4e*�L-H�$` Hilbert #�8%
J�IT1Hs>��%b-8~-2��x��DD`�� Banach #�q�
T�Y�l��%b-8~-2��xB Sobolev #� Wm,p(Ω) ~�SDDW [5]. |R)F���Æ� Mann B0L [6] q��7�>�Lbq`�U�`�� Banach #�q`a(,8B0Uu�*M LyapunovOnTeD
K�x:�W�hFB025gz/R1W~-2��x8\^8>�k E �q Banach #�� E∗ �SFM#��ggFM�x J ⊂ E × E∗ DD�
J(x) = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2}, x ∈ E,Sq 〈·, ·〉 �w E T E∗ X��8eDFMF�M “−→” q “⇀” S��w#� E { E∗ q258V�gz/�#Hl�x A ⊂ E × E∗ �2��x�
i ∀xi ∈ D(A), yi ∈ Axi, i = 1, 2, �P 〈x1 − x2, y1 − y2〉 ≥ 0. 2��x A #�~-2�8�
i A 8�' G(A) = {(x, y) : x ∈

D(A), y ∈ Ax} �flRS�2��x8�'kq�: 1
[7−8] ggFM�x8�*|�0p�

(i). k E �q Banach #��b ∀x ∈ E, Jx 6= ∅, D(J) = E, J ⊂ E × E∗ yP��2��x	,
(': 2005-10-08; �-(': 2006-07-02��5&: h�{a 8}� (10471033).
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(ii). f E yqzM�
v Banach #��b J : E → E∗ �2l�*.4�:U2�8Y

JE = E∗;

(iii). f E yq
v��n� Banach #��b J−1 : E∗ → E �ggFM�x�Y` E∗8CWP�x�j�n.4�: 2
[8] k E �q
v��n� Banach #��b�

(i). 2��x A ⊂ E × E∗ y~-2�8 ⇔ ∀r > 0, R(J + rA) = E∗;

(ii). f A ⊂ E × E∗ �~-2��x�bSp A−10 = {x ∈ E : 0 ∈ Ax} y E q8��x�	S�' G(A) y*�8��� ∀{xn} ⊂ D(A), xn ⇀ x (n → ∞), ∀yn ∈ Axn,

yn → y (n → ∞) ⇒ x ∈ D(A) Y y ∈ Ax.�9 1 k E �q
v��n� Banach #��A ⊂ E ×E∗ �~-2��x� ∀r > 0, DD�x QA
r : E → E � QA

r x = (J + rA)−1Jx, �#k� QA
r �x��9 2 k E �q
v Banach #��DD Lyapunov On ϕ : E × E → R+ 
"�

ϕ(x, y) = ‖x‖2 − 2〈x, Jy〉 + ‖y‖2, ∀x, y ∈ E.: 3
[3] k E �qzM�:U��
v Banach #�� C � E q8R#����x��b� ∀x ∈ E, ,`��8 x0 ∈ C, A|� ϕ(x0, x) = inf{ϕ(z, x) : z ∈ C}. )p�F ∀x ∈ E, DD QC : E → C � QCx = x0, �# QC �+ E 6 C j8eD
K�x�: 4
[3] k E �qzM�:U��
v Banach #�� C � E q8R#����x��b ∀x ∈ E, ∀y ∈ C, P� ϕ(y, QCx) + ϕ(QCx, x) ≤ ϕ(y, x).: 5
[3] k E �q
v��n� Banach #�� {xn}, {yn} � E q1W25�fSqk�P��Y ϕ(xn, yn) → 0, n → ∞, b xn − yn → 0, n → ∞.: 6
[9] k E �qzM�:U��
v Banach #�� A ⊂ E × E∗ �~-2��x�

A−10 6= ∅, b� ∀x ∈ E, y ∈ A−10 � r > 0, P� ϕ(y, QA
r x) + ϕ(QA

r x, x) ≤ ϕ(y, x).: 7
[3] k E �q
v Banach #�� C � E q8R#����x�� x ∈ E, x0 ∈ E.b� ϕ(x0, x) = inf{ϕ(z, x) : z ∈ C} 5Y�5 〈z − x0, Jx0 − Jx〉 ≥ 0, ∀z ∈ C.

2 C8��B"k E �q
v��n� Banach #�� A, B ⊂ E × E∗ �~-2��xY D :=

A−10 ∩ B−10 6= ∅. FYD8't(3 x1 ∈ E �} r1 > 0, �DGd�_B0�L





x1 ∈ E, r1 > 0,

xn = QA
rn

xn, n ≥ 1,

x̂n = QB
rn

xn, n ≥ 1,

xn+1 = J−1[αnJxn + (1 − αn)Jx̂n], n ≥ 1

(CEIA)q��B0�L�





x1 ∈ E, r1 > 0,

xn = QA
rn

xn, n ≥ 1,

x̂n = QB
rn

xn, n ≥ 1,

xn+1 = J−1[αnJxn + βnJx̂n + γnJen], n ≥ 1.

(CPIA)



4Q �+�;� Banach $�r2X�.3A�y℄_9?9C1Vv 915"E"|�hF��8u>�i�� 1 kggFM�x J : E → E∗ �g25.48���5 {xn} ⊂ E, xn ⇀ x p�
Jxn ⇀ Jx, n → ∞. k {xn}yO�_B0�L (CEIA) l8B025�; QD := QA−10∩B−10�+ E 6 D j8eD
K�x����	k {rn} ⊂ (0, +∞), limn→∞ rn = +∞, {αn} ⊂ [0, 1]A|� lim supn→∞

αn < 1, lim infn→∞ αn > 0, b� {xn} gz/R v ∈ D, Sq v yA|�
v = lim

n→∞
QD(xn) (1)8��X�?% <��� {xn}, {xn} q {x̂n} �P��xqj� ∀p ∈ D,

ϕ(p, xn+1) =‖p‖2 − 2 〈p, Jxn+1〉 + ‖Jxn+1‖
2

≤αn‖p‖
2 + (1 − αn)‖p‖2 − 2αn 〈p, Jxn〉+

αn‖Jxn‖
2 + (1 − αn)‖Jx̂n‖

2 − 2(1 − αn) 〈p, Jx̂n〉

=(1 − αn)ϕ(p, x̂n) + αnϕ(p, xn). (2)F p ∈ D ⊂ B−10, OG( 6 P�
ϕ(p, x̂n) = ϕ(p, QB

rn
xn) ≤ ϕ(p, xn) − ϕ(x̂n, xn). (3)F p ∈ D ⊂ A−10, OG( 6 P�

ϕ(p, xn) = ϕ(p, QA
rn

xn) ≤ ϕ(p, xn) − ϕ(xn, xn). (4)� (3) q (4) 0d (2) u�P
∀p ∈ D, ϕ(p, xn+1) ≤ ϕ(p, xn), (5)+I ∀p ∈ D, limn→∞ ϕ(p, xn) ,`�F) {xn} yP�25�_O (3) q (4) u� LyapunovOn8DDj� {xn} q {x̂n} ?��P�25�<J�� xn − xn → 0, x̂n − xn → 0, n → ∞.O (3) j� ϕ(p, x̂n) ≤ ϕ(p, xn), _� (4) 0d6 (2) u�P�

ϕ(p, xn+1) ≤ ϕ(p, xn) − αnϕ(xn, xn). (6)F lim infn→∞ αn > 0, Y limn→∞ ϕ(p, xn) ,`�a (6) u^l ϕ(xn, xn) → 0, n → ∞. +IOG( 5, xn − xn → 0, n → ∞.O (4) uj� ϕ(p, xn) ≤ ϕ(p, xn), _� (3) 0d6 (2) u�P�
ϕ(p, xn+1) ≤ ϕ(p, xn) − (1 − αn)ϕ(x̂n, xn). (7)F lim supn→∞

αn < 1, a (7) u^m�ϕ(x̂n, xn) → 0, n → ∞. +I x̂n − xn → 0, n → ∞.<i����# [9] qH� 1 !h�,`��8 v ∈ D A|
lim

n→∞

ϕ(v, xn) = min
y∈D

lim
n→∞

ϕ(y, xn).



916 ~ 6 ; � U O ? 27�<��� limn→∞ ϕ(QDxn, xn) ,`�O QD kDDj�
ϕ(QDxn+1, xn+1) ≤ ϕ(QDxn, xn+1). (8)'�R (5)u8hFj%P�ϕ(QDxn, xn+1) ≤ ϕ(QDxn, xn),_O (8)uj�limn→∞ ϕ(QDxn, xn),`�<��� QDxn → v, n → ∞, e) v ∈ D �R<i��OG( 4 j ϕ(v, QDxn) ≤ ϕ(v, xn) − ϕ(QDxn, xn), +I

lim sup
n→∞

ϕ(v, QDxn) ≤ lim
n→∞

ϕ(v, xn) − lim
n→∞

ϕ(QDxn, xn)

= h(v) − lim
n→∞

ϕ(QDxn, xn) ≤ 0,a ϕ(v, QDxn) → 0, n → ∞. OG( 5, QDxn → v, n → ∞.<=�� ω(xn) ⊂ D, Sq ω(xn) �w {xn} �Pgz/x58g~$>^	�F E �n�Y {xn} P��a ω(xn) 6= ∅.k x ∈ ω(xn), b,` {xn} 8Ix5��Qk xn ⇀ x, n → ∞.+IO<J�j� x̂n ⇀ x, n → ∞. QF x̂n = QB
rn

xn, a�,` wB
n ∈ Bx̂n, s7 Jxn =

Jx̂n + rnwB
n . F {xn}q {x̂n}�P���BO limn→∞ rn = +∞j�wB

n → 0, n → ∞. m)�*MG( 2 q G(B) 8*�0P� x ∈ B−10.�(�O<J�yj� xn ⇀ x, n → ∞. QF xn = QA
rn

xn, a,` wA
n ∈ Axn, s7

Jxn = Jxn + rnwA
n . F {xn} q {xn} �P��a wA

n → 0, n → ∞. +I x ∈ A−10. F)�
x ∈ D.<R�� xn ⇀ v, Sq v �R<i�q<���OG( 7 j

∀y ∈ D, 〈QDxn − y, JQDxn − Jxn〉 ≤ 0. (9)O<��j�QDxn → v, n → ∞. _OG( 1j�J �*.48�a JQDxn ⇀ Jv, n → ∞.OR E zMY {xn} P��a {xn} Pgz/x5�k xnj
⇀ x0, j → ∞, O<=�j�

x0 ∈ D. O	k

Qj� Jxnj
⇀ Jx0, j → ∞. aF (9) u1�℄~$7

〈v − y, Jv − Jx0〉 ≤ 0, ∀y ∈ D.` (10) uq℄ y = x0, b� 〈v − x0, Jv − Jx0〉 ≤ 0. F J :U2��a� x0 = v.k:P�x5 {xnl
} A| xnl

⇀ x1, l → +∞. b� x1 ∈ D Y Jxnl
⇀ Jx1, l → +∞. sTBjj%P� x1 = v. a� xn ⇀ v, n → ∞.� 2 kggFM�x J : E → E∗ g25.4� {xn} yO��B0�L (CPIA)  l8B025�	k��25 {en} ⊂ E A|� ‖en‖ ≤ M, ∀n ≥ 1, Sq M > 0 �!}����	k {rn} ⊂ (0, +∞), limn→∞ rn = +∞, {αn}, {βn}, {γn} ⊂ [0, 1] A|� αn + βn + γn = 1,

∀n ≥ 1, lim infn→∞ αn > 0, lim infn→∞ βn > 0, Σ∞

n=1γn < +∞, b {xn} gz/R v ∈ D, Sq
v yA| (1) u8��X�?% <��� {xn} , {xn} q {x̂n} EyP�25�
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ϕ(p, xn+1) ≤αn‖p‖
2 + βn‖p‖

2 + γn‖p‖
2 − 2αn 〈p, Jxn〉+

αn‖Jxn‖
2 + βn‖Jx̂n‖

2 + γn‖en‖
2−

2βn 〈p, Jx̂n〉 − 2γn〈p, Jen〉

=βnϕ(p, x̂n) + αnϕ(p, xn) + γnϕ(p, en). (11)�D( 1 q8 (3) q (4) 0d6 (11) u�P
ϕ(p, xn+1) ≤ (1 − γn)ϕ(p, xn) + γnϕ(p, en). (12)F ‖en‖ ≤ M Y ∑

∞

n=1 γn < +∞, a (12) u^m ∀p ∈ D, limn→∞ ϕ(p, xn) ,`�F)
{xn} P��+I {xn} q {x̂n} ?P��<J�� xn − xn → 0, x̂n − xn → 0, n → ∞.OD( 1 8 (3) uj� ϕ(p, x̂n) ≤ ϕ(p, xn), _� (4) 0d6 (11) u�P

ϕ(p, xn+1) ≤ (1 − γn)ϕ(p, xn) − αnϕ(xn, xn) + γnϕ(p, en). (13)F lim infn→∞ αn > 0, ‖en‖ ≤ M ,
∑

∞

n=1 γn < +∞ Y limn→∞ ϕ(p, xn) ,`�a (13) u^l
ϕ(xn, xn) → 0, n → ∞. +I xn − xn → 0, n → ∞.�(�OD( 1 q8 (4) uj� ϕ(p, xn) ≤ ϕ(p, xn), _� (3) 0d6 (11) u�P�

ϕ(p, xn+1) ≤ (1 − γn)ϕ(p, xn) − βnϕ(x̂n, xn) + γnϕ(p, en). (14)F lim infn→∞ βn > 0,
∑

∞

n=1 γn < +∞Y limn→∞ ϕ(p, xn),`�a (14)u^m�ϕ(x̂n , xn) →

0, n → ∞. +I x̂n − xn → 0, n → ∞.<i���D( 1 !h�,`��8 v ∈ D A|
lim

n→∞
ϕ(v, xn) = min

y∈D
lim

n→∞
ϕ(y, xn).<��� limn→∞ ϕ(QDxn, xn) ,`�'�R (12) u8hFP

ϕ(QDxn, xn+1) ≤ (1 − γn)ϕ(QDxn, xn) + γnϕ(QDxn, en). (15)OG( 4,

ϕ(v, QDxn) + ϕ(QDxn, xn) ≤ ϕ(v, xn),Sq v ∈ D�R<i��F {xn}P��a {QDxn}P��+I (15)u^m limn→∞ ϕ(QDxn, xn),`�B"hF�D( 1.D 1 5 A ≡ 0 { B ≡ 0 p� (CEIA) q (CPIA) S��x�bR2W~-2��x8>8�_q��B0�L���# [9] qF��25qB0�}8$D

Zz`�ZCR=h�D 2 ��D( 1 q 2 8�>!B�e6P$W~-2��x8[/�B"Y(��B0�L (CPIA) 8�e/u�%I�>�



918 ~ 6 ; � U O ? 27�0# 1 k Ai, i = 1, 2, . . . , m, �~-2��xY D :=
⋂m

i=1 A−1
i 0 6= ∅, kggFM�x

J : E → E∗ g25.4�k {xn} yOB"��B0�L (CPIA′)  l8B025





x1 ∈ E, r1,i > 0, i = 1, 2, . . . , m

yn,i = QAi
rn,i

xn, n ≥ 1, i = 1, 2, . . . , m

xn+1 = J−1[

m∑

i=1

αn,iJyn,i + γnJen], n ≥ 1.

(CPIA’)���	k��25 {en} ⊂ E A|� ‖en‖ ≤ M , Sq M > 0 �!}� ∀n ≥ 1; {rn,i} ⊂

(0, +∞) A| limn→∞ rn,i = +∞, i = 1, 2, . . . , m; αn,i, γn ⊂ [0, 1] A|� ∑m

i=1 αn,i + γn = 1,

∀n ≥ 1, lim infn→∞ αn,i > 0, i = 1, 2, . . . , m Y Σ∞

n=1γn < +∞. b {xn} gz/R v ∈ D, Sq
v yA| (1) u8��X���24�
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An Iterative Algorithm of Common Zero Points for Two Maximal

Monotone Operators in Banach Space

WEI Li1,2, ZHOU Hai-yun2,3

(1. School of Mathematics and Statistics, Hebei University of Economics and Business, Hebei 050016, China;
2. Institute of Applied Mathematics and Mechanics, Ordnance Engineering College, Hebei 050003, China;
3. Institute of Mathematics and Information Science, Hebei Normal University, Hebei 050016, China )

Abstract: Let E be a real smooth and uniformly convex Banach space with E∗ being its duality space.
Let A,B ⊂ E × E∗ be maximal monotone operators with A−10 ∩ B−10 6= ∅. A new iterative algorithm
is introduced which is proved to be weakly convergent to common zero points of maximal monotone
operators A and B by using the techniques of Lyapunov functional and generalized projection operator,
etc.

Key words: Lyapunov functional; maximal monotone operator; uniformly convex Banach space.


