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Abstract In this paper, the global exponential stability of fuzzy cellular neural networks with
impulses and infinite delays is investigated. Based on an impulsive delayed integro-differential
inequality and the properties of fuzzy logic operation and M-matrix, an easily verified sufficient
condition is obtained. Moreover, the exponential convergent rate for the fuzzy cellular neural
networks with impulses and infinite delays is also given. An example is given to illustrate the
effectiveness of our theoretical result.
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1. Introduction

Yang et al.'?l introduced fuzzy cellular neural networks (FCNN), which integrates fuzzy
logic into the structure of traditional CNN and maintains local connectedness among cells. Un-
like previous CNN structures, FCNN has fuzzy logic between its template and input and/or
output besides the “sum of product” operation, which allows us to combine the low information
processing capability of CNN’s with the high level information processing capability, such as im-
age understanding of fuzzy systems. FCNN is a useful paradigm for image processing problems
and Euclidean distance transformation. Also, FCNN has inherent connection to mathematical
morphology, which is a cornerstone in image processing and pattern recognition. To guarantee
that the performance of FCNN is what we wanted, it is important to study its equilibrium points

Bl investigated the existence and sta-

and the stability of those equilibrium points. Yang et al.
bility of equilibrium point of FCNN. And then the delay effect on the stability of equilibrium
point of FCNN has been studied by some researchers. Chen et al.l¥} considered the stability of

FCNN with time-varying delays and Liu et al.l®) studied the stability of FCNN with constant
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time delays and time-varying delays. Huang et al.[%l investigated the stability of FCNN with in-
finite delays. However, besides the delay effect, impulsive effect likewise exists in a wide variety
of evolutionary processes in which states are changed abruptly at certain moments of time. For
example, some biological systems such as biological neural networks and bursting rhythm models
in pathology, as well as frequency-modulated signal processing systems, and flying motions, are
characterized by abrupt changes of states at certain time instants. Their study is assuming a
greater importancel”8l. Xu et al.[® established an impulsive delay differential inequality and
studied the stability of neural networks with impulses. Guan et al.l'% investigated the impulsive
synchronization for Takagi-Sugeno fuzzy model.

In this paper, we will study the stability of the FCNN with impulses and infinite delays:

dIi -
a = i) + ; bijug + Iit
n n t n
N\ i £ ) + N\ v / kij(t — ) f3(x5(s))ds + \ Tijpi+
j=1 j=1 o j=1
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where ¢ = 1,...,n, a; > 0, oy; and ;; are elements of fuzzy feedback MIN template; [3;;
and 6;; are elements of fuzzy feedback MAX template; T;; and H;; are elements of fuzzy feed-
forward MIN template and fuzzy feed-forward MAX template, respectively; b;; are elements of
feed-forward template; A and \/ denote the fuzzy AND and fuzzy OR operation, respectively;
x;, Wi, I; denote state, input and bias of the ith neurons, respectively; h;; are impulsive constant
input; f; are the activation functions; k;;(s) > 0 are the feedback kernels, defined on [0, c0),

satisfying
(H) : / ek (s)ds < oo, d,j=1,...,m, (2)
0

where \g is a positive constant; ¢; are the impulsive moments; t; < t3 < --- is a strictly increasing

sequence such that limy_, ot = oco.

2. Preliminaries

In what follows, we will introduce some notations and basic definitions.

Let R™ be the space of n-dimensional real column vectors, and let R"™*™ denote the set
of m x m real matrices. E denotes an n X m unit matrix. For A,B € R™*"™ or A,B € R",
A > B (A > B) means that each pair of corresponding elements of A and B satisfies the

”»

inequality “ > (>)”. Especially, A is called a nonnegative matrix if A > 0, and z is called a
positive vector if z > 0.

C[X,Y] denotes the space of continuous mappings from a topological space X to a topological
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space Y. Especially, let C £ C[(—o0, 0], R™].
PC[LLR"| £ {p: I — R"|p(tT) = ¢(t) for t €1, p(t~) exists for t € (t,00),

o(t™) = (t) for all but points tx € (tp,00)}, where I C R is an interval, p(t*) and ¢(¢t7)
denote the left limit and right limit of scalar function ¢(t), respectively. Especially, let PC =
PCO((—00,0), R™).

For x € R", A € R"*", we define

2] = (zal,- szl (AT = (aiiDnsxn,

and introduce the corresponding norm for them as follows

llel] = max {lil}, (4]l = @agxn; il
Definition 1 For any given to € R, ¢; € PC, a function z;(t) € PC[(—00,+0), R] is called a
solution of (1) through (to, ¢;), if x;(t) satisfies (1) for t > to, denoted by z;(t,to, ¢) or simply
by x;(t) if no confusion arises. Especially, a point z* = (x%,...,z%)T
(1), if x;(t) = xF is a solution of (1) fori=1,...,n.

Throughout this paper, we assume that for any ¢; € PC, there exists at least one solution
of (1). Let z(t) = (x1(t),...,2,(t))T be any solution of (1). As usual in the theory of impulsive
differential equations, at the points of discontinuity ¢) of the solution z(t) we define that z(t;) =
.’L‘(tk)

Let z* be an equilibrium point of (1). And set y(t) = z(t)—2* = (z1(t)—z%, ..., 2, (t)—2})T.

n

is called an equilibrium of

Substituting them into (1), we can get

CLy; = —aiyi(t) + /\ @ijgi(y; (1)) + /\ ”Yij/7 kij(t — s)g;(y;(s))ds+

j=1

V i)+ V 65 [ hste = s)gus(9)as @)
=1 =1
yi(ty) = i € R,

Ayz(tk) = wzk(yl(tl;)a s 7yn(t;))7 k= 1727 ey

where Yk (Y1 (ty ), - un(ty) = Jie(a (t) + 27, yn(ty) +27) = (2], 27), 95(y; (1)) =
Fily; (t) +25) — fi(F), pi = ¢i — .
It is clear that the stability of the zero solution of (3) is equivalent to the stability of the

equilibrium point * of (1). Therefore, we may mainly discuss the stability of the zero solution

of (3).

Definition 2 The zero solution of (3) is said to be globally exponentially stable if for any
solution y(t) with the initial condition ¢ = (p1,...,0n)T € PC, there exist a constant X\ > 0

and a vector z > 0 such that

[y()]F < ze X070t > 4. (4)
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Definition 3"/ For A = (a;;) € R™*" and B = (b;;) € R™*", define A o B as follows:
anbi o apbin
AoB = : : : . (5)
anﬂbml U amﬂbmn

Then, A o B is called the Hadamard product or Schur product of A and B.

Definition 40121 Let the matrix D = (dij )nxn have nonpositive off-diagonal elements (i.e., d;; <
0,4 # j). Then each of the following conditions is equivalent to the statement “D is a nonsingular
M-matrix”.

(i) All the leading principle minors of D are positive;

(i) D = C — M and p(C~*M) < 1, where M > 0, C = diag{c1,...,cn} and p(-) is the
spectral radius of the matrix (-);

(iii) The diagonal elements of D are all positive and there exists a positive vector d such that
Dd >0 or DTd > 0.

For a nonsingular M-matrix D, we denote
Qu(D) 2 {2z € R"|Dz >0,z > 0}.
From (iii) of the definition of M-matrix, we have the following lemma.
Lemma 1 Qj;(D) is nonempty and for any z1, z2 € Qp(D), we have
k121 + koza € Qpr(D), V k1, ka2 > 0.

Lemma 212 For any aij; € R, xz;, y; € R, 4,7 =1,...,n, we have the following estimations:

n n
| A = N
Jj=1 Jj=1

n

< a2y =yl (6)

j=1

and

n n
|V @iy =\ ai,
j=1 j=1

<Y laggl s — w5l (7)
=1

3. Global exponential stability

In this section, we will first establish an impulsive delayed integro-differential inequality and
then give some sufficient conditions on the global exponential stability of equilibrium point for

system (3).

Theorem 1 Let 0 < u(t) = (u1(t),...,un(t))T € PC([to, ), R") satisfy the following impulsive
delayed integro-differential inequality

DT u(t) < Pu(t) + /OO Q(s)u(t — s)ds, t#tk, t>to,
0
w(t) <Wiu(t™), t=tp k=1,2,..., (8)

u(t) = ¢(t), —oo <t < to,
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Where P= (pij)nxn Wlth pij Z 0 fOI‘i 7£ j7 Wk = (wfj)an Z 07 ¢(t) € PO7 Q(t) = (qU(t))an Z
0 for any t > ty and satisfies

(Ho) : /OO eM*Q(s)ds < oo,

0
in which Ay is a positive constant.
Write Q = ([, ij(5)dS)nxn. If D = —(P + Q) is a nonsingular M-matrix, then there exists

a positive vector z = (21,...,2,)T € Qu (D) such that
u(t) <oy - Oz NITto) g [th-1,tk), E=1,2,..., (9)
where 6, = max{1,||W;||} and the positive constant A < A is determined by the following
inequality
A\E + P + /000 Q(s)e*ds]z < 0, for the given 2z € Qu(D). (10)

Proof Since D is a nonsingular M-matrix, by Lemma 1, there exists a positive vector z € Qs (D)
such that Dz > 0 or (P + Q)z < 0. By using continuity and hypothesis (Hy), we know that (10)

has at least one positive solution A < Aq, i.e.

)\Zi + Z <pij +/ qij (S)EASdS) Z4 < 0. (11)
j=1 0

Since ¢(t) € PC is bounded, by Lemma 1, we can always choose a sufficiently large z €
O (D) such that
u(t) < ze M) e (—o0, to). (12)

Now we shall prove that

u(t) < ze )t e g, ). (13)

In order to prove (13), we first prove for any [ > 1
ul(t) < lZieiA(titD) = ’Ui(t), te [to,tl), 1=1,...,n. (14)

If (14) is not true, then from the fact that u(t) is continuous in [to, ¢1), there must be a t* € [to, 1)

and some integer m such that
U () = v (t), DTy (t*) > v, (), (15)
u;(t) <w;(t), t € (—o0,t™], i=1,...,n. (16)
Hence, by (8), (11), the equality of (15), (16) and p;; > 0 for ¢ # j, g;;(t) > 0, we have
Dtug () <) <pmjuj(t*) +/ Gy (s)u; (T — S)d8>
j=1 0

n

<3 (it [ o e
- 0

Jj=1

< —)\zmle_)‘(t*_to)
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which contradicts the inequality of (15), so (14) holds for all ¢ € [tg,%1). Let I — 1. Then (13)
holds for t € [to, t1).

Using the discrete part of (8), (13), the fact that Wiz < ||[W1]|z, and the definition of §, we
obtain that

u(ty) < Wiu(ty) < Wize M=t < || ||z~ AN —t0) < 6 2o A=),

So we have
u(t) < d1ze M)t e (—oo,ty). (17)

By an argument similar to (13), we can use (17) to derive that
u(t) < 81z M)t e [ty ). (18)
So, by simple induction, we conclude that
w(t) <6y Op12e M)t e [t ty), K=1,2,.... (19)

The proof is completed. O
Now we will state and prove our main results. For convenience, the following notations will

be used.
AO = dia’g{a’lv cety an}? A = (|aZJ| + |6U|)n><nv

B = ([7ij] + 10i51)nxn, K (s) = (kij(8))nxn-

Theorem 2 Assume that the hypothesis (H) holds. Furthermore, suppose the following:
(H1) For anyy; € R, j =1,...,n, there exist nonnegative constants L; such that

195 ()| < Ljly;l. (20)
(H2) For any y; € R, there exist nonnegative constants wfj, k=1,2,...,4,7=1,...,n such
that
ik 1,y < 3wyl (1)
j=1

(H3) Let L = diag{L1,..., Ly}, Q(s) = Bo K(s)L, P = —Ag+ AL, Q = [;° Q(s)ds and
D = —(P + Q) be a nonsingular M-matrix.

(H4) Let
v = max{1, [|[Wi|[}, Wi = (wf))nxn- (22)
And there exists a positive constant n such that
1
&Sn<A7k:1,27,,,7 (23)
tg — tk—1

where the positive constant A\ < \g is determined by the following inequality

\E+P+B O/ K(s)e*dsL]z <0, for z€ Qu(D). (24)
0
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Then the zero solution of (3) is globally exponentially stable, i.e., the equilibrium point z* of (1)
is globally exponentially stable. The convergent rate is equal to \ — 1.

Proof Obviously, the zero solution of (3) is an equilibrium point. The uniqueness of the
equilibrium point follows from the global exponential stability of the equilibrium.

Since D is a nonsingular M-matrix, by Lemma 1, there exists a positive vector z € Qp;(D)
such that Dz > 0 or (P + Q)z < 0. By using continuity and hypothesis (H), we obtain that (24)
has at least one positive solution A < Ag.

Then calculating the upper right derivative DV|y;(t)| along the solution of (3), we have

dy;
de

<- ailyi(t)| + | /\ aijgj(y] | + | /\ Vij / 1] S)gj(yj(s))d8|+

Jj=1

D |yi(t)| =sgn(yi(t)

1V Buigs (w0 er%/ kit = )95 05(5)) s

j=1
n

< —aily(t)] + Z (liz | 4 18:51) 195 (s (£) 1+
§jwm+wa|/ kit = 519505 (5))ds|
j=1

< —aily(t) Z (levij| +18351) Ljly; (¢) |+

2:wm+wmtﬂ iy ()Ll (¢ — 5)]ds, (25)
j=1

where sgn(-) is the sign function, the second inequality is due to Lemma 2 and the third inequality

is due to condition (H1). So by (25), we have

DTy < = Ao[y()]" + AL[y(1)]" + /Ooo Bo K(s)L[y(t — s)]"ds

[ Qs o> (26)
Using the discrete part of (3) and Condition (H2), we have
()™ < Wly(tp)), k=1,2,.... (27)
So, conditions (H3), (22), (26), (26) and (27) imply that all the conditions of Theorem 1 are
satisfied. Hence we conclude that
O] <1 o1ze 20 e [ty ), k=1,2,.... (28)

From (28), we have v, < e"t=t-1) k=12 ... so

YY1 < eNti—to) . on(te—1—tk—2) — onltk—1—to0)

S en(t—to), te [tkfla tk); k= 17 2, e (29)
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So, combining (28) and (29), we derive that
()] < ze= AW pe ), k=1,2,..., (30)
which implies that the conclusions of Theorem 2 hold. The proof is completed. O

Remark 1 If there are no impulses in (1), that is, (1) degenerates to the following form:

dIi -
a = it + ;bijuj + 1+
/\ aij [ (x5(t) + /\ ”YZJ/ ki s)fi(x;(s))ds + /\ Tijpi+
j=1 e j=1 (31)
n t n
\/ Bij f(x; (1)) + \/ 91]/ kij s)fi(z;(s))ds + \/ Hijpj,
j=1 j=1 o0 j=1
,Ti(to) =¢p;, R, 1=1,...,n

then, by using Theorem 2, we can obtain the global exponential stability of equilibrium point x*
of (31).

Corollary 1 Assume that hypothesis (H) holds. Furthermore, suppose that
(H5) For any z;, y; € R, j =1,...,n, there exist nonnegative constants L; such that

|fi(z5) = fi(yi)| < Ljlzs — ysl; (32)

(H6) D = —(P+Q) is a nonsingular M-matrix, where P, () are the same as those in condition
(H3).
Then (31) has only one equilibrium point x*, which is globally exponentially stable.

We can similarly prove the existence and uniqueness of the equilibrium point x* by imitating
the proofs of Theorems 1 and 2 in [3]. The global exponential stability of the equilibrium point

follows from Theorem 2.

Remark 2 By the definition of nonsingular M-matrix, we know that condition (H6) is equivalent
to p(Ay'(AL+ BoKL)) < 1, where p(-) denotes the spectral radius. So Corollary 1 is equivalent
to Theorem 1 in [6]. Note that we drop the condition that f; is a bounded function. Hence,
Corollary 1 improves Theorem 1 in [6], and Theorem 1 extends Theorem 1 in [6] to impulsive

systems.

Remark 3 In general, it is always assumed that there is an equilibrium point for the impulsive
systems to study their stability. However, Corollary 1 shows that there is a unique equilibrium
point z* of the continuous part of the system (1) under the conditions (H5) and (H6). In many
cases, £* may not be a solution of the discrete part of the system (1) without the external
impulsive input, that is, the entire system (1) may have no equilibrium point. In order to
guarantee that the entire system (1) has an equilibrium point, we introduce the external impulsive

input A so that z* is also an equilibrium point of the discrete part of the system (1).



Global exponential stability of fuzzy cellular neural networks with impulses and infinite delays 9

4. An illustrative example

In this section, we will give an example to further illustrate the global exponential stability
of FCNN (1).

Example Consider system (1) with the following parameters and activation functions (n = 2,
i,j=1,2).

ap = —10, ag = —8, 11 = 1, 12 = 2, a1 = 3, g9 = 1, F)/ij = 1,

b1 =1, bho =2, 021 =2, 02 =3, kyj(t) = e "' b =1,

7 25
Ty=1Hj=1p=1 h=g¢ b=+, fi(w;(t)) = |z (1))
And
z1(ty) = Jik(z1(ty,), m2(ty)) + haw, z2(tr) = Jor(21(t),), z2(ty)) + hok, (33)

where tg =0, t, = tx—1 + 0.5k, for k =1,2,....
One can check that all the properties given in (H) are satisfied, provided that 0 < Ag < 2.
In this example, we may let \y = 1. And there exist positive constants L; = Lo = 1 such that

condition (H1) holds. By the given parameters, we have

10 0 2 3 2 3 1 0 et 73t
0= 8) 4= (5 5)2=(3 ) 2= 1) w0 (T S).

So we obtain
-8 3 272 3e3t 1 1 7T -4
P_(5 _5>7Q(t)_<3e—3t 46—4t>7Q_<1 1)7D_(_6 4)7
where Q(t) = Bo K(t)L, P = —Ag+ AL, Q = [;° Q(s)ds and D = —(P + Q). We can easily
observe that D is a nonsingular M-matrix.
(I) If Jig(21,22) = x; and hyy, = 0 for ¢ = 1,2 and k = 1,2,..., then system (1) becomes

FCNN without impulses. By Corollary 1, system (1) has exactly one globally exponentially
stable equilibrium (1,2)7.

Remark 4 Clearly, the activation functions f;, j = 1,2, do not satisfy the assumption on
bound, so the exponential stability criteria in [6] cannot be applied here. Hence Corollary 1 is
less conservative than Theorem 1 proposed by [6].

(IT) Next we consider the case where
Jie = 0.2¢%0% 2 — 0.6e0 %% 2y, Jop = —0.8¢%%% ) 4 0.2e%95% g,
hig =14 €% hop = 2404”0,

We can verify that point (1,2)7 is also an equilibrium point of the FCNN (1) with impulses (33),

and the parameters of conditions (H2) and (H4) are as follows:

=0t (02 08) = 01, k1
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T 3 7
QM(D) = {(2’1,22) >0 | 521 < 29 < 12’1}
Let z = (3,5)T € Qp(D) and A = 0.15 < \¢ which satisfies the inequality
QE+41+Bo/‘}HQ@%przﬂ—OQB&—Q&W$T<(Qm?
0

And we can obtain that for k =1,2,...

0.05k

= 005k =0.1<\

0.05k} In vy < Ine

= 1
max{l, e tr —tr—1 — 0.5k

V&

Clearly, all conditions of Theorem 2 are satisfied, so the equilibrium (1,2)T is globally exponen-

tially stable and the exponentially convergent rate is equal to 0.05.
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