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1. Introduction and main result

Recall that an orthogroup is a completely regular and orthodox semigroup; and a sub-
semigroup S° of a regular semigroup S is called an inverse transversal of S, if for any z €
S, | V(x)nS°| =1, where V(z) = {2’ € S|za'z = x,2'za’ = 2'}.

Orthogroups and orthodox semigroups (with inverse transversals) have been studied by many

authors(1:3=7]

. In this paper, we discuss the structure of orthogroups with inverse transversals.
By virtue of inverse transversals, we give a simpler construction of them, which is different from
those in Refs. [4], [6], [7]. It is helpful to understand the global structure of orthogroups.

A Clifford semigroup G can be written in the form G = [Y;G,], where Y is a semilattice

and G, is a grOup[5,Theorem IV 2.4]

. For a €Y, denote G>a = Ugey g5, G- 1t is easy to prove
that G'>, is a Clifford subsemigroup of G.

Let B = (Y; B,) be a band with a semilattice transversal Y = {@ € Bo| a € Y}, where Y is
a semilattice and B,, is a rectangular band. Denote aBa = {aba € B | b € B}, obviously, it is a
subband of B. For a € SN/, an automorphism £ of aBa is called semilattice transversal-preserving
automorphism, if (5)5 = 5, for any g € Y with 5 < &. Denote by Aut®(aBa) the group of all
semilattice transversal-preserving automorphisms of aBa.

Let B, be a rectangular band and G, be a group. Denote by B, X G a rectangular group
with the multiplication: (a, g)(b, h) = (ab, gh), for (a,g), (b,h) € By X Gq.

Our main result is

Theorem 1.1 Let B = (Y; By) be a band with a semilattice transversal Y = {& € Bu|a € Y},
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where Y is a semilattice. Let G = [Y; G,] be a Clifford semigroup. For each a € Y, let

0o G>o — Aut®(aBa); h— g (h)
be a homomorphism, and denote b" = (b)o,(h) for b € aBa.

On S = J,cy(Ba x Go) define a multiplication by the following: for x = (a,g) € Ba X Ga,
Yy = (b,h) GBﬁ XGQ, Oé,ﬁGY,

TRy = (a(&ab&)f1 (BabB)"b, gh).

Then S is an orthogroup with an inverse transversal. Conversely, every orthogroup with inverse
transversals is isomorphic to one so constructed.

All other terminologies and notations which are not explained can be found in Refs. [1], [5].

2. The proof of Theorem 1.1

The following lemma will be used for many times.

Lemma 2.1% Let B = (Y;B,) be a band and o, 3 € Y with a > (. If a € B,, b,c € Bg,
then bac = bc.

I. Proof of the direct part of Theorem 1.1.

We use the notations of Section 1 and assume that the conditions of the statement of Theorem
1.1 are satisfied.

Firstly, let 8,a,7 € Y with 8 > a > v, b € aBya,h € Gg. Since Y is a semilattice
transversal of B, ¥ < &. Moreover, since o,(h) € Aut®(@Ba) and b = byb, it follows that
bh = (b3b)" = b"F " = BPAb; similarly, we can get that 7 = 3" = (Fb9)" = FbhYh = Fb"7.
So b"DYDb. In addition, b* = (aba)" = a"b"a" = ab"a. Therefore, we can get that

if b € @B, a, then b" € aB,a. (2.1)

Secondly, we prove that the multiplication * on S satisfies the associative law. Let o, 3,7 € Y,
z=(a,9) € Ba X Gq, y=(b,h) € Bg x Gg, z = (¢, k) € By x G,,. For convenience, we denote
aff =§, afy =96, fy=n.

On the one hand,

(x*xy)*z= (a(&ab&)“f1 (BabB)"b, gh) * =

= (a(@aba)?  (BabB)"b(Ea(Gabd)?  (BabB)"bc€) M (Fa(aaba)?  (BabB)"bcy)re, (gh)k)
(since daba, Babf € Be, by (2.1), (aaba)fl and (BabB)" € Be)

= (a(@aba)? " (&(BabB)"be)(€(Ea(@aba)? " €)(Babf)"beg) o)
(Fa(@ab)?”" (3abB)"be)* e, ghk)
(since Y is a semilattice transversal of B, &3 = §)

= (a(@aba)? " £(EE(BabB)"be€) ™) (Fa(daba)? " (BabB)"bey) e, ghk)
(since Be is a rectangular band, &(BabB)"b¢ = a(daba)? € = &)
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= (a(@ab@)?"" (€(BabB)"bet) """ (Fa(@ab@)? " 5 (FabB)"be)*c. ghk)

(by Lemma 2.1, a(Gaba)? ' (fabB)"bey = Fa(@abd)?  7(5abB)"bev)

= (a(@abd)?"" (€(FabB)"bef) """ (Fa(@ab@)? " 7)" (7(5abB)"be)*c, ghk)

(for Fa(@aba)? ™ 7,5(BabB)"bcy € FBA and o (k) € Aut®(7B7))

= (a(@ab@)?"" (€(BabB)"bet) """ ((BabB)"be) e, ghk)

(since &(BabB) b€, Fa(aaba)? 7,7 (BabB) bey € Bs, by (2.1),

(6(Bab)"be) M), (Fa(@abd)? " 3)", (7(Fabf)"be7)* € Bs;

and since Bj; is a rectangular band, it follows that

(§(Pab)"beg) M) (Fa(@ab@)? 3)* (7(BabB)"bey)*

= (€(BabB)"be€)oM ™" (3 (Fabj3)"be7)*)

= (a(@aba)’" (§(FabB)"be€)™ ) ((Babf)"bey) e, ghk)
(since G is a Clifford semigroup, (gh)~! = h=tg™1)

= (a(@aba)’" ((€(FabB)"be)" ") ((BabB)"bey)*e. ghk)

(since Y is a semilattice, £ < «,& < ; and since o¢ is a homomorphism,

oe(h™tg™!) = oe(h™Y)oe(g™"), it follows that

(€(BabB)"bcg)n "9 = ((£(BabB)"beg)" )9 )

= (a(@aba)’" ((€(FabB)" (BbeB)e)" " )*" (7(BabB)"bey) e, ghk)
(since Y is a semilattice transversal of B, g = B{)
= (a(@aba)? " (§((BabB)™)" ™ (BbeB)" " €)" (7(BabB)"bcA) e, ghk)

(since Y is a semilattice transversal of B, Eg B; and by E, (Babg)h,
Bbe € BBJ; also for os(h™1) € Aut"(ﬁBﬁ), et = €, it follows that
(£(BabB)" (BbeB)S)" " = E((BabB)™)" ™ (BbeB)" " €)

= (a(@ab&)?" " (EFabf(Bbel) €) (7(BabB)"be) e, ghk)

(since og(h)og(h™1) = og(hh~1) = 05(15) is the identity automorphism of

Aut®(3BJ3), where tg is the identity of G, it follows that ((BabB)") ™" = Babp)
= (a(@aba)? " (§Bab(BbcB)" " €)" (7(BabB)"bcH) e, ghk)
= (a(@ab&€fab(BbcA)" €)7 (F(BabB)"beT)* e, ghk)

(since Y is a semilattice transversal of B, g < a; and by aaba,
€Bab(BbcB)" " € € ABa; also for 04(g~1) € Aut®(@Bd), it follows that
(Gaba)?™" (§Bab(Bbel)" €)™ = (Gabagfab(Bbed)" €)0")

= (a(@ab(BbeB)" " €)7" (7(BabB)"beA) e, ghk)
(since B is a rectangular band, abaé Bab = ab)

= (a(@ab(BbeB)" @) (F(BabB)"beF) e, ghk)
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(since Y is a semilattice transversal of B, = B&).
On the other hand, similarly,
x (yx2) =z % (b(BbeB)" " (Fbcy)*e, hk)
= (al@ab(BbeB)"" (Fbey) @)’ (fab(BbeB)"" (Fbe7)*eip)"™"
b(BbeB)" " (Fbe)*e, g(hk))

= (a(@ab(BbcB)" " (Fbcy) ey (ab(FbeB)" (i(FbeY)* cif)in)™
(7ib(BbeB)" ) (FbeA)*e, ghk)
= (a(Gab(BbeB)" ™ (Fbcy)k @) (fab(BbeB)" 7m) " ij(7bcy) e, ghk)
= (a(Gab(BbeB)" ™ a(FbeA)*ed)? (7ab(BbcB)" 7)™ (Fbe)Fe, ghk)
= (a(@ab(Bbep)" @) (@(AbeA) ed)? (fjab(BbeB)" 7)™ (FbeA)* e, ghk)
= (a(@ab(BbcB)" &) (fab(BbeB)" 7)™ (FbeF) e, ghk)
= (a(Gab(BbeB)" " @)9 " ((Mab(BbeB)" M")* (FbeA) e, ghk)
= (a(@ab(BbeB)" &) ((7(BabB)(BbeB)" " 7)")* (Fbe) e, ghk)
= (a(@ab(BbcB)" &) (7(BabB)" ((BocB)" " )"i)* (Fbeq)* e, ghk)
= (a(@ab(BbeB)" " @)9" (7(BabB)" (BbcB)i)* (Fbeq ) e, ghk)
= (a(@ab(BbcB)" " &)9"" (7(BabB)"bei)* (Fbei)* e, ghk)
= (a(@ab(BbcB)" &) ((BabB) " beBibed) e, ghk)
= (a(@ab(BbcA)" &) (7(BabB)"beq)* e, ghk)
= (a(Gab(BbeB)" " @) (F(BabB) bcy)* e, ghk).

So (zxy)* 2z =x* (y* z). Hence the multiplication = is associative and it follows that S is a
semigroup.

Let o € Y, = = (a,g) and y = (b,h) € By X Gq. Since a7 ' = a" = &, we have z xy =
(a(@aba)? " (Gabd)"b, gh) = (aa? ' a"b, gh) = (aab, gh) = (ab,gh). So the multiplication % on
B, x G, coincides with the multiplication of the direct product of B, and G,. Therefore, S is
completely regular. Since for any o € Y, B, X G, is a rectangular group, by Theorem I1.5.3 in
Ref. [5], we obtain that S is an orthogroup.

Denote S° = (J Gy, where G = {(®,9) € Bo xGqo | g€ Go}. Let a,0 € Y, x =

-1

- —~ —~h
(a,9) € Gz and y = (B, h) € G- Since Y is a semilattice transversal of B and aﬁg =af =

GB, we get v+ y = (@(aaPE)" (FadB)"B.gh) = (@aB" ab B.gh) = (aBgh) € Gy So
S° is a subsemigroup of S. Let x = (a,g) € By X Gq. It is obvious that (a,g)(a,g 1) (a,g) =
(ada, gg~1g) = (a, g); similarly, (&, g7 1)(a,g)(a,971) = (&, g~ ') holds. So (&,g7!) € V((a,g))N
Ggz. Let (o, h) € V((a,9)) NGg. Then (&, h) = (&, h)(a, g)(a, h) = (aaq, hgh) = (&, hgh), and
we get h = hgh. Similarly, we can prove that (a,g) = (a,9)(a, h)(a, g) = (a, ghg), which implies

acY

that g = ghg. So h = g~!. Hence, | V((a,g)) N Gz| = 1. Then S° is an inverse transversal of
S. Therefore, S is an orthogroup with an inverse transversal S°. The proof of the direct part of
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Theorem 1.1 is completed. O

II. Proof of the converse part of Theorem 1.1.

Let S = (Y;S,) be an orthogroup with an inverse transversal S°, where Y is a semilattice.
In view of Theorem I1.5.3 and Theorem IIL.5.2 in Ref. [5], we assume that S, = B, X G, is a
rectangular group, that is, a direct product of a rectangular band B, and a group G, with the
identity tq, for a € Y.

Denote by E(S) = U,ey E(Sa) the set of all the idempotents of S, e, = (a,ta) € E(Sa)
for a € Y,a € B,. Since S is an orthogroup, £(S) is a band. On B = |J,cy Ba define a
multiplication by the following: for a,b € B, ab is the unique element of B such that e,ep = eqp
(since S satisfies the identity 2°y° = (2°¢°)° in Theorem I1.5.3%). This multiplication extends
the given one on each of the B,, and B — E(S), a — e, is an isomorphism of bands.

Since S° = SN S° = J,cy(Sa N S°) is an inverse transversal of S, it follows that S, N S°
is an inverse transversal of S,. Since S, is a completely simple semigroup, we have that
So N S° is a group H-class of S, denoted by G5 = {(a, g) € By X Gulg € G4}, whence S° =
Uaey Gg’ Proposition 1.2.2, Proposition 1.2.3] pyp, 0 y — {@ € B,| @ € Y}. Since S is completely
regular and S° is an inverse subsemigroup of S, it follows that S° is a Clifford semigroup!s: Lemma IV.2.3]
So we can denote S° = [V; G5, gaﬂ]. Since S° is a Clifford semigroup, E(S°) is a semilattice.

By the definition of B, we obtain that Y is a semilattice. Let a € B. Then & € V(a) and Y is a
semilattice transversal of B.

In view of S°, which is a Clifford semigroup, we have a homomorphism 0,35 : Go —
Gg;g — g0ap for any a > 8 such that (&,g)ga_ﬂ = (5, g0q,3) defines a Clifford semigroup
G = [Y;Gq,008]). In fact, let @, € ¥V with o > 3 and g,h € G,. Since (?aﬁ is a homo-
morphism, (@, 9)(@,1))0a5 = (&.9)00 5(@. 005, then (5, (gh)0,5) = (B.9005)(5. ho ) =
(B,90a,8h00,8), so (gh)bas = gbashbaps. Let (a,g9) € Gs. Since (&, g)0a,a = (&,g) and
(@,900.0) = (@,9), we have 0,4, = lg,. In addition, let o, 8,7 € ¥ with a > § > ~
and (a,g9) € Gg. Since (&,g)ﬁlﬁggﬁ = (&,g)gow and (7, 904.805~) = (V,90a,), we have
0a,808,y = 0a,4. By the multiplication of S°, let g € G, h € Gg. We can define the multiplica-
tion by the following: gh = g0a,agh03,45 such that

(o/:Ba gh) = (&a g) (57 h) = (av g)aa,aﬁ(ga h)aﬁ,aﬁ
= (&ngea.,aﬁ)((;éa heﬁ,aﬁ) = (%agaa,aﬁheﬁ,aﬁ)-

For o € Y, denote G>o = UﬁeY.ﬂZQGB' Let h € Gg C G>q, = = (3, h) € fo' For
any b € aBa, since ezep = eqp for eq, e, € E(S) and by Lemma 2.1, b3b = b, we get that
x’leb:vx’leb:v = x’lebeﬁebx = x’lebgbx = x’leb:v, SO x’leb:v S E(S) Denote epn = xilebx.
Moreover, since S° is a Clifford semigroup, it follows that espny = esepnes = eax ‘erres =

z legeresr = r leqpar = ¢ 'epr = epn, hence b = ab'a € aBa. In addition, e, = ezpz =

-1 JUNISUR S .
ezepey = T leprrT! = zegnaT! = Epryn—ts SO b = (""", Let b,c € aBa. Since Y is
a semilattice transversal of B, @ = af. And since esep, = eqp for eq,ep € E(S), we have
€(be)h = x_lebcx = x_lebacx = x_lebagcx = x_lebegecx = x_leb:vx_lec:v = €ph€.h = €phoh, SO

(be) = bhch.
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Thus, from the above, it induces a mapping o4 : G>o — Aut®(aBa) : h — o, (h) satisfying
(b)oa(h) = b" for b € aBa.

0 (h) is semilattice transversal-preserving. In fact, let g < a. Since S° is a Clifford semigroup
and Y is a semilattice transversal of B, 3¢ = £, we can get that ez = :zflegx = xilxeg =egze; =
ege = €z, SO ch=¢.

Moreover, o, is a homomorphism. In fact, let 3,y € Y and 3,7 > «, h € Gg,k € G,. Since
G is a Clifford semigroup, we get that hk € Ggy C G>qo. Let = (E, h) € fo’ y=,k) € G5.
Since S° is a Clifford semigroup, we have xzy = (87, hk) € G[;Y. Then for b € aBa, ey =
(zy) tep(zy) =yt teyzy =y tepny = euyr, so b = (b")*. Hence 04 (hk) = 0o(h)oa (k).

Let z = (a,g9) € Sq and y = (b, h) € Sz. Since eqep = eqp for ey, e, € E(S), we can obtain
that

Y =ea(&, g)eacs(B, h)es = ea(d, g)ear(B, h)es = ea(@, )€, 5.5, h)es
(since Bag is a rectangular band)
=ea(&, g)eaveaczear(B h)en = ea(@, g)ean(@, g )@, 9)(B, 1) (B, h~)ean(B, h)es
=€a€(gapa)s— (c%,gh)e(gabg)heb (since S° is a Clifford semigroup)
=Cqaapays— (OB 9NN Goyzy, = (a(@ab@)? " (BabB)"b, gh),
So the multiplication on S coincides with the one defined in the statement of Theorem 1.1. We

complete the proof of the converse part of Theorem 1.1. O

So far the proof of Theorem 1.1 is completed.

3. Remarks for some special cases

Recall that an orthogroup S is a regular (normal) orthogroup if E(S) is a regular (normal)

band, that is, E(S) satisfies the identity azya = azaya(axzya = ayza).

Remark 3.1 In Theorem 1.1, if B = (Y; B,) is a regular band with a semilattice transver-
sal Y = {a@ € B,| @ € Y}, and the multiplication * is simplified slightly as follows: for z =
(a,9) € Bo X Go, y = (byh) € Bg x Gg, xxy = (a(@b@)?” " (BafB)"b, gh), then we can get a
construction theorem of regular orthogroups with inverse transversals as outlined in the state-
ment of Theorem 1.1, which is similar to the structure theorem of regular orthogroups given by

Yamadal®> Theorem V.2.5]

Remark 3.2 By means of Theorem 1.1, we can get that a normal orthogroup with inverse
transversals is a spined product of a normal band with semilattice transversals and a Clifford
semigroup.

It is easy to prove that a spined product of a normal band with semilattice transversals and
a Clifford semigroup is a normal orthogroup with inverse transversals.

To prove that a normal orthogroup S with an inverse transversal S° is a spined product of a
normal band with a semilattice transversal and a Clifford semigroup, it suffices to reexamine the

proof of the converse part of Theorem 1.1 for this special case. In fact, for o € Y, the subband
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aBa of B is a semilattice for B is a normal band. For any b € aBga C aBa, £ € Aut’(aBa),
there exists ¢ € aBga such that (¢)€ = b, and (b)€ € aBga since condition (2.1) in the proof of
the direct part of Theorem 1.1 also holds. It follows that (b)§ = (beb)€ = (cbe)§ = (¢)€(b)E(c)E =
b(b)éb = b. So ¢ is the identity automorphism in Aut®(aBa), which implies that Aut®(aBa&) =
{lapa}, where 1zps is the identity automorphism. Thus, it follows that the homomorphism
0o G>o — Aut’(@Ba) : h— o4(h) = lapa is trivial.

Moreover, for z = (a,9) € Ba X Ga, y = (b,h) € Bg x Gg, since (aabd)o,(g~ ') =
aab@, (BabB)oq (h) = BabB, it follows that a(daba)?  (BabB)"b = adabaBabBb = ab.
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