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1. Introduction and main result

Recall that an orthogroup is a completely regular and orthodox semigroup; and a sub-

semigroup S◦ of a regular semigroup S is called an inverse transversal of S[1], if for any x ∈

S, | V (x) ∩ S◦| = 1, where V (x) = {x′ ∈ S|xx′x = x, x′xx′ = x′}.

Orthogroups and orthodox semigroups (with inverse transversals) have been studied by many

authors[1,3−7]. In this paper, we discuss the structure of orthogroups with inverse transversals.

By virtue of inverse transversals, we give a simpler construction of them, which is different from

those in Refs. [4], [6], [7]. It is helpful to understand the global structure of orthogroups.

A Clifford semigroup G can be written in the form G = [Y ; Gα], where Y is a semilattice

and Gα is a group[5,Theorem IV 2.4]. For α ∈ Y , denote G≥α =
⋃

β∈Y,β≥α Gβ . It is easy to prove

that G≥α is a Clifford subsemigroup of G.

Let B = (Y ; Bα) be a band with a semilattice transversal Ỹ = {α̃ ∈ Bα| α ∈ Y }, where Y is

a semilattice and Bα is a rectangular band. Denote α̃Bα̃ = {α̃bα̃ ∈ B | b ∈ B}, obviously, it is a

subband of B. For α̃ ∈ Ỹ , an automorphism ξ of α̃Bα̃ is called semilattice transversal-preserving

automorphism, if (β̃)ξ = β̃, for any β ∈ Y with β̃ ≤ α̃. Denote by Aut◦(α̃Bα̃) the group of all

semilattice transversal-preserving automorphisms of α̃Bα̃.

Let Bα be a rectangular band and Gα be a group. Denote by Bα × Gα a rectangular group

with the multiplication: (a, g)(b, h) = (ab, gh), for (a, g), (b, h) ∈ Bα × Gα.

Our main result is

Theorem 1.1 Let B = (Y ; Bα) be a band with a semilattice transversal Ỹ = {α̃ ∈ Bα|α ∈ Y },
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where Y is a semilattice. Let G = [Y ; Gα] be a Clifford semigroup. For each α ∈ Y , let

σα : G≥α → Aut◦(α̃Bα̃); h 7→ σα(h)

be a homomorphism, and denote bh = (b)σα(h) for b ∈ α̃Bα̃.

On S =
⋃

α∈Y (Bα × Gα) define a multiplication by the following: for x = (a, g) ∈ Bα × Gα,

y = (b, h) ∈ Bβ × Gβ , α, β ∈ Y ,

x ∗ y = (a(α̃abα̃)g−1

(β̃abβ̃)hb, gh).

Then S is an orthogroup with an inverse transversal. Conversely, every orthogroup with inverse

transversals is isomorphic to one so constructed.

All other terminologies and notations which are not explained can be found in Refs. [1], [5].

2. The proof of Theorem 1.1

The following lemma will be used for many times.

Lemma 2.1
[2] Let B = (Y ; Bα) be a band and α, β ∈ Y with α ≥ β. If a ∈ Bα, b, c ∈ Bβ,

then bac = bc.

I. Proof of the direct part of Theorem 1.1.

We use the notations of Section 1 and assume that the conditions of the statement of Theorem

1.1 are satisfied.

Firstly, let β, α, γ ∈ Y with β ≥ α ≥ γ, b ∈ α̃Bγα̃, h ∈ Gβ . Since Ỹ is a semilattice

transversal of B, γ̃ ≤ α̃. Moreover, since σα(h) ∈ Aut◦(α̃Bα̃) and b = bγ̃b, it follows that

bh = (bγ̃b)h = bhγ̃hbh = bhγ̃bh; similarly, we can get that γ̃ = γ̃h = (γ̃bγ̃)h = γ̃hbhγ̃h = γ̃bhγ̃.

So bhDγ̃Db. In addition, bh = (α̃bα̃)h = α̃hbhα̃h = α̃bhα̃. Therefore, we can get that

if b ∈ α̃Bγ α̃, then bh ∈ α̃Bγα̃. (2.1)

Secondly, we prove that the multiplication ∗ on S satisfies the associative law. Let α, β, γ ∈ Y ,

x = (a, g) ∈ Bα × Gα, y = (b, h) ∈ Bβ × Gβ , z = (c, k) ∈ Bγ × Gγ . For convenience, we denote

αβ = ξ, αβγ = δ, βγ = η.

On the one hand,

(x ∗ y) ∗ z = (a(α̃abα̃)g−1

(β̃abβ̃)hb, gh) ∗ z

= (a(α̃abα̃)g−1

(β̃abβ̃)hb(ξ̃a(α̃abα̃)g−1

(β̃abβ̃)hbcξ̃)(gh)−1

(γ̃a(α̃abα̃)g−1

(β̃abβ̃)hbcγ̃)kc, (gh)k)

(since α̃abα̃, β̃abβ̃ ∈ Bξ, by (2.1), (α̃abα̃)g−1

and (β̃abβ̃)h ∈ Bξ)

= (a(α̃abα̃)g−1

(ξ̃(β̃abβ̃)hbξ̃)(ξ̃(ξ̃a(α̃abα̃)g−1

ξ̃)(β̃abβ̃)hbcξ̃)(gh)−1

(γ̃a(α̃abα̃)g−1

(β̃abβ̃)hbcγ̃)kc, ghk)

(since Ỹ is a semilattice transversal of B, α̃β̃ = ξ̃)

= (a(α̃abα̃)g−1

ξ̃(ξ̃ξ̃(β̃abβ̃)hbcξ̃)(gh)−1

(γ̃a(α̃abα̃)g−1

(β̃abβ̃)hbcγ̃)kc, ghk)

(since Bξ is a rectangular band, ξ̃(β̃abβ̃)hbξ̃ = ξ̃a(α̃abα̃)g−1

ξ̃ = ξ̃)
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= (a(α̃abα̃)g−1

(ξ̃(β̃abβ̃)hbcξ̃)(gh)−1

(γ̃a(α̃abα̃)g−1

γ̃(β̃abβ̃)hbcγ̃)kc, ghk)

(by Lemma 2.1, γ̃a(α̃abα̃)g−1

(β̃abβ̃)hbcγ̃ = γ̃a(α̃abα̃)g−1

γ̃(β̃abβ̃)hbcγ̃)

= (a(α̃abα̃)g−1

(ξ̃(β̃abβ̃)hbcξ̃)(gh)−1

(γ̃a(α̃abα̃)g−1

γ̃)k(γ̃(β̃abβ̃)hbcγ̃)kc, ghk)

(for γ̃a(α̃abα̃)g−1

γ̃, γ̃(β̃abβ̃)hbcγ̃ ∈ γ̃Bγ̃ and σγ(k) ∈ Aut◦(γ̃Bγ̃))

= (a(α̃abα̃)g−1

(ξ̃(β̃abβ̃)hbcξ̃)(gh)−1

(γ̃(β̃abβ̃)hbcγ̃)kc, ghk)

(since ξ̃(β̃abβ̃)hbcξ̃, γ̃a(α̃abα̃)g−1

γ̃, γ̃(β̃abβ̃)hbcγ̃ ∈ Bδ, by (2.1),

(ξ̃(β̃abβ̃)hbcξ̃)(gh)−1

, (γ̃a(α̃abα̃)g−1

γ̃)k, (γ̃(β̃abβ̃)hbcγ̃)k ∈ Bδ;

and since Bδ is a rectangular band, it follows that

(ξ̃(β̃abβ̃)hbcξ̃)(gh)−1

(γ̃a(α̃abα̃)g−1

γ̃)k(γ̃(β̃abβ̃)hbcγ̃)k

= (ξ̃(β̃abβ̃)hbcξ̃)(gh)−1

(γ̃(β̃abβ̃)hbcγ̃)k)

= (a(α̃abα̃)g−1

(ξ̃(β̃abβ̃)hbcξ̃)(h
−1g−1)(γ̃(β̃abβ̃)hbcγ̃)kc, ghk)

(since G is a Clifford semigroup, (gh)−1 = h−1g−1)

= (a(α̃abα̃)g−1

((ξ̃(β̃abβ̃)hbcξ̃)h−1

)g−1

(γ̃(β̃abβ̃)hbcγ̃)kc, ghk)

(since Y is a semilattice, ξ ≤ α, ξ ≤ β; and since σξ is a homomorphism,

σξ(h
−1g−1) = σξ(h

−1)σξ(g
−1), it follows that

(ξ̃(β̃abβ̃)hbcξ̃)(h
−1g−1) = ((ξ̃(β̃abβ̃)hbcξ̃)h−1

)g−1

)

= (a(α̃abα̃)g−1

((ξ̃(β̃abβ̃)h(β̃bcβ̃)ξ̃)h−1

)g−1

(γ̃(β̃abβ̃)hbcγ̃)kc, ghk)

(since Ỹ is a semilattice transversal of B, ξ̃ = β̃ξ̃)

= (a(α̃abα̃)g−1

(ξ̃((β̃abβ̃)h)h−1

(β̃bcβ̃)h−1

ξ̃)g−1

(γ̃(β̃abβ̃)hbcγ̃)kc, ghk)

(since Ỹ is a semilattice transversal of B, ξ̃ ≤ β̃; and by ξ̃, (β̃abβ̃)h,

β̃bcβ̃ ∈ β̃Bβ̃; also for σβ(h−1) ∈ Aut◦(β̃Bβ̃), ξ̃h−1

= ξ̃, it follows that

(ξ̃(β̃abβ̃)h(β̃bcβ̃)ξ̃)h−1

= ξ̃((β̃abβ̃)h)h−1

(β̃bcβ̃)h−1

ξ̃)

= (a(α̃abα̃)g−1

(ξ̃β̃abβ̃(β̃bcβ̃)h−1

ξ̃)g−1

(γ̃(β̃abβ̃)hbcγ̃)kc, ghk)

(since σβ(h)σβ(h−1) = σβ(hh−1) = σβ(ιβ) is the identity automorphism of

Aut◦(β̃Bβ̃), where ιβ is the identity of Gβ , it follows that ((β̃abβ̃)h)h−1

= β̃abβ̃)

= (a(α̃abα̃)g−1

(ξ̃β̃ab(β̃bcβ̃)h−1

ξ̃)g−1

(γ̃(β̃abβ̃)hbcγ̃)kc, ghk)

= (a(α̃abα̃ξ̃β̃ab(β̃bcβ̃)h−1

ξ̃)g−1

(γ̃(β̃abβ̃)hbcγ̃)kc, ghk)

(since Ỹ is a semilattice transversal of B, ξ̃ ≤ α̃; and by α̃abα̃,

ξ̃β̃ab(β̃bcβ̃)h−1

ξ̃ ∈ α̃Bα̃; also for σα(g−1) ∈ Aut◦(α̃Bα̃), it follows that

(α̃abα̃)g−1

(ξ̃β̃ab(β̃bcβ̃)h−1

ξ̃)g−1

= (α̃abα̃ξ̃β̃ab(β̃bcβ̃)h−1

ξ̃)g−1

)

= (a(α̃ab(β̃bcβ̃)h−1

ξ̃)g−1

(γ̃(β̃abβ̃)hbcγ̃)kc, ghk)

(since Bξ is a rectangular band, abα̃ξ̃β̃ab = ab)

= (a(α̃ab(β̃bcβ̃)h−1

α̃)g−1

(γ̃(β̃abβ̃)hbcγ̃)kc, ghk)
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(since Ỹ is a semilattice transversal of B, ξ̃ = β̃α̃).

On the other hand, similarly,

x ∗ (y ∗ z) = x ∗ (b(β̃bcβ̃)h−1

(γ̃bcγ̃)kc, hk)

= (a(α̃ab(β̃bcβ̃)h−1

(γ̃bcγ̃)kcα̃)g−1

(η̃ab(β̃bcβ̃)h−1

(γ̃bcγ̃)kcη̃)hk

b(β̃bcβ̃)h−1

(γ̃bcγ̃)kc, g(hk))

= (a(α̃ab(β̃bcβ̃)h−1

(γ̃bcγ̃)kcα̃)g−1

(η̃ab(β̃bcβ̃)h−1

(η̃(γ̃bcγ̃)kcη̃)η̃)hk

(η̃b(β̃bcβ̃)h−1

η̃)(γ̃bcγ̃)kc, ghk)

= (a(α̃ab(β̃bcβ̃)h−1

(γ̃bcγ̃)kcα̃)g−1

(η̃ab(β̃bcβ̃)h−1

η̃η̃)hkη̃(γ̃bcγ̃)kc, ghk)

= (a(α̃ab(β̃bcβ̃)h−1

α̃(γ̃bcγ̃)kcα̃)g−1

(η̃ab(β̃bcβ̃)h−1

η̃)hk(γ̃bcγ̃)kc, ghk)

= (a(α̃ab(β̃bcβ̃)h−1

α̃)g−1

(α̃(γ̃bcγ̃)kcα̃)g−1

(η̃ab(β̃bcβ̃)h−1

η̃)hk(γ̃bcγ̃)kc, ghk)

= (a(α̃ab(β̃bcβ̃)h−1

α̃)g−1

(η̃ab(β̃bcβ̃)h−1

η̃)hk(γ̃bcγ̃)kc, ghk)

= (a(α̃ab(β̃bcβ̃)h−1

α̃)g−1

((η̃ab(β̃bcβ̃)h−1

η̃)h)k(γ̃bcγ̃)kc, ghk)

= (a(α̃ab(β̃bcβ̃)h−1

α̃)g−1

((η̃(β̃abβ̃)(β̃bcβ̃)h−1

η̃)h)k(γ̃bcγ̃)kc, ghk)

= (a(α̃ab(β̃bcβ̃)h−1

α̃)g−1

(η̃(β̃abβ̃)h((β̃bcβ̃)h−1

)hη̃)k(γ̃bcγ̃)kc, ghk)

= (a(α̃ab(β̃bcβ̃)h−1

α̃)g−1

(η̃(β̃abβ̃)h(β̃bcβ̃)η̃)k(γ̃bcγ̃)kc, ghk)

= (a(α̃ab(β̃bcβ̃)h−1

α̃)g−1

(η̃(β̃abβ̃)hbcβ̃η̃)k(γ̃bcγ̃)kc, ghk)

= (a(α̃ab(β̃bcβ̃)h−1

α̃)g−1

(η̃(β̃abβ̃)hbcβ̃η̃γ̃bcγ̃)kc, ghk)

= (a(α̃ab(β̃bcβ̃)h−1

α̃)g−1

(η̃(β̃abβ̃)hbcγ̃)kc, ghk)

= (a(α̃ab(β̃bcβ̃)h−1

α̃)g−1

(γ̃(β̃abβ̃)hbcγ̃)kc, ghk).

So (x ∗ y) ∗ z = x ∗ (y ∗ z). Hence the multiplication ∗ is associative and it follows that S is a

semigroup.

Let α ∈ Y, x = (a, g) and y = (b, h) ∈ Bα × Gα. Since α̃g−1

= α̃h = α̃, we have x ∗ y =

(a(α̃abα̃)g−1

(α̃abα̃)hb, gh) = (aα̃g−1

α̃hb, gh) = (aα̃b, gh) = (ab, gh). So the multiplication ∗ on

Bα × Gα coincides with the multiplication of the direct product of Bα and Gα. Therefore, S is

completely regular. Since for any α ∈ Y , Bα × Gα is a rectangular group, by Theorem II.5.3 in

Ref. [5], we obtain that S is an orthogroup.

Denote S◦ =
⋃

α∈Y Gα̃, where Gα̃ = {(α̃, g) ∈ Bα × Gα | g ∈ Gα}. Let α, β ∈ Y, x =

(α̃, g) ∈ Gα̃ and y = (β̃, h) ∈ G
β̃
. Since Ỹ is a semilattice transversal of B and α̃β

g−1

= α̃β
h

=

α̃β, we get x ∗ y = (α̃(α̃α̃β̃α̃)g−1

(β̃α̃β̃β̃)hβ̃, gh) = (α̃α̃β
g−1

α̃β
h
β̃, gh) = (α̃β, gh) ∈ G

α̃β
. So

S◦ is a subsemigroup of S. Let x = (a, g) ∈ Bα × Gα. It is obvious that (a, g)(α̃, g−1)(a, g) =

(aα̃a, gg−1g) = (a, g); similarly, (α̃, g−1)(a, g)(α̃, g−1) = (α̃, g−1) holds. So (α̃, g−1) ∈ V ((a, g))∩

Gα̃. Let (α̃, h) ∈ V ((a, g)) ∩ Gα̃. Then (α̃, h) = (α̃, h)(a, g)(α̃, h) = (α̃aα̃, hgh) = (α̃, hgh), and

we get h = hgh. Similarly, we can prove that (a, g) = (a, g)(α̃, h)(a, g) = (a, ghg), which implies

that g = ghg. So h = g−1. Hence, | V ((a, g)) ∩ Gα̃| = 1. Then S◦ is an inverse transversal of

S. Therefore, S is an orthogroup with an inverse transversal S◦. The proof of the direct part of
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Theorem 1.1 is completed. 2

II. Proof of the converse part of Theorem 1.1.

Let S = (Y ; Sα) be an orthogroup with an inverse transversal S◦, where Y is a semilattice.

In view of Theorem II.5.3 and Theorem III.5.2 in Ref. [5], we assume that Sα = Bα × Gα is a

rectangular group, that is, a direct product of a rectangular band Bα and a group Gα with the

identity ια, for α ∈ Y .

Denote by E(S) =
⋃

α∈Y E(Sα) the set of all the idempotents of S, ea = (a, ια) ∈ E(Sα)

for α ∈ Y, a ∈ Bα. Since S is an orthogroup, E(S) is a band. On B =
⋃

α∈Y Bα define a

multiplication by the following: for a, b ∈ B, ab is the unique element of B such that eaeb = eab

(since S satisfies the identity x0y0 = (x0y0)0 in Theorem II.5.3[5]). This multiplication extends

the given one on each of the Bα, and B → E(S), a 7→ ea is an isomorphism of bands.

Since S◦ = S ∩ S◦ =
⋃

α∈Y (Sα ∩ S◦) is an inverse transversal of S, it follows that Sα ∩ S◦

is an inverse transversal of Sα. Since Sα is a completely simple semigroup, we have that

Sα ∩ S◦ is a group H-class of Sα denoted by Gα̃ = {(α̃, g) ∈ Bα × Gα|g ∈ Gα}, whence S◦ =
⋃

α∈Y G
[7, Proposition 1.2.2,Proposition 1.2.3]
α̃

. Denote Ỹ = {α̃ ∈ Bα| α ∈ Y }. Since S is completely

regular and S◦ is an inverse subsemigroup of S, it follows that S◦ is a Clifford semigroup[5,Lemma IV. 2.3].

So we can denote S◦ = [Y ; Gα̃, θ̃α,β ]. Since S◦ is a Clifford semigroup, E(S◦) is a semilattice.

By the definition of B, we obtain that Ỹ is a semilattice. Let a ∈ B. Then α̃ ∈ V (a) and Ỹ is a

semilattice transversal of B.

In view of S◦, which is a Clifford semigroup, we have a homomorphism θα,β : Gα →

Gβ ; g 7→ gθα,β for any α ≥ β such that (α̃, g)θ̃α,β = (β̃, gθα,β) defines a Clifford semigroup

G = [Y ; Gα, θα,β ]. In fact, let α, β ∈ Y with α ≥ β and g, h ∈ Gα. Since θ̃α,β is a homo-

morphism, ((α̃, g)(α̃, h))θ̃α,β = (α̃, g)θ̃α,β(α̃, h)θ̃α,β, then (β̃, (gh)θα,β) = (β̃, gθα,β)(β̃, hθα,β) =

(β̃, gθα,βhθα,β), so (gh)θα,β = gθα,βhθα,β. Let (α̃, g) ∈ Gα̃. Since (α̃, g)θ̃α,α = (α̃, g) and

(α̃, gθα,α) = (α̃, g), we have θα,α = 1Gα
. In addition, let α, β, γ ∈ Y with α ≥ β ≥ γ

and (α̃, g) ∈ Gα̃. Since (α̃, g)θ̃α,β θ̃β,γ = (α̃, g)θ̃α,γ and (γ̃, gθα,βθβ,γ) = (γ̃, gθα,γ), we have

θα,βθβ,γ = θα,γ . By the multiplication of S◦, let g ∈ Gα, h ∈ Gβ . We can define the multiplica-

tion by the following: gh = gθα,αβhθβ,αβ such that

(α̃β, gh) = (α̃, g)(β̃, h) = (α̃, g)θ̃α,αβ(β̃, h)θ̃β,αβ

= (α̃β, gθα,αβ)(α̃β, hθβ,αβ) = (α̃β, gθα,αβhθβ,αβ).

For α ∈ Y, denote G≥α =
⋃

β∈Y,β≥α Gβ . Let h ∈ Gβ ⊆ G≥α, x = (β̃, h) ∈ G
β̃
. For

any b ∈ α̃Bα̃, since eaeb = eab for ea, eb ∈ E(S) and by Lemma 2.1, bβ̃b = b, we get that

x−1ebxx−1ebx = x−1ebeβ̃
ebx = x−1e

bβ̃b
x = x−1ebx, so x−1ebx ∈ E(S). Denote ebh = x−1ebx.

Moreover, since S◦ is a Clifford semigroup, it follows that eα̃bhα̃ = eα̃ebheα̃ = eα̃x−1ebxeα̃ =

x−1eα̃ebeα̃x = x−1eα̃bα̃x = x−1ebx = ebh , hence bh = α̃bhα̃ ∈ α̃Bα̃. In addition, eb = eα̃bα̃ =

eα̃ebeα̃ = xx−1ebxx−1 = xebhx−1 = e(bh)h−1 , so b = (bh)h−1

. Let b, c ∈ α̃Bα̃. Since Ỹ is

a semilattice transversal of B, α̃ = α̃β̃. And since eaeb = eab for ea, eb ∈ E(S), we have

e(bc)h = x−1ebcx = x−1ebα̃cx = x−1e
bα̃β̃c

x = x−1ebeβ̃
ecx = x−1ebxx−1ecx = ebhech = ebhch , so

(bc)h = bhch.
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Thus, from the above, it induces a mapping σα : G≥α → Aut◦(α̃Bα̃) : h 7→ σα(h) satisfying

(b)σα(h) = bh for b ∈ α̃Bα̃.

σα(h) is semilattice transversal-preserving. In fact, let ξ̃ ≤ α̃. Since S◦ is a Clifford semigroup

and Ỹ is a semilattice transversal of B, β̃ξ̃ = ξ̃, we can get that e
ξ̃h = x−1e

ξ̃
x = x−1xe

ξ̃
= e

β̃
e

ξ̃
=

e
β̃ξ̃

= e
ξ̃
, so ξ̃h = ξ̃.

Moreover, σα is a homomorphism. In fact, let β, γ ∈ Y and β, γ ≥ α, h ∈ Gβ , k ∈ Gγ . Since

G is a Clifford semigroup, we get that hk ∈ Gβγ ⊆ G≥α. Let x = (β̃, h) ∈ G
β̃
, y = (γ̃, k) ∈ Gγ̃ .

Since S◦ is a Clifford semigroup, we have xy = (β̃γ, hk) ∈ G
β̃γ

. Then for b ∈ α̃Bα̃, ebhk =

(xy)−1eb(xy) = y−1x−1ebxy = y−1ebhy = e(bh)k , so bhk = (bh)k. Hence σα(hk) = σα(h)σα(k).

Let x = (a, g) ∈ Sα and y = (b, h) ∈ Sβ . Since eaeb = eab for ea, eb ∈ E(S), we can obtain

that

xy =ea(α̃, g)eaeb(β̃, h)eb = ea(α̃, g)eab(β̃, h)eb = ea(α̃, g)e
abα̃β̃ab

(β̃, h)eb

(since Bαβ is a rectangular band)

=ea(α̃, g)eabeα̃e
β̃
eab(β̃, h)eb = ea(α̃, g)eab(α̃, g−1)(α̃, g)(β̃, h)(β̃, h−1)eab(β̃, h)eb

=eae(α̃abα̃)g−1 (α̃β, gh)e(β̃abβ̃)heb (since S◦ is a Clifford semigroup)

=e
a(α̃abα̃)g−1 (α̃β, gh)e(β̃abβ̃)hb

= (a(α̃abα̃)g−1

(β̃abβ̃)hb, gh).

So the multiplication on S coincides with the one defined in the statement of Theorem 1.1. We

complete the proof of the converse part of Theorem 1.1. 2

So far the proof of Theorem 1.1 is completed.

3. Remarks for some special cases

Recall that an orthogroup S is a regular (normal) orthogroup if E(S) is a regular (normal)

band, that is, E(S) satisfies the identity axya = axaya(axya = ayxa).

Remark 3.1 In Theorem 1.1, if B = (Y ; Bα) is a regular band with a semilattice transver-

sal Ỹ = {α̃ ∈ Bα| α ∈ Y }, and the multiplication ∗ is simplified slightly as follows: for x =

(a, g) ∈ Bα × Gα, y = (b, h) ∈ Bβ × Gβ , x ∗ y = (a(α̃bα̃)g−1

(β̃aβ̃)hb, gh), then we can get a

construction theorem of regular orthogroups with inverse transversals as outlined in the state-

ment of Theorem 1.1, which is similar to the structure theorem of regular orthogroups given by

Yamada[5,Theorem V. 2.5].

Remark 3.2 By means of Theorem 1.1, we can get that a normal orthogroup with inverse

transversals is a spined product of a normal band with semilattice transversals and a Clifford

semigroup.

It is easy to prove that a spined product of a normal band with semilattice transversals and

a Clifford semigroup is a normal orthogroup with inverse transversals.

To prove that a normal orthogroup S with an inverse transversal S◦ is a spined product of a

normal band with a semilattice transversal and a Clifford semigroup, it suffices to reexamine the

proof of the converse part of Theorem 1.1 for this special case. In fact, for α ∈ Y, the subband
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α̃Bα̃ of B is a semilattice for B is a normal band. For any b ∈ α̃Bβα̃ ⊆ α̃Bα̃, ξ ∈ Aut◦(α̃Bα̃),

there exists c ∈ α̃Bβα̃ such that (c)ξ = b, and (b)ξ ∈ α̃Bβα̃ since condition (2.1) in the proof of

the direct part of Theorem 1.1 also holds. It follows that (b)ξ = (bcb)ξ = (cbc)ξ = (c)ξ(b)ξ(c)ξ =

b(b)ξb = b. So ξ is the identity automorphism in Aut◦(α̃Bα̃), which implies that Aut◦(α̃Bα̃) =

{1α̃Bα̃}, where 1α̃Bα̃ is the identity automorphism. Thus, it follows that the homomorphism

σα : G≥α → Aut◦(α̃Bα̃) : h 7→ σα(h) = 1α̃Bα̃ is trivial.

Moreover, for x = (a, g) ∈ Bα × Gα, y = (b, h) ∈ Bβ × Gβ , since (α̃abα̃)σα(g−1) =

α̃abα̃, (β̃abβ̃)σα(h) = β̃abβ̃, it follows that a(α̃abα̃)g−1

(β̃abβ̃)hb = aα̃abα̃β̃abβ̃b = ab.
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