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Abstract In this paper, we explore the refined semilattice of left C-wrpp semigroups, and show
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1. Introduction

In the last decades, generalizations of the class of Clifford semigroups have been extensively

[1-18]  Fountain!?!

investigated by many authors and some interesting results have been obtained
introduced rpp monoids with central idempotents, briefly called C-rpp semigroups, which are
one of significant generalizations of Clifford semigroups. He showed that a semigroup is C-rpp if
and only if it is a strong semilattice of left cancellative monoids. The class of C-rpp semigroups
includes the class of Clifford semigroups but is out of the range of regular semigroups. In Ref. [18],
Zhu, Guo and Shum generalized the class of Clifford semigroups to the class of left C-semigroups
which is also in the range of regular semigroups. They showed that a semigroup is a left C-
semigroup if and only if it is a semilattice of left groups. Guo, Zhu and Shum in Ref. [7] had
defined and investigated the structure of left C-rpp semigroups, where they showed that a rpp
semigroup is a left C-rpp semigroup if and only if it is a semilattice of left stripes. By a left
stripe, it means that it is a direct product of a left cancellative monoid and a left zero band.
On the other hand, in 1997, Tang!*®! generalized Fountain’s work on C-rpp semigroups to the
class of semigroups called C-wrpp semigroups, and he showed that a semigroup is a C-wrpp
semigroup if and only if it is a strong semilattice of left-R cancellative monoids. Du and Shum!!]
introduced the concept of left C-wrpp semigroups. The class of left C-wrpp semigroups includes
the class of C-wrpp semigroups and the class of left C-rpp semigroups. The authors established

the semi—spined product structure for left C-wrpp semigroups.
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Refined semilattice of semigroups was firstly studied by Zhang, Shum and Zhang in Ref. [16].
It is a natural generalization of the notation of strong semilattice of semigroups. Thus, a
number of results in the literature concerning strong semilattice decomposition can be further
developed!®:14:15:17 " Recently, Zhang!'”) has investigated the refined semilattice structure of left
C-rpp semigroup, and he showed that a left C-rpp semigroup S is a refined semilattice of left
stripes if and only if it is a spined product of C-rpp component and a left regular band.

In this paper, we study the structure of refined semilattice for left C-wrpp semigroups. We
shall prove that a left C-wrpp semigroup S is a refined semilattice of left-R cancellative stripes
if and only if it is a spined product of a C-wrpp component and a left regular band. It shows
that our main result is a generalization of the refined semilattice decomposition of left C-rpp
semigroups. Some methods in Ref. [17] are adopted.

For notation and terminologies not mentioned in this paper, readers are referred to [1], [16],
[19] or [20].

2. Preliminaries

It will be convenient to make use of the following notations and lemmas in the remainder of

this paper.

Definition 2.1['31 Let S be a semigroup. We define the L**-relation by al**b for a,b € S if
and only if (az,ay) € R < (bz,by) € R for z,y € S, where R is the usual Green’s R-relation
onS.

For a € S, the equivalence relation £**-class containing the element a is denoted by L}*.

Definition 2.2 A semigroup S is called wrpp semigroup if the following conditions are satis-
fied:

(1) Each L£**-class of S contains at least one idempotent of S;

(2) For all e € E(L%*), a = ae.

Definition 2.31'3! A semigroup S is said to be a C-wrpp semigroup if each L£**-class of S

contains an idempotent and all idempotents of S are central in S.

Definition 2.41' A wrpp semigroup S is called an adequate wrpp semigroup if for each a € S,
there exists a unique idempotent e satisfying aL**e and a = ea.

Hereafter, we denote the unique idempotent e in Definition 2.4 by e,.

Definition 2.5[!!  An adequate wrpp semigroup S is said to be a left C-wrpp semigroup if
it satisfies aS C L**(a) for all a € S, where L**(a) represents the smallest left **-ideal of S
generated by a € S. By a left **-ideal L of S, we mean that it is a left ideal of S and satisfies
that L3* C L for all x € L.

Definition 2.6['3] A semigroup S is said to be left-R cancellative if for all a, b,c € S, (ca,cb) €R
implies (a,b) € R.
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Lemma 2.7!!) Let S be an adequate wrpp semigroup. Then the following conditions are
equivalent:

(1) S is a left C-wrpp semigroup;

(2) L** is a semilattice congruence on S;

(3) E(S) is a left regular band and L** is a congruence on S;

(4) S is a semilattice of left-R cancellative stripes.

It is easy to verify the following corollary.

Corollary 2.8 If an adequate wrpp semigroup S is a semilattice of left-R cancellative stripes,
then every left-R cancellative stripe is a L**-class.

Next, we introduce the concept of refined semilattice of semigroups.

Definition 2.9['6'7 Let Y be a semilattice and {S, : a € Y} a family of disjoint of semigroups
of type T, indexed by Y. For each pair o, 8 € Y with o > (3, let D(«, 3) be a set of index and

{Sd(a,ﬁ) : d(avﬁ) € D(o‘aﬁ)}

a congruence partition of Sz (i.e., the relation o on Sg defined by (bﬁ,b;,) € o if and only if
bg,b/ﬁ € Sy(a,p) for some d(a, ) € D(a,3) is a congruence on Sg), and for o > (3 > ~, the

partition
{Sd(a,'y) : d(auly) € D(av’y)}
is dense in the partition

{Sa,y) : d(B,7) € D(B, )},

i.e., for any d(8,~) € D(f,7), there exists D'(a,y) € D(a,~) such that

Sd(ﬁﬂ) = Ud(a,'y)ED/(a,'y)Sd(av’Y)'
Moreover, let

{Pd(a,p) : Sa = Si(a,p) : d(a, B) € D(a, 8)}

be a family of homomorphisms. Suppose the following conditions are satisfied:

(a) D(o, ) is singleton and ® 44,4 is the identical automorphism of S, for each a € Y,
where d(o, o) is the unique element of D(a, ).

(b) (i) For any a, 8,y € Y witha > 3 > v,

{(I)d(a,ﬁ)q)d(ﬁ,v) : d(O&, 6) € D(O[, 6)7 d(ﬁa ’Y) € D(ﬂa ’Y)}
C {(I)d(a,'y) : d(O&,’}/) € D(aﬁ)}
(ii) For any d(a, af) € D(a,af) and d(af, af¥) € D(af, aB7),
Sa(a,ap) Paap.apy) € Sda.ap)

where d(o, a3v) satisfies

Pa(a,a8v) = Pd(a,a8)Pd(asabv)-
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(c) For a, 8,7 € Y with v < af and for any fixed an € Sa, d(af,v) € D(af,7), there exists
d(B,v) € D(83,7) such that

{aa®aay) : d(a,y) € D(@,7)} N Sagap~) S Sas,q)-
(d) For o, 3 € Y with a > 3 and aq € Sa, bg € Sg, d(a, 8) € D(«, 3), d/(a,ﬁ) € D(«, B8),

bﬁ(a’aq)d/(a7ﬁ)) € Sd(a,ﬁ) = bﬁ(@afbd'(a,g)) = bﬁ(@a‘bd(aﬂ))a
and
(@a®y (0,508 € Sa(a,p) = (@a®y (4,5)08 = (@aPi(a,8))bs-
We now form the set S = U{S, : @ € Y} and define a multiplication o on S by the following

statements.
For any an € Sa, bg € S, define

Aq © bﬁ = (aaq)(i(a,aﬁ))(bﬁ(p(i(ﬁ,aﬁ))v
where d(a, af3) € D(a, af3), d(3,a8) € D(3,af3) which satisfy the following conditions:

{aaq)d(a,aﬁ) : d(av O‘ﬁ) € D(aa 056)} - S&(ﬁ,aﬁ)
and
{bﬁ(bd(ﬁ,aﬁ) : d(ﬁa 056) € D(ﬁa 056)} C S&(a,aﬁ)'

Then (S = Uaey Sa,0) Is a semigroup as it has been shown in Ref. [16]. Hence, the semigroup

(S, 0) is called the refined semilattice of type T semigroups and is denoted by

1Y 84(a.8), Pa(a,p), D(a, B); Sa }-

In the following, we give a lemma of the semi-spined product structure for left C-wrpp
semigroups.

Recall that if T'= U,ey Ty and I = Uyey I, are semilattice compositions of the semigroups
T, and I, respectively, then we can form the set union S = Uyey S, where S, = T, X I, is
the Cartesian product of T, and I,. Let 7;(I) be the left transformation semigroup acting on
I and define a mapping 7 : S — T;(Z) by (a,i) — n(a,i) such that 1(a,i)j = (a,i)*j for every
7 € I. Suppose that the mapping 7 satisfies the following conditions:

(S1) If (a,i) € Sa, j € I3, then (a,i)"j € Ig;

(S2) If (a,i) € Sa, j € Is with a < 3, then (a,i)*j = ij, where ij is the semigroup product
in the semigroup I = Ugey ly;

(S3) If (a,i) € Sa, (b,j) € Sa, then n(a,i)n(b, j) = n(ab, (a,i)%5), where ab is the semigroup
product in the semigroup T = Uyey Ta.

Then we define a multiplication o on S = Usey Sa by (a,i) o (b,7) = (ab, (a,i)?5). Tt can
be easily verified that o is a binary associative operation on .S, so that S becomes a semigroup
under the multiplication o. We denote the semigroup (S,0) by S =T x, I and call S =T x,, I

the semi-spined product of the semigroups 7' and I with respect to nl*:5).

Definition 2.102% Let M and T be semigroups and also H their common morphic image.
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Let S = {(a,b) € M x Tlap = by}, where ¢ : M — H and ¢ : T — H are the semigroup
homomorphisms which map from M and T onto H respectively. Then we call S the spined

product of the semigroups M and 1" with respect to H, ¢ and 1, denoted by S = M ®g,p.¢ T

Definition 2.11[1 Let T = U,ey T, be a C-wrpp semigroup (that is, T is a strong semilattice
of left-R cancellative monoids [Y'; Tw; ¢a,a) by the theorem of Tang in Ref. [13]) and let I be a left
regular band which is expressed as a semilattice of left zero bands I, (that is, I = Uycy ). Then
we call the semi-spined product T X, I = Uqey So, where S = Ty, X 1, the curler formed by T'
and I under the structure mapping n defined by conditions (S;)—(Ss) if the following condition
(Q) is satisfied:

(Q) : kern(a,i) = kern(b, j) for all (a,i),(b,j) € Sa.

Lemma 2.12[1 Let I be a left regular band and M a C-wrpp semigroup. Then the curler
constructed by S = M x,,I is a left C-wrpp semigroup. Conversely, every left C-wrpp semigroup
S can be expressed by a curler S = M x, I, where I is a left regular band and M a C-wrpp

semigroup.

Lemma 2.1311 Let I be a left regular band and M a C-wrpp semigroup. If the curler con-
structed by S = M x,, I is a left C-wrpp semigroup, then the following statements hold:

(1) S is a spined product of M and I if and only if p = {((a,i), (b,j)) € Sx S:i=j}isa
congruence on S;

(2) S is a left C-rpp semigroup if and only if S is an rpp semigroup.

Lemma 2.14'% A band is regular band if and only if it is a refined semilattice of rectangular
bands.

By Lemma 2.14, we can get the following corollary.
Corollary 2.15 A band is left regular band if and only if it is a refined semilattice of left zero
bands.
3. Refined semilattice of left C'-wrpp semigroups

Before proving our main theorem, we also need the following important properties.

Lemma 3.11% Each left-R cancellative monoid contains a unique idempotent.

By Lemma 3.1, we can immediately get the following result.

Corollary 3.2 Let S, = M, X I, be a left-R cancellative stripe. Then we have that E(S,) =
{ea} X I, where e, is the unique idempotent of left-R cancellative monoid M,. And in the

following, we always use e, X I, to denote {e,} X I.

Proposition 3.3 Let S = {Y;S4,8), Pa(a,p), D(a, B); Sa = My x I}, where M, is a left-
R cancellative monoid and I, a left zero band for any o« € Y . For any d(a,ﬁ),dl (o, 8) €
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D(a, B)(a > B), if (aa,ia)fl)d(aﬁ) = (ag,ig) and (aa,ia)fl)d/(aﬁ) = (b, js), then

(1) (€asia)Pa(a,0) = (€5, p);

(ii) (ep,i5) € Sa(a.p);

(i) a — by

(iv) For any o > 3 and dy(a, ) € D(a, B), if (bg, jg) € Sq,(a,8), then (es,jp) € Sq,(a,8)-
Proof Firstly, we prove (i) and (ii). To see (i) holds, we observe that

(a’ﬁa Zﬁ) = (aav ia)(pd(a,ﬁ) = (eav ia)(pd(a,ﬁ) (OJOH Z.Ot)(I)d(ogB) = (eaa Z.Ot)(I)d(ouB) (a’ﬁa Zﬁ)
If put (ea,ia)Pa(a,3) = (bs,js), then by the above argument we immediately have jg = i5. Also,
since
(b3,78) = (ea,ia)Pa(a,8) = [(€aria)(€ar ia)]Pa(a,p) = (€asia)Pa(a,p)(€aria)Paa.) = (bs,j8)%,

ie., (bg,js) is an idempotent, by Corollary 3.2, we have bz = eg. Hence, we have proved that
(€asia)Py(a,p) = (ep,ip), and then (i) holds. At this time, by the definition of refined semilattice,
we immediately have (eg, i) € Sq(a,3), and it means that (ii) holds.

Secondly, we prove (iii). Since

(ep,ip)(aasia) = (eg,ip)[(aa)ia)Pa(a,p)] = (ap,ip)

and

(b, 3) = (es,Js)(bs, 3s) = (s, 78)[(aasia) Ly (a.5)) = (€8, 18)(@a:ia)
= (e5,Js) (e, 18)(aas ia) = (es,78)(as, ip) = (ag, jp),
we have ag = bg. Hence, (iii) holds.
Finally, we prove (iv). If (bg,js) € Sd,(a.5), then by Definition 2.9, we have d’ (o, 8) €

D(a, 3) such that (eg,jg) € Sy (4, 5)- However, since (bs, jg)(es,Js) = (€3, J5)(bs, js) = (bs, js);
we will obtain that

Sit1 (0,054 (a,8) N Sty (o) # #
and
84" (a,8)5(0,8) N Si(a,8) 7 ¢
Also, since {Sy(q,) : d(, 3) € D(, 3)} is a congruence partition of Sz, we have

Si1(0,0)5d" (a,8) S S (@) (1)
and

Sa' (ap)S1(@.8) € S (@.9)- (2)
Clearly, by (ii), for any d(a, 8) € D(a,3), E(S4(,3)) # ¢ and now we denote the element in
E(S4,(a,5)) as (eg,i5). Let (eg,iz) € E(S(a,3). Then by (1) and (2), we have (eg,js) =
(eg,jg)(e[;,i,ﬁ) € S4,(a,p)- Hence, (iv) holds. O

Proposition 3.4 Let S = {Y;S(a,8), Pa(a,p), D(, B3); Sa = My % 15}, where M, is a left-R
cancellative monoid and I, a left zero band for any oo € Y. If (a,7)R(b, j) for any (a,i) € My X I,
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and (b,j) € Mg x Ig, then we have a = 3, i = j and aRb.

Proof Let z = (a,i) € My x Iy = S, y = (b,j) € Mg x Ig = Ss. Since (a,i)R(b,j), there
exists u € Sy, v € Ss such that xu = y,yv = z. By the multiplication of refined semilattice of
semigroups, we know that zu € S, but zu = y € Sg, thus, 8 = av, and 3 < a. Similarly, we
can obtain a = (39, and then o < 3. Hence, a = (5.

On the other hand, by zu = y,yv = =z and a = §, we have ay = a,ad = «, and
then @ < v, < 6. By the above equalities, we also have 2P 0y)uPg(y.ay) = ¥, i€,
TP(0,0)UPG(y,0) = T(uPg(y ) = y. Now, if we let u®g, o) = (Ua,ka), then we immedi-
ately have that (a,i)(ua, ko) = (b,7), i€, auy = b,i = ik, = j. Similarly, we can show that
there exists v, € M, such that bv, = a. Thus, aRb. O

Now, we start to give our main theorem.

Theorem 3.5 A left C-wrpp semigroup S is a refined semilattice of left-R cancellative stripes

if and only if it is a spined product of a C'-wrpp component and a left regular band.

Proof To prove our theorem, by Lemmas 2.12 and 2.13 (1), we only need to show the equiv-
alent statement: a semigroup S can be expressed as a refined semilattice of left-R cancellative
stripes M, x I, if and only if it is a left C-wrpp semigroup such that the semi-spined product
decomposition S = Mg x, Is of S is the spined product decomposition. Next, we set about to
show this equivalent statement.

=) Let S ={Y;S54(a.8), Pa(a,), D(, B); Sa = My x I}, where M, is a left-R cancellative
monoid and I, is a left zero band for any a € Y. Clearly, S is a semilattice of {M, x I, : a« € Y}.
In order to show the necessity, we will set about it by the following steps:

(1) S is a wrpp semigroup.

Let (aq,ia) € My X I,,. Clearly, (eq,ia) € My X I, such that

(earia)(@a)ia) = (Ga,sia)(€asia) = (Aa,ia)-
Now if (Ga,ia)2sR (Ga,ia)zy for x5 € Mg x Ig and x, € M, x I, then we have
(G, ia)(€a,ia)ZaR (A0, ia)(€a) ta) Ty,
and so,
(Aas10) Pg(a,ap)(€ar ia)T]Paas,as) R(Aa)ia) P g, (0,09 [(€as 10) Ty ] P g, (ay.04) (3)
where d(a, af8) and d; (o, ay) satisfy:
(asia)rs € Si(a,a8)s (€asia)Ty € 53, (o)

By Proposition 3.4, we have af = «av. Also, if we let (aa,ia)fbg(ayaﬁ) = (Gap,tap) and
(A0s10) P, (a,0y) = (@aria)®Pg, (a,a8) = (bap,Jas), then by Proposition 3.3 (iii), we have anp =
bas. Further, since 1,3 is a left zero band and a3 = avy, we have that

(aav ia)q)g(a,aﬁ) [(60&7 ia)xﬁ](bg(aﬁ,aﬁ) = (_7 iaﬁ>R(a’0¢7 ia)(l)gl (a,y) [(eﬂw ia)xﬁ](bgl(aw,aw) = (_’ jaﬁ)-
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By Proposition 3.4, we have ia3 = jag. Hence, we obtain (aa,ia)®g(a,a8) = (@a)ia)Pd, (0,0
and consequently, d(a, af3) = di (o, a3). Recall that M,z is a left-R cancellative monoid, by (3)

and Proposition 3.4 we have
(€, ta)TpR(Tas )8y

On the other hand, if (eq, ia)zgR(€q, ia)T~, then since R is a left congruence, we can easily
obtain that

(aayia)(€asia)TaR(Aas ia)(€as ia)zvv

ie.,

(G, 1a)TaR (A ta) Ty -

Hence, we have (aq, i0)L**(€q,ta)-
Let x = (a,i) € My xI,. Foralle = (eq,j) € E(LE*), where E(L%*) is the set of idempotents
in LY*, we have

ze = (a,1)(eq, ) = (aeq, ij) = (a,i) = z.

We have proved that S is a wrpp semigroup.

(2) S is an adequate wrpp semigroup.

For all a € S, there exists « € Y such that a € M, x I,. Put a = (mq,i,). By the argument
of (1) above, there exists e = (eq,iq) € My X I, such that a = (Mg, i0)L** (easia) = e and
ea = (a,ia)(Masia) = (Ma,ia) = a. If there is another idempotent a* = (fq,jo) satisfying
al**a* and a = a*a, then (fa,jo)(Ma,ia) = (Ma,ia) and (fo, jo)? = (fa,jo). Hence, foma =
Masia = jala = jo and f2 = f,. By Lemma 3.1, we have e, = f,. Hence, a* = (eq,i4) = €.

Thus, by (1) and (2), S is an adequate wrpp semigroup. Moreover, by Lemma 2.7, we have
proved that S is a left C-wrpp semigroup.

(3) Finally, we show that the relation p in Lemma 2.13 is a congruence.

First, we show that ege, = ey, for all z,y € S. In fact, if we let © = (aq,iq) and y = (ag, i),

then we have e; = (eq,ta), ey = (eg,i3) and ezy = (€as, iag), and also
Ty = (OJOH Z.Ot)(aﬁa Zﬁ) = (a’OH ia)(bg(a,aﬁ) (a’ﬁa iﬁ)q)g(ﬁ,aﬁ)v
where d(a, af8) and d(3, a3) satisfy that
{(ag,ig)Pacs.ap) : d(B,aB) € D(B,aB)} C Sja,ap)
and
{(aa,ia)Pa(a,ap) : d(a,af) € D(a,af)} C Sg(ﬁ7aﬁ).
By Proposition 3.3 (i) and (iv), we have (es,i5)®4(3,08)s (€aria)Pd(a,a) € E(Sq(a,ap) Since
E(Sqap) is a rectangular band, we have
2y = (Aas i) P g(a,0p) (a8, 18) P a(5,08)
= (€a;1a)Pd(a,a8)(@as 1) Pd(a,ap) (@8, 18) Pa(s,q8)
= (eaa ia)(bg(a,aﬁ) (eav ia)q)g(a,aﬁ) (aﬂtv ia)(bg(a,aﬁ) (a’ﬁa iﬁ)q)g(ﬁ,aﬁ)
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= (€as1a)Pg(a,a8)(€8:18)Pa(,0p) (€as i) Pa(a,ap) (Gas ia) Pi(a,ap) (@8, 18) P a(5,08)

= (aria)Pi(a,ap)(€6:18)Pa(s,08) (Aasia) Pi(a,a8) (@8, 18) P i(5,0)

= (€asia)(€p, )(aa,ia)(ap, ig) = eaeyay. (4)
Similarly, we can prove that
TY = TYegey. (5)

On the other hand, since S is a left C-wrpp semigroup, by Corollary 2.8 for any a € Y, S,
is a L**-class of S. Also, since eyey € Sag, Ty € Sap, we have e e, L™ zy. By the definition of
left C-wrpp semigroup and (4) and (5), we have eze, = egy.

Now, we define a relation on S by
(a,9)p(b,j) & BaeY)a,be M, and i=j € I,.

Then for any z,y € S, zpy if and only if e, = e,. By the above argument, we know ezey = ezy,
and then we can immediately obtain that p is a congruence.

Hence, summing up the above arguments and according to Lemma 2.13(1), we have shown
that the semi-spined product decomposition S = Mg x, Is is a spined product decomposition.

<) The proof is analogous to the proof of sufficiency of Theorem 1.6 in Ref. [17].

Let S be a left C-wrpp semigroup such that the semi-spined product decomposition S =
Mg xyIs of S is the spined product decomposition. Then by Lemma 2.13(1), p = {((a, ©), (b, j)) €
S xS :i=j}is acongruence. Also by Lemma 2.7, we have S = Uscy (M, X I,), where M, is a
left-R cancellative monoid, I,, is a left zero band and Y is a semilattice. Let e, be the identity
of M. Then E(S) = Uney (eq X I). By Lemma 2.7, we know it is a left regular band, and also
by Corollary 2.15, it is a refined semilattice of left zero bands e, x I, for all o € Y.

Define the multiplication o on I = Ugey I, by

iaoig =k if and only if (eq,ia)(eg,i8) = (€ag, k).

Then (I,0) forms a band which is clearly isomorphic to E(S).

In fact, if we define a mapping

it is easy to verify that ¢ is an isomorphism from E(S) to I. Firstly, it is clear to see that
¢ is surjective. Secondly, if (eq,ia) = ia,(es,ig)p = ig and i, = ig € I, then we have
a = 3, and so e, = eg by Lemma 3.1, thus (eq,%a) = (€8,i3), i.e., ¢ is injective. Finally, for
any (eq,iq), (eg,i3) € E(S), if we denote (eq,in)(€g,ig) = (eas, k),then [(eq,iq)(eg,ig)le =
(eap, kK)o =k =iq0ig = (€a,ia)p o (eg,ig)p. Hence, ¢ is an isomorphism.

Therefore, I is a left regular band which is a refined semilattice of .

Further, by the proof of Theorem 4.3 in [1], E(S) = I, hence, we have I = Ig. And then Ig
is a left regular band which can also be regarded as a refined semilattice of I, under isomorphism.

Let Is = {Y’; Ii(a,8), Paa,p), D(, §); 1o }. Also, by the proof of Theorem 4.3 in Ref. [1], we
know Mg = Uaey Mo. Now, for any a, 3 € Y with a > 3, we can define a mapping ®, g from
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M, to Mg as follows:
for any a € My,a®q 5 = a  if and only if (es,7)(a,i) = (a,j).

Analogously to the proof of step (b) of Theorem 3.4 in Ref. [7], we can see that Mg = {Y; My, Po g}
is a strong semilattice of the left —R cancellative monoids M.

Let Sg(a,5) = Mp X Ij(a,p)- We define a mapping ¥, g from M, X I, to Mg x Iz for any
a, B €Y with a > ( as follows:

for any (aaaia) € Ma X Iou (aaaia)\l}a,ﬁ = (aaq)a,ﬁuiaq)d(aﬁ))-

We now show that S = {Y; S4(a,8), Yd(a.p), D(, B); Sa = Ma % I}, and the verification will be
done by the following steps.

Firstly, it is easy to check that W4, gy is a homomorphism. Also, we can check that {Sd(a.ﬂ) :
d(a, ) € D(a, )} is a congruence partition of Sz = Ms x Ig, and for o > 3 > ~, the partition
{Sa(a,y) : d(a,v) € D(a,7)} is clearly dense in the partition {Sgg,) : d(8,7) € D(8,7)}.

Secondly,we show that Conditions (a), (b), (¢) and (d) hold.

(i) Condition (a) holds.

For any o € Y, D(a, ) is clearly singleton, also since @, o and ®4(q,q) are the identical
automorphisms,where d(«, «) is the unique element of D(«, «), we immediately obtain that
VU j(a,a) is the identical automorphism,and so (a) holds.

(ii) Condition (b) holds.

First, for any o, 8,7 € Y with a > 8 > ~, and any (aq, ia) € Mo xIy,d(a, 3) € D(a, 8),d(3,7) €
D(8,7), since Mg = {Y; My, ®o 5} is a strong semilattice of M, and

Is = {Y; Iyta,8); Pa(a,p), D(a, B); 1o}

is a refined semilattice of I, we can obtain that

’

(aa, Z'a)\llaﬁ‘l/gﬁ = (aaq)a)gq)gﬁ, ia(bd(a,ﬁ)(bd(ﬁ,v)) = (aaq)aﬁ, Z.aq)d(a,w)) = (aayia)‘lja,'y-
Hence,we have
{Ya(a.p)Pa(s,) : dle, B) € D(e, 8),d(B,7) € D(B,7)}
g {\I/d(a,'y) : d(O&,’Y) € D(Ofﬁ)}
Also, for any d(o, af) € D(a,af) and d(af,aBy) € D(af,afy), and any (aeg,ias) €
Sd(a,a8) = Map X Ii(a,ap), We have
(a0, 1a8)Vi(ap,apy) = (@asPap,apys iapPd(as,abm))-

Notice that aag®ag.apy € Mapsy, 1agPa(as,asy) € la(a,asy) since lga,ap) Pa(as,asy) € Li(a,asv)-
we have (aaﬁ, Z.Otﬁ)\l/d(aﬁ,aﬁv) € Sd(a,aﬁv)v i'e'v

Sa(e,aB)Ya(ap,apy) C Sd(a,aby)-

On the other hand, we can check that d(a, afy) satisfies ¥g(a,08v) = Ya(a,as) Yd(as,asy) since
¢a7a57 = (I)a_’ag‘bag_’ag.y and (I)d(a,aﬁ'y) = (I)d(a,aﬁ)q)d(aﬁ,aﬁ'y)' Hence, (b) holds.
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(iii) Condition (c) holds.
For a, 8,7 € Y with v < af, and for any fixed (aq,i0) € So and d(afB,v) € D(af, ), there
exists d(3,7) € D(83,7) such that
{iaq)d(a,'y) : d(auly) € D(CY?PY)} N Id(aﬁ,'y) c I‘i(ﬁﬁ)'

And then, we have

{(@a,ia)Va(ay) + d(a,7) € D(a,7)} N Sagap,)
= {(@a®Pa .y, iaPa(a,q) : d(e,y) € D(e, )} N (My X Ig(ap.))
={aa®ay} X ({ia®Pa(a,qy) : dl,7) € D(,7)} N Lg(ap,y))
€ My x L) = i)
Hence, Condition (c) holds.
(iv) Condition (d) holds.
For o, € Y with a > (3 and (aq,ia) € Sa, (bg,ig) € Ss, d(a,3) € D(a, ), d/(a,ﬁ) €
D(«, 3), we have
i8(1a®y (o)) € La(a,p) = 16(1a®y (o 5) = 18(iaPa(a,5));
and
(1a®y (0,8))18 € Li(a,p) = (1aPy (a,5))18 = (iaPa(a,5))is

Let (bﬁ,ig)[(aa,ia)\l/d/(aﬁ)] S Sd(a,6)7 that is,

(08,18)(@aPa,8,iaPy (a,8)) = (08(0aPa,p),i8(iaPy (,5)) € Sd(a,p)-

Then we have

(08,i8)(aa®Pa,8,ia®y (0,5) = (0(@aPa,p), i5(iaPy (a,5)))
= (bg(aafbaﬁ), iﬁ(ia(l)d(a’ﬁ))) = (bﬁ, ig)(aafbaﬁ, ia(bd(a,ﬁ))
= (bg,i8)(aaria) ¥ d(a,8)-

Moreover, we can dually deduce that, ((aa,ia)¥ y (4,5)(bs:i5) € Sa(a,p) implies

((aavia)\l}d/(a,ﬁ))(bﬁaiﬁ) = ((aasia)Ya(a,8)) (bs; ig)-
Hence, condition (d) holds.

To finish our proof, we remain to show the following step:

(v) For o, f € Y and & = (aq,ia) € Sa.y = (bg,ig) € S, we have e, = (eq,ia), €y = (€3,13)
and ey, = (€q3,1a3). Notice that p in Lemma 2.13 is a congruence, we can get ey, = eze, and
then

= (A, ia)(bs, i8) = ezyry = ege,xy

= (ea,ia)(ep, ig)(aa,ia)(bs, ip)

= (easia)(ep, ip)(aaPa,a8, —)(05Ps,ap; —)
= (€ap; iaip)(@a®Pa,ap, =) (05Ps,a8, —)
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= (eap; Zaq)d (a aﬁ)lﬁq)d(ﬁ aﬁ))( a®a,ap; =)(bs®p,a8, —)
= (€ap 1aPia,a8))(€ap; 18P as,08)) (@aPa,a8, =) (b5Ps .0, —)
= (aaPa,a8: 1aPi(a,a8)) (05Ps,08: 15Pa(5,08))
= (@a,10)¥ g(a,a8) (08, 18) Y 4(3,05):
where d(a, af) and d(3, a3) satisfy that

{iaq)d(a,aﬁ) : d(a7 aﬁ) € D(a7 aﬁ)} - Ig(ﬁﬂlﬁ)
and
{igPa(s.ap) : d(B,af) € D(B,af)} C Ija.ap)

Consequently, we have

{(aa,ia)¥a(a,ap) : d(a, aB) € D(a, a3)}
= {(aaq)a,aﬁviaq)d(a,aﬁ)) : d(a5 056) € D(OZ, O‘ﬁ)} c Sg(ﬁ,aﬁ)

and

{(bg, i)V a(s,ap) : d(8,aB) € D(B,aB)}
= {(bs®p,08,1Pa(s,ap)) : d(B,B3) € D(B,a8)} € Sga.ap)

Hence, summing up the above steps, we have shown that S is a refined semilattice of left-R
cancellative stripes M, X 1. O

Now, if we let the semigroup S in Theorem 3.5 be a rpp semigroup, then by Lemma 2.13(2),
we immediately have the following corollary which is an equivalent description of Theorem 1.6
in Ref. [17]:

Corollary 3.6 A left C-rpp semigroup S is a refined semilattice of left cancellative stripes if
and only if it is a spined product of a C-rpp component and a left regular band.

Remark From the above arguments, we immediately obtain that our results actually generalize
the ones of Zhang in Ref.[17].
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