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Abstract The present paper investigates the convergence of Hermite interpolation operators
on the real line. The main result is: Given 0 < do < 1/2, 0 < g9 < 1. Let f € C(_, o) satisfy

lyr| = 0(6(1/2*60)’%) and |f(z)| = 0(6(1750)962). Then for any given point z € R, we have
lim7l~>oo H7L(f7 :C) = f(ﬁC)
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1. Introduction

Let W(x) = e="/2 and Pn(x) = Y™ + -+, ¥, > 0 denote the nth Hermite polynomial for
the weight function W (z) so that
e 0, n #m,
| pu@pa@w? @y - { 1

o , n=m.

As usual, the zeros of p,(z) are supposed to be
— 0 < Ty < Tp—1 << T1 <O0.

Take the zeros of nth Hermite polynomial as the interpolation nodes. For f € C(_ ), We

define Hermite interpolation operators as follows:

() =Y () [fm) (1 - p"‘””’“)(x—xk)) e —m] |

=\ P (n) (@ — Po(Tk)

It is easy to verify that
Hun(f,z0) = f(zr),  H,(f,2r) = k-

The main result of this paper is
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Theorem Given 0 < dp < 1/2,0<¢eo < 1. Let f € C(_,o0) satisfy

ly| = O(eC/27008), | f ()] = O ==0™). (1)
Then for any given point x € R, we have

lim H,(f,z) = f(x).

n—oo

2. Lemmas

Lemma 1 For the nth Hermite polynomial p,(x), the following inequalities hold:

Po(x) = V20 pu_i(a), (2)

Pa(1)
7 S C 1 + Tk|), 3
Bl < o+ ) 3)
_1
SUp [pn (7)] - w(2) ~ an *n¥, (4)
zcR
1
’ 1
dn pn(xk)‘ cw(zg) ~ ap? <max{n§,1—@}) , (5)
n Gnp
where a,, is the pth Mhskar-Rahmanov-Saff number, that is, the positive root of the equation
2 [ , .
= —/ autQ (a,t)(1 — )~ 2dt.
™ Jo

Proof Readers can find (2) in Ref. [4], (3) in Ref. [3] and (4), (5) in Ref. [1].

Lemma 2 Let z € [z,41,2;] for some j and E = {k: k # j,j+ 1}. Then for k € E, we have

1
Z < Cn? log n.
iew [r — ol

Proof By the definition of E, we have

e lr—ml Hle—al S le—a] TS ey ] S e -l
From!!! )
Qn -2 |‘TJ| 2
RS i1 1l 6
€L Lj+1 nmax{n ) an} ) ()

and® a, = Cn'/2, it follows that

Therefore,

Lemma 3 Let
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Then for sufficiently large n, we have

> a2 w0 | < 0108 o

k=1
Proof In the sequel, we suppose © € [z;11,x;] for some 1 < j <n — 1. The case z € (—o0, z,)

or z € (x1,+00) can be treated similarly. Let

Ey = {k: |z <nt*Y, By = {k: |xx| > n/4).

By the assumption, we have

n 2
12 (1/2 So)ek |y — g <C Py () exp{(1/2 — 6¢)z?
; k( | k| Z pn :Ek))2| T — T, | p{( / 0) k}

oY+ ¥ i el/2- et )+

keE1NE keE:NE "

=y el /2 )+
C pi(il?) exp{(1/2 - 50)17_?—1-1}

(P (@j41))? |2 — @541
Z:C(Al + As + As + Ay).
Applying (4) and (5) gives

(o (@) (2))? exp{—(1/2+ 6o)e2} o
At s e e P —ar] ¢

keE

—1/2 1/6)2 g o2
P S 71/2) o erl- /2 s
ke E1NE k
—1/2 1/6)2
n 2
c > - exp{—(1/2 + dp)z3 }e”
k€E2ﬂE(n 1/2 1/6)2|517—33k|

With Lemma 2 and a,, = Cn'/2, we deduce that

logn 2

1
98T pa® | Ot/ logn exp{—(1/2 + 50)7171/2}6962 < Cwe
n

nl/6

A+ A <C

holds for sufficiently large n. Next we will estimate Az and A,. Write
2
Pn (I) 2
Ay= 2D t1/2 - do)a?)

P ()2 — 51 !

[Pn (@) |w (@) (Pn (%) — P (25)) lw(@)w? (@) 42 2

= . e’ - exp{(1/2 — bp)z3}.
P (25)Pw? (25) | — ;] ’

If j € Eq, then (4),(5) and the mean value theorem together yield that

an 218 p! (€ |wl(Es 2
Az <C (lip’i%z' (gﬂ)wﬂ(&)w(%)w@)em - exp{—doaj }

< Cn 2, (&) |w(&)w T (& ) g )w (@) - exp{—oa3},
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where & € (x,2;). By (2), p,(&;) = V2npn_1(&;). We obtain that
Az < Cn~ T2 200, 20 00w (g )w(x])w(x)eEQ < Cn V67"

where we should note that w™1(&;) - w(z) - w(z;) < 1 for & € (z,z;).
For j € Ey, by Lemma 1 and the mean value theorem again,

CL;1/2n1/6\/%a;l/?nl/e

1/24 a2
(la’l/Qn—1/6)2 -exp{—don / te

A3 <C

< COnt/o exp{—éonl/Q}ew2 < Cn~1/6e7

for n large enough. The estimate of A4 can be processed in a similar way. Combining all the

above estimates, we complete the proof of Lemma 3.

Lemma 4 Let f(z) € C(_ ) satisfy (1). Then for any given point x € R, we have

S
— (P (k) |l’—$k|

k

"

Pn (k)
n (k)

Proof Suppose x € [zj4+1,x;) without loss of generality. By (3) we have

- (z) Pu (k)
Zl (P (k) |$—11?k|

n P (TK)

() = f(zx)| = 0, n — oo

(x) = f(ax)|

- )
Skz:: @) xk|(1+|1?k|)|f(1?)—f(ﬂfk)|
col T+ S | B ise) - )
T \jeiDlel Janisalel) Pa(@e))lT -l
=: C(Il +Ig).

Let w(f,t)[a,5) be the modulus of continuity of f(z) on the interval [a,b]. Then
P (x)
R A R

I < (
<w(f,1/logn) - ajz| x|
(
(

(1 + |zx)w(f, 1/ 1log n)|—4jz|,aj2) (1 + |2 — 21| logn)

3 (Pn(z)w(x))?w? (zk)e”

(], () (wn)2lz — |<1+kal>(1+|x—xk|1ogn>

|z, <2|z|

(1+ Jar))e®” +

3 : (Pn(7)w (@) W (21)

<w(f,1/logn)(—aja| 4lal] v (wn)w(zr)) 2|z — 2|

|2k <2[z]

Z (Pn ()0 (@))*w? (k)

|zr] <2z (p;z(xk)w(l'k))

=:Cw(f,1/logn)—ajz| 4z (T11 + [12).

(14 |xg])logn - e®
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Applying Lemmas 1 and 2 yields that

(pn (@))% (1) ,
R D ey ) L ol

ki j+1

pn(x)w(x)l? (5;) ( ) - (EN W2 (2 Yo e
(p;(:vg)wtvg)) (&)w () )w () (1 + 4|z[)e” +

P @l G olEis) v
(pn($J+1) (IJJrl)) (&jr1)w (zjr1)w()(1 + 4|x])

~1/2,1/6 1/2 nl/6\/ona 1/2 nl/6
<C <¥ 1/2 10gn+

= n 1/2
wm

o () o) +
—1/2 nl/ﬁ —1/2_1/6
" m/) - w—1<§j+l>w2<wj+l>w<w>> (1 + dlaf)er

(Z-an

logn
nl/6

where w™! (&) w?(z;)w(x) < 1and w™(&11)w?(zj4+1)w(x) < 1 are used, with &; and ;1 located

between z, x; and between x, x;1 respectively. Similarly, by Lemma 1, with an easier argument,

(1 4 4fz|)e”

Iio = 0,n— o0. Thus I — 0, n — oo.
Now we estimate Iz. By (4), (5) and Lemma 2, and with the inequality |zx| < Ca,([4]) in

mind, we have

2,,2
I, <C Z + Z ({pn(x)w(x)) 2w (xk) (1 + |$k|)e(1—ao)m%ew2
2|z|<|zk|<nt/12 |z |>nl/12 (P (@k)w(@k))? |2 — @i
—1/2 1/6\2
<Cwnl/l2nl/2 log n - 612+
= (ia;1/2)2
—1/2 1762
(an n / ) ann1/2 logn ) e_€0n1/6 ) 612

(oay/2n-1/6)2

1
<Ce® <n01g/g +n?3logn - 650”1/G> .

The proof of Lemma 4 is completed.

Lemma 5 Let f(x) € C(_w,0) satisfy (1). Then for any given point x € R, we have

Zlf B i(x) =0, n— oo

Proof Write

Zlf W)l - (@)
< Y wlhle—m) B+ Y @) = fa)] - R)

|k <2(|2|+1) |z |>2(]z|+1)

< w(f, 1/1080) —aje|—aajalra) Y, (1+lognle —xx]) - [ (x)+
|z | <2(]z|+1)
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Yo f@) = f@)] - B(w) = S1+ Ss.
| >2(|z|+1)

Then Lemma 3 implies S; — 0, n — oco. We estimate Sy. Assume n'/'? > 2(Jz| 4+ 1) for

sufficiently large n:

So= Y @) - flaw)] - Ba)

|k [>2(]2|+1)

<c > LY | st _Ee@e@ e @) e

(P () (2k))? (2 — )

2(|z|+1)<|zk|<n1/12 @y >nt/12
=: 821 + So2.

By (6) and 2(|z| + 1) < |zx| < n'/'2, for sufficiently large n we have

a’n —
T — Tg41 ™~ — ~N 1/2.
n

Then

nl/12

1 _ o T/12
> a2 ) SCmE =

2(|2|+1)<|i|<nt/12

Therefore it follows from Lemma 1 that

—1/2_1/6\2
So1 < Cw ,n7/1269c2 < C«7f1/1zeac27
a2
while by (6),
(a;1/2n1/6)2 2 e—coTh
S22SO n *1/2 —1/6 26 Z (:L-_x )2
(z-an ' "n=1/0) o |m1/12 k

_ 2 1/6 2 1/6
SCTL 1/36;3 e—on n< Cn2/361 e—Eon

which completes the proof of Lemma 5.

3. Proof of the Theorem

By noting the definition of Hermite-Fejér operator F,,(f, ), we see that

n "

Fu(fix) = f(an) [1 e —mp?@’“)] 3 (x). (7)

Pt P (k)

Let f(z) =1, whence F,,(f,z) = 1, we have

We rewrite
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k=1
Y P () 2 o )
; @ —any ) e = f@ S e —a)| +
- pn(I) 2
;<m lyx||z — o]

=.J1 + Jo + J3.

By the assumption , |yx| < Ce(2/1=80)a};, Applying Lemma 5 to J;, Lemma 4 to Jo and Lemma
3 to Js3, we obtain for any given point x € R that

Hy(f,x) = f(z) =0, n— oo
For the Hermite-Fejer operator F,(x) (see (7)), we have the following corollary:

Corollary Given 0 < g9 < 1. Let f € C(_ o0 satisfy |f(z)| = O(e(1=20)7*) Then for any
given point x € R, we have lim,,_,o, F),(f,z) = f(x).
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