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Abstract Let K be a nonempty closed convex subset of a real p-uniformly convex Banach
space E and T be a Lipschitz pseudocontractive self-mapping of K with F(T) :={z € K : Tx =
x} # 0. Let a sequence {z,} be generated from z1 € K by znt1 = anTn + bnTYn + Crtin,
Yn = AnTn + b Ty + c;vn for all integers n > 1. Then ||z, — Txn| — 0 as n — oco. Moreover,
if T is completely continuous, then {z,} converges strongly to a fixed point of T'.
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1. Introduction

Let K be a nonempty subset of a real Banach space E with dual E*. We denote by J the
normalized duality mapping from E to 2F” defined by

J(@) ={f* € B« (x, f) = ||=|* = | f*|*},
where (-, ) denotes the generalized duality pairing.
Recall that a mapping T : K — K is called pseudocontractive if there exists j(z—y) € J(z—y)
such that
(Tz — Ty, j(x—y)) < lz -yl

for all x,y € K. A mapping T : K — K is called Lipschitzian if there exists a constant L > 0
such that ||Tz — Ty|| < L||z — y|| for each x,y € K. If L =1, then T is called nonexpansive.
Apart from being an important generalization of nonexpansive mappings, interest in pseu-
docontractive mappings stems mainly from their firm connection with the important class of
nonlinear accretive operators, where a mapping U with domain D(U) and range R(U) in E is

called accretive if the inequality
lz =yl < llz —y+s(Uz = Uy)|

holds for every z,y € D(U) and for all s > 0. Tt is well known!!! that if T is accretive, then the

solutions of the equation Tx = 0 correspond to the equilibrium points of some evolution systems.
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Consequently, considerable research efforts, especially within the past 20 years or so, have been
devoted to iterative methods for approximating fixed points of T" when T' is pseudocontractive
(see, for example, Refs. [2-6] and the references therein).

Let T : K — K be a nonexpansive self-mapping on a convex subset K of a normed linear
space E. Let Sy := A+ (1 —\)T, A € (0,1), where I denotes the identity mapping of K. Then
for fixed 29 € K, {S}(20)} is defined by S} (o) := Az, + (1 — \)Txy,, where x,, := Sy~ (20).
In 1955, Krasnoseleskiil” proved that if E is uniformly convex and K is compact, then for any
xo € K, the iterative sequence {Sg(:zro)} converges to a fixed point of T', where Sy := L(I+T).
Schaefer®! observed that the same result holds for any Sy with A € (0,1), and Edelstein!®!
proved that strict convexity of E suffices. The important and natural question of whether strict
convexity can be removed remained open for many years. In 1976, this question was resolved in

the affirmative in the following theorem.

10]

Theorem 1! Let K be a nonempty subset of a Banach space E and let T : K — E be a

nonexpansive mapping. For xy € K, define the sequence {x,} by
Tnt1 = (1 —cp)zpn + cn Tz, (1)

where the real sequence {c,} satisfies the following conditions: (a) Y .~ ¢, = 00; (b) 0 < ¢, <1
for all positive integers n; and (¢) x, € K for all positive integers n. If {z,} is bounded, then
limy, o0 ||@n — T2n|| = 0.

The iteration method of Theorem I is now referred to as the Mann iteration method in the
light of Ref. [3] and has been studied extensively by various authors. One consequence of this
theorem is that if K is closed and T is completely continuous, then T has a fixed point and the
sequence {x,} defined by (1) converges strongly to a fixed point of T' (see, for example, Theorem
1 of Ref. [10]). Any sequence satisfying the conclusion of Theorem I, i.e., lim,, o ||€n —T2y|| = 0,
is called an approximate fixed point sequence for T'.

The importance of approximate fixed point sequences is that once a sequence has been con-
structed and proved to be an appropriate fixed point sequence for a nonexpansive mapping 7',
convergence of that sequence to a fixed point of T is then achieved under some mild compactness-
type assumptions either on T or on its domain.

Our concern now is the following: Is it possible to extend Theorem I to the case where T is a
Lipschitz pseudocontractive mapping? In this connection, Chidume and Mutangadural* have
recently given an example of a Lipschitz pseudocontractive self-mapping of a compact convex
subset of a Hilbert space with a unique fixed point to which no Mann sequence converges.
Consequently, for this class of mappings, the Mann sequence cannot give the conclusion of
Theorem I.

In 1974, Ishikawal'? introduced an iteration process which, in some sense, is more general
than that of Mann and which converges to a fixed point of Lipschitzian pseudocontractive self-

mapping 7T of K. He proved the following theorem.

Theorem IS Suppose K is a compact convex subset of a Hilbert space H and T : K — K
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is a Lipschitzian pseudocontractive mapping. For xy € K, define the sequence {x,} by
Tnt1 = (L —an)xn + anTyn; Yn = (1= Bn)zn + BnTxn, n >0, (2)

where {a,}, {8} are sequences of positive numbers satisfying the conditions

(i) 0 < ay < B, <1; (i) im, o By, = 0; (i) 220:1 anfBn = 0.

Then the sequence {x,} defined by (2) converges strongly to a fixed point of T'.

The iteration method of Theorem IS, now referred to as the Ishikawa iteration method, has
been studied extensively by various authors. However, it is still an open question whether or
not this method can be employed to approximate fixed points of Lipschitz pseudocontractive
mappings in space more general than Hilbert spaces[®13:14],

It is our purpose in this paper to give affirmative answer to the above question. Let K be a
nonempty closed convex subset of a real p-uniformly convex Banach space and T be a Lipschitz
pseudocontractive self-mapping of K with F(T') := {z € K : Tz = z} # (). Let a sequence {z,}
be generated from z1 € K by x,41 = anTpn + b,TYn + Cplin, Yn = ah,z, + b, Tx, + ¢ v, for all
integers n > 1. Then ||z, — Tz,|| — 0 as n — co. Moreover, if T' be completely continuous, then

{z,} converges strongly to a fixed point of T.

2. Preliminaries

Let E be a Banach space, the modulus of convexity of E is the function dg : (0,2] — [0, 1]
defined by

) 1
0p(e) = mnf{l - gllz+yl: el =1, [yl =1, ]|z - yll = €}.

A Banach space E is called uniformly convex if and only if dg(e) > 0 for all € € (0,2]. For
p > 1, the (generalized) duality mapping J, : E — 27" is defined as J,(z) := {f € E: (z, f) =
llz||?, | fIl = lz||P~t}. In particular, J = Js is the normalized duality mapping on E. It is known
that Jy(x) = ||z||P~2J(z),z # 0. A Banach space E is called p-uniformly convex if there exists
a constant ¢ > 0 such that dg(e) > ce?, V0 < e < 2. It is known['®! that L, is

2-uniformly convex, if 1 <p <2,
p-uniformly convex, if p > 2.
Lemma 2.10 Let p > 1 be a given real number. Then the following statements about a Banach
space E are equivalent:
(i) E is p-uniformly convex;
(ii) There is a constant ¢, > 0 such that for every x,y € E, j,(x) € J,(x), the following
inequality holds:

[z +ylI" = [l2l” + ply, jp(2)) + collyll”- 3)

Remark 2.1 Replacing by (z + y) and y by (—y) in Inequality (3) and using the Cauchy-

Schwarz inequality, we can obtain

lz +ylI” < Izl + pliyl - lla +ylP~.
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Lemma 2.2[15] Let p > 1 be a given real number. Let E be a p-uniformly convex Banach space.

Then, there exists a constant d > 0 such that
[Az + (1 = Nyl|” < M|z[|” + (1 = N)[[yl|” = Wp(Mdl|z — yl|” (4)
for all A € [0,1] and z,y € E, where W,(A) = AP(1 — ) + A(1 — \)P.

Lemma 2.31'! Let {p,},{0,} be two nonnegative sequences and for all integers n > Ny (for
some fixed Ny), prnt1 < pn + On.
(a) If>"° | 0y < 00, then lim,, .o p, exists;

(b) If>" 77 on < oo and {p,} has a sequence converging to zero, then lim,_. pn = 0.

3. Main results

In the sequel, ¢,, d will denote the constants appearing in Inequalities (3) and (4), respectively.
For the rest of this paper, we shall assume that E be a real p-uniformly convex Banach space
such that 2=®—2)dp > (p— l)c;1 and p < 14 ¢,. For L, spaces with 1 < p < 2, the following

inequalities hold!'5-P1131-1132],

2+l > [l + 2{y, J (2)) + e,y 1%,
and
Iz + (1= Nyl* < Mal* + Q@ = N]yl* = W2\ (e = Dllz -y
for A€ [0,1] and V z,y € E, where ¢, = [1 + tépil)][(l +t,)~® D] and for 0 < t, < 1, t, is the
unique solution of the equation g(t) = (p — 2)t®~1 + (p — 1)t(P=2) — 1 = 0. We observe that the
function h : [0,1] — [0, 00) defined by h(z) = % is increasing on

1+2)2(p— D@2 - 1)

o8 (@) =

> 0),

hence for L,(1 < p < 2) we have ¢, > 1 and d = p — 1. Therefore, the conditions 2-(P=2)gqp >
(p—1)c, ' and p < 1+ ¢, are satisfied.

Lemma 3.1 Let E be a real p-uniformly convex Banach space, ) # K C E be convex and
bounded, T : K — K be a pseudocontractive mapping. Then, for each z,y € K and for each
integer n > 1, the following inequality holds:

ol Te =Ty|[P < (p— Dz —yl” + (I = T)z — (I = T)y|*.
Proof Replacing z by 3(z —y) and y by —4(Tz — Ty) in Inequality (3), we can get

_ 1
|z —y — (Tz —Ty)||? >|lx — y||” — p2°~(Tx — Ty, jp(5(

z —y)))+
cpl| T — Ty||”
2|z = ylI” = plle = yl|” + cp[| Tz = Tyl|”.
Since
(@ —y)) =27 Ve —y| P2 J(z —y),

N =

(5~ ) € Iyl
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we have
cpl|Te = Tyl|P < (p— Dz —yl|P + |z —y — (T = Ty)|]P. (5)

The proof is completed. O

Remark 3.1 We observe that the function f : [0,00) — (—o00, +00) defined by f(z) = LPzP —
dp(1 —)2=P=2) 4 (p — 1)c, ! is strictly increasing on (0,00). Hence, it has at most one zero on
(0,00), provided that f(0) = (p —1)c, ' — dp2=(P=2) < 0. In this case, since f(1) = L? 4 (p —
L)e, ' > 0, it follows that the zero ¢, € (0,1).

Lemma 3.2 Let E be a real p-uniformly convex Banach space such that 2~ ®=2)dp > (p— 1)0;1
and p <14 ¢,. Let K be a nonempty bounded convex subset of E, T : K — K be a Lipschitz
pseudocontractive mapping with Lipschitz constant L > 0 and F(T) # 0. Let {an},{bn},{cn},
{a,},{b,}, and {c,} be real sequences in [0,1] satisfying the following conditions:

() an+bp+cn=a,+b,+c,=1,Yn>1;

(i) Do gcn <00, Do, ¢, < 0o;
(iii) € <1 —dcy(1 —a,)27P=2 < B, < b for all integers n > 1, some € > 0 and b € (0,1,),

where o, = b, + ¢y, Bn = b; + c;I and t, is the unique solution of the equation:
LPa? — dp(1 — )2~ P2 4 (p — e, ' =0 (6)
n (0,00). For arbitrary x1 € K, define the sequence {z,} iteratively by
Tpt1 = AnTh + by Tyn + cpttn, yn = a;xn + b;lTa:n + c;vn, n>1,
where {u,},{v,} are arbitrary sequences in K. Then, lim,_,c ||z, — Tz,| = 0.

Proof Let «* € F(T). Using Inequality (4) and the boundedness of K, for some constant
M > 0, we have

[Znt1 — 2|7 =[|(1 — an)(@n — %) + an(Tyn — %) — ca(Tyn — un)||”

<= an)llzn — 277 + anl|Tyn — 271"

Wy (a)d||zn — Tyn||P + Mey,. (7)
Notice that
pl|Tan — 2% < (p— Dllzn — 2P + |2 — Tz |?, (8)
and
| Tyn — 2P < (p = Dllyn — 21" + llyn — Tynl|. (9)

Moreover, for some constants M7 > 0, My > 0, we have
lyn — 2" [I” =11 = Bu)(@n — 27) + Bu(Tan — 2*) — ¢ (Tan — vn)|”
<A = Bo)llzn — 2P + Bull Twn — 2™ |P—
Wy (Bn)dl|xn — Tan||” + Mic,, (10)
and

lyn — Tynll” =I(1 = Brn)(@n — Tyn) + Bu(Txy — Tyn) — C;(Txn —v,)[|P
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<= Bu)llzn = Tynll” + Bnl Tan — Tyn["—
W (Bn)dllzn — Tan||” + Mac,. (11)
Substituting (8) into (10), one gets
lyn — |7 <(1 = Bu)llwn — 2P + Bucy {(p = 1)llwn — 2™ [P+
[2n = Tan|P} = Wy (Bn)dllan — Tan|” + Mic,
=[1+ Bucy (0 = 1 = p)lllwn — " [P+
Bucy ' = Wyp(Bu)dlllwn — Tan|” + Mic),. (12)
Set t,, = ﬁnczjl(p —1—cp), = ﬁnczjl — W,(Bn)d. Then
lyn =277 < (L +to)llzn — 2|17 + rollzn — Taa|” + Mic,. (13)
Substituting (13) and (11) into (9) yields
pl|Tyn — 2*||P <(p = (A +tn)llxn — 27" + (p = Draflzn — Taa|"+
(1= Bu)llzn — Tynll” + Bnl| Tzn — Tyn|["—
Wp(Bn)dllwn — Tan|? + [(p — 1) My + Msc,.
Substituting this inequality into (7) now gives
ont1 = 2" [P <{1+ anl(p — 1) ' (1 + tn) = }lan — 2™[|P-
[Wlan)d = ¢, an(l = Bn)lllzn — TyalP~
¢y an[Wy(Ba)d = (p = Dra]l| 2 — TP+
anﬁnczleT:z:n — Tyn||P + M3(cpn, + ) (14)

for some Mz > 0. Observe that ¢, ' (p —1)(1+t,) =1 =c,?(p —1—¢,)[(p — 1)Bn + ¢,] and that

by condition (iii), Wp(cm)d — ¢, an(1 — Bn) > 0 since Wy (o) > an(1 — )2~ #=2). Therefore
2+ = 2P <{1+ anc,*(p = 1 = )[(p — 1)Bn + cpl}Hln — 2*|P~
ancy (Wy(Bn)d = (p = V)ra] [y — Ty [P+
anﬁnc;1||T:Un — Tyn||” + M3(cn + ).
Since T is Lipschitzian, we have, for some constant M, > 0, that
T2 = Tyul” < LPll2n — yull” = L7 Bu(@n — Tan) + ¢, (T2n — v,)|P
< LPBP ||y — Tan||” + Myc,.
Hence by the assumption p < 1+ ¢,
[@nt1 = 2*[P <llan = 2P = anBuc,  dp(1 = 52)27 72 — (p = )¢,

BRLP)lan — Tan|” + Ms(cn + ¢;) (15)

for some constant Ms > 0. Since b € (0, t,), it follows that

§=dp(1 -2~ — (p—1)c,' —b'LP > 0.
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We can choose some € such that ¢ = 1 — (1 — €)2~®"2)¢,d > 0. Then condition (iii) implies

ap, > € > 0. Furthermore, Inequality (15) now yields the following estimates
s — 27 < llen — 2|7 = e€'cy 6| — Tnll? + Ma(en + ). (16)

Since Y7 (cn + ¢,) < oo, it follows from Lemma 2.3 that lim, .o ||z, — z*||P exists. Let

lim, oo ||@n — 2*[|P = r. Inequality (16) also yields
0< ee/cgl5|\xn —Txp||P < ||zn — 2| — [[Tns1 — 2*||P + Ms(cn + c},) — 0.
Hence, lim, o0 || — Ty || = 0. The proof is completed. O

Theorem 3.1 Let E be a real p-uniformly convex Banach space such that 2~ ®=2)dp > (]9—1)ch1
and p <14c¢,. Let K be a nonempty closed convex and bounded subset of E, T : K — K be a
completely continuous Lipschitz pseudocontractive mapping with Lipschitz constant L > 0 and
F(T) # 0. Let {an},{bn},{cn}, {a,},{b,,}, and {c,} be real sequences in [0,1] satisfying the
following conditions:

(i) an+bp+cp=a,+b,+c, =1,Vn>1;

(i) Do n <00, 35 Cn < 00;

(iii) € <1 —dcy(1 —a,)27P=2 < B, < b for all integers n > 1, some € > 0 and b € (0,1,),
where a,, = by, + ¢, B = b, + ¢, and t, is the unique solution of the equation:

LPaP — dp(1 — )2~ P~ 4 (p — l)c;1 =0 (17)

on (0,00). For arbitrary 1 € K, define the sequence {x,} iteratively by

Tpt1 = AnTy + by, Tyn + cpn; yn = a;lzzrn + b;Ta:n + c;lvn, n>1,

where {un}, {v,} are arbitrary sequences in K. Then, {x,} converges strongly to a fixed point
of T.

Proof By Lemma 3.2, lim, .« ||, — Txy|| = 0. Since T is completely continuous, there exists

a subsequence {T'z,,} of {Tz,} such that Tz,, — y*. This implies, by Lemma 3.2, that

Tp, — Y (18)

By the continuity of T" and Lemma 3.2, we obtain Ty* = y*, ie., y* is a fixed point of T.
Replacing the z* by y* in Inequality (16), we obtain that

11 = 5|17 < llon =y (1" = e€'c, " Sllon = Tan|[” + Mz (ca + ). (19)

From (18) we know that {||z, — y*||} has a sequence converging to zero. In view of the

conditions Y7 ¢, < oo and Y- ¢, < oo, from Inequality (19) and Lemma 2.3, we can

conclude that ||, — z*| — oo as n — oo, i.e., {x,} converges to a fixed point of T. The proof

is completed. O
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