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The Kinematic Density for Pairs of Intersecting Lines
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Abstract In this paper, we get a kinematic density formula for pairs of intersecting lines which
has not yet been gotten in integral geometry by using the moving orthogonal frames method.
And we obtain a kinematic formula of the intersection of the pairs of intersecting lines belonging
to convex body K by using it.
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1. Introduction

The kinematic density for pairs of intersecting lines in R? is the same as the kinematic density
for pairs of lines in R%. Let G and L be two lines which intersect at the point P, 6 be the angle

between G and L, and a be the angle G with the z-axis. We can get the formulal'?

dGdL = sin dPdfda. (1)

The kinematic density for pairs of intersecting lines in R? is different from the kinematic

density for pairs of lines in R®. The kinematic density for pairs of lines in R? is[?l
dGdL = sin® fdPydQndGndLydN. (2)

Where N is the common perpendicular of lines G and L, P=NNG, Q=N N L, 6 denotes the
angle between G and L, dPy and dQ n are the densities of P and @ on the common perpendicular
N, respectively, and dG and dLy are the densities of G and L for the rotations around N,
respectively.

The kinematic density for pairs in R is[*5]
dGdL = t"3sin? 0d Py dQndG yd L ydN, (3)

where t denotes the length of PQ, 6 denotes the angle between G and L, dPy and dQn are the
densities of P and @ on the common perpendicular N, respectively, and dGx and dLy are the

densities of G and L for the rotations around N, respectively.
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Let K be a convex body in R", and o the chord intersected by a random line G with K.

Consider integrals!!]
1) = [ omac
GNK

where m is a nonnegative integer and dG is the density of lines. The integral I,(,? )(K ) is called
the mth chord-power integral of K.
In particular,
1K) = 50,1V, (®)

where O,,_ is the surface area of (n — 1)-dimensional unit sphere and V' is the volume of K.
When we study geometric probability[®!, we may meet these problems which need using the

related formulas, say, caculating the kinematic measure of the intersection of the lines G and L

belonging to convex body K in R™. Meanwhile, we notice that these are conditional probability

problems.

2. Main results
Lemma The kinematic density for pairs of intersecting lines G and L in R™ is
dGdL = sin"_l 9(190)1&)2 o WpWi12 tr  WinW23 t t t Wan, (5)

where 6 is the angle between the lines G' and L, and w;, w;; are 1-forms in R",

Proof Let g; be the unit vector parallel to the line G and [y be the unit vector parallel to the
line L. Let {P, g1, 92,93, ---,9n} be the moving orthogonal frames, such that the plane = which
is spanned by the lines G and L will be perpendicular to span(P; g3, g4, ..., 9gn). And the lines
l; and Iy are also in the plane m. Denote g; =1;, ¢ = 3,4,...,n. Then
l1 = cosfgy +sinfgs, Iy =—sinfg; + cosbgs,
dl; = cosfdg; + sin Odgs + (cosOgs — sinfgq)do,
dls = —sinfdg; + cos0dgs — (cosfgy + sin fgo)d6.

Because the arbitary line G always intersects the line L, we have

dL = dPly A dlyls Adligs A - A dlygn
= dP(—sinfg; + cosfgs)
A (cos8dgy + sin @dgs + (cosOgs — sin gy )dO)(— sin fg; + cos Oga)
A (cos 8dg; + sin6dgs + (cos Oge — sinfg;)db)gs
A
A (cos8dgy + sin @dgs + (cosOgs — sin fg1)db) gy,
= (—sin@dPg; + cos0dPgs2) A (df + dg1g2) A (cos8dgr gs + sin Odgags)
A
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A (cos 8dgy gy, + sin0dgagy,).
Sincel? dG = dPgs A --- AdPg, Adgiga A - - - A dg1gn, we have

dGdL = dPgy A --- ANdPg, Adgiga A -+ ANdgi1gn
A (—sinf@dPg; + cos0dPgs) A (df + dg1g2) A (cos 8dgrgs + sin 6dgags)
N
A (cos 8dg1 g, + sin 6dgagy,)
=sin" "t 0d0dPg; AdPgs--- AdPg, Adgigs A--- Adgign A dgags
A Ndgagn
= sin" ! 0dOwiws - - - wWpW1a -+ WinWas © - Won.
Theorem 1 The kinematic density for pairs of intersecting lines G and L in R™ is
dGdL = sin™! §dd Pdu,, _1du, o, (6)

where P is the intersection of the lines G and L, du,_1 denotes (n — 1)-dimensional volume
element of unit sphere U,_1, and du,_o denotes (n — 2)-dimensional volume element of unit

sphere U,,_5 in R™,

Remark 1 The formula (6) of kinematic density for pairs of intersecting lines is different from

the formula (3) about kinematic density for pairs of intersecting lines.

Remark 2 For n = 3, we havel¥
dGdL = sin® #dOd Pdudus,

which is different from the formula (2).

Remark 3 But, for n = 2, we have
dGdL = sin 6d0d Pdu;,

which is the same as the formula (1).

Proof Sincel?
dP =wjwz - Wy, dUup_1 =wiz - Win, dUp_2 =wa3" " Wan,
by formula (5), we get
dGAL = sin" ' 0dfwiws - - - wpwia - - Winwas - - - Wan
= sin" " 6dfd Pduy,—1 dun, .
Theorem 2 The kinematic density for pairs of intersecting lines G and L in R™ is
dGdL = sin" ! 0d0dEdPedG, (7)

where Y. is the plane spanned by the lines G and L, d¥¢ is the kinematic density of ¥ for the
rotations around G, and dPg is the kinematic density of P on G.
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Proof Sincel?
dPg =wi, dG =wz - wpwiz - win, dY¥g = w23 " wan,
it follows from formula (5) that
dGAL = sin" ' 00wy - - - wawis -+ WinWa3 -+ ¢ - Wan
= sin" ! 0d0dE A PedG. O

Theorem 3 The kinematic formula of the intersection of the lines G and L belonging to convex
body K in R" is
/ dGdL = J,05,—10,-2V, (8)
GNLEK

where J,, = fO% sin" 1 0d0, O,,_1 is the surface area of the (n—1)-dimensional unit sphere, Oy, _2

is the surface area of the (n — 2)-dimensional unit sphere, and V' is the volume of K.

Proof By formula (6), we obtain

/ dGdL = / sin” ! 0d0d Pdu,, 1 dtsg,—o
GNLeK PeK

=0, 10,4 / * sin"1 0de / ap
0 PeK
= Jn0n710n72‘/-

Also by formule (4) and (7), we obtain

/ dGdL = / sin” ! 0d0d P dGdY ¢
GNLeK GNLeK

3
= / sin” 1 #dé dPg / dGa / 2
0 GNLEK GNK#)

- / " sin® 1640 vol(G N K)dG
0 GNK#)

=2J,0,_2 / odG
GNK#)D

= 2J,0n 21" (K) = J,0,_10p_5V. O
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