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Abstract An algebraic system X is constructed by using the known loop A;. Then a new
isospectral problem is established by taking advantage of X, which is devoted to working out the
well-known Volterra lattice hierarchy. And an extended algebraic system X of X is presented,
from which the integrable coupling systems of the Volterra lattice is obtained.
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1. Introduction

By making use of Tu schemel™?, one has obtained some continuous interesting integrable
Hamiltonian hierarchies of soliton equation such as AKNS hierarchy, BPT hierarchy, KN hier-
archy etc. In recent years, the nonlinear integrable lattice equations have also been extensively
studied. The mathematical structures and physical applications of the discrete lattice systems,
such as the bi-Hamiltonian structure, integrable symplectic maps, Backlund transformations and
nonlinear superposition formulae as well as soliton solutions, master symmetries and so on were
investigated in Refs. [3-8]. Searching for the new Lax integrable lattice equations is an important
subject in the theory of nonlinear integrable lattice equations. The following loop algebra Ay is

frequently used to construct the isospectral problems by Tu scheme:

min = (% o) = (5 )= (5 A )rm=(n 4 )
(ha(m).e(m)] = e(m + ), [y (m). Fn)] = —F(m +1).
m) e

hi
[h2(m), e(n)] = —e(m +n), [ha(m), f(n)] = f(m +n),

[e(m), f(n)] = ha(m +n) = ha(m +n),

deg(hi(n)) = deg(e(n)) = deg(f(n)) =n, i=1,2. (1)
In this paper, in terms of the loop algebra (1) and the different operators, we construct an

algebraic system X and its extended system X, the discrete integrable coupling systems of

Volterra lattice is worked out. Therefore, the method can be used generally.
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2. The algebraic system and the Volterra lattice hierarchy

Above all, we construct an algebraic system based on the loop algebra (1). Let X denote a

linear space expanded by the linear independent vectors hi(n), ha(n), e(n) and f(n),

X =span{hi(n), ha(n),e(n), f(n)}. (2)
Define their product operation in X as follows!?:
hi(m) x e(n) = e(m + n),e(m) *x ha(n) = e(m + n),
f(m)* hi(n) = f(m +n), ha(m) * f(n) = f(m+n),
e(m) x f(n) = hi(m+n), f(m) x e(n) = ha(m +n),

~—

)
| —ha(m +n), when hy(m),ha(n) € TU,
ha(m) * ha(n) = { —hi(m +n),when hy(m),ha(n) € UT,
_J —ha(m +n),when hy(m),ha(n) € TU,
ha(m) * ha(n) = { —ha(m + n),when hi(m),ha(n) € UT. )

We define the product operation of hq(n) and hae(n) as follows if we need modified matrices An:

hi(m) * hi(n) = hi(m +n), ha(m)xha(n) = ho(m +n),
hi(m) % ha(n) = ha(m) * hi(n) =0,
e(m) x hi(n) = ha(m) x e(n) = hi(m) x f(n) = f(m) « ha(n) = 0, hi(n), ha(n) € An, (4)
hi(n) = hi(0)A", ha(n) = ha(0)A", e(n) = e(0)A", f(n) = f(O)A"™. (5)
According to the algebraic system (2) along with (3)—(5), we consider the following isospectral
problem:
By, = Uptn, A =0, U, =ha(l)+ uie(0) + uaf(0) — uzh2(0). (6)
Set

D= [am(hi(=m) = ha(=m)) + bme(=m) + cu f (=m)]

m>0

= a(h1(0) — h2(0)) + be(0) + c£(0),

where a = > SqamA™", b= obmAT™, =" ~ocmA™™. The discrete stationary zero
curvature equation

(ET)U, — U,T =0 (7)
is equivalent to
(ugb™ — u1c)hy (0) + (= Aa™ + uza™ + urc™) + Aa — ugb — uza)hy(0)+
(ura™ + XM + uya — usb™)e(0) + (—uza™ — Ae — usa + use) f(0) = 0. (8)
Since h;(0) (i = 1,2), e(0), f(0) are linear independent, from Eq.(8) we have

usbM) — uyc = 0,
a4+ u3a™ + w1 + Aa — ugb — uga = 0,
ura™ + AW 4+ upa — uzb® =0,

—usa™ — Ae — uga + uze = 0.
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Inserting the expanding expressions a = ) ~amA™"™, b= buAT" c = S CmAT™
into (9) gives the recurrence relations as follows
(1)

by’ — urcy =0,
Amt1 — aﬁll Ust + uzaly) + urch) — gy, =0, (10)
U Ay, + ulﬂL(l) —+ b( ) — Ugbgb) = 07
U2y, + ugagn) + Cm4+1 — UsCm = 0.
Taking ap = % by = —ugl), co = —ug, we have
a, = —u(_l)u2, by = —ug_l)ug_l) — ug_l), C1 = —UU3 — Uy ...
Denote
(A"T) 4+ Z am(h1(n —m) — ha(n —m)) + bpe(n —m) + ¢y f(n — m)],
(A"T)_ =" I‘ (A"T) 4.
Then Eq. (7) can be written as
—Upn(N"T) 4+ (EQA"T))Up = Up(A"T)= — (E(A"T)_)U,. (11)

It is easy to find that the terms on the left-hand side in (11) contain powers A*, k > 0, while the

terms on the right-hand side in (11) contain powers A\¥, k < 0. Therefore, we obtain
(BO"T))Un = Un(A"T) 4 = (ag}y = ans)h2(0) = B316(0) + cnsa £(0).
Taking V(™ = (A"T),, we have

BV = UV = (@) = ang1)ha(0) = b)1(0) + enr1 £(0). (12)
From Eq.(12), we obtain the following lattice equation hierarchy
Ultn = _b511_|)-17
U2tn = Cn+1, (13)

(€))

U3tn = An41 — Ay -

When w1 = ug = ug, and n = 0, (13) becomes w4 = ul(ugl) — ugfl)), which is the Volterra

lattice equation. Therefore, we call (13) the generalized Volterra lattice hierarchy.

3. Integrable coupling system of the Volterra lattice hierarchy

In terms of the theory on continuous integrable couplings!'®!! some integrable hierarchies,
such as KN hierarchy, TC hierarchy etc, have been obtained in Refs. [12-14]. In this paper we
firstly extend the algebra system (3) into the following:

X = Span{hl (TL), ho (TL), e(”)v f(n)7 g(n)v f(n)} (14)
with

hi(m) * &(n) = &(m +n), ha(m) * f(n) = f(m +n),
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where the operation relations among hq(n), ha(n),e(n), f(n) are the same as those in (3)—(4).

Denoting X; = span{hi(n), ha(n),e(n), f(n)}, X5 = span{eé(n), f(n)}, we find
() X = X1 @ Xy, (i) X1 Xy C Xy, (15)
where the symbol & stands for a direct summation and
X1 % Xy = {x1(m) * 29(n)|z1(m) € X1, 22(n) € Xs}.
Then from Eq.(14), we consider an isospectral problem

Ewn = UM/% )\t = 07

Uy = ho(1) + u1e(0) + us f(0) — ushz(0) + uae(0) + us f(0). (16)
Set
F— Z;O[am(hl(_m) — ha(=m)) + bme(=m) + e f(=m) + dm&(=m) + hyn f(—m)]
— Z(_m (0) — ha(0)) + be(0) + cf (0) + de(0) + hf(0),
where

= amA" b= buAT" c= ) emA,

m>0 m>0 m>0
d= Z dpA™™, h = Z B A~
m>0 m>0

A direct calculation gives

(ET)U,, — U,T =(u2b™ — u1¢)h1(0) + (=Aa™ + uza™ + uyc™™) + Xa — ugb — uza)ho(0)+
ura™ + XM 4 uya — ugb™)e(0) + (—u2a™ — Ae — uga + use) f(0)+
(uga™ + usb™ — ugh)E(0) + (—usa™ + uge™ — Ah + ush — uad) £(0).

The discrete stationary zero curvature equation (ET)U, — U,I' = 0 admits the recurrence
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relations:

ugbsyll) —uicy, =0,

(1) (1) (1)

1 — Qpply ] — U3Gm + U3Am~ + UrCm — Ugby, = 0,

UL Ay, T+ ulag) + bsyllll — U3b$) =0,

17
U, + uzaly) + Cm+1 — U3Cm = 0, 17
usaly) +usb'y — uyhy, =0,
usaly) — uacly) + hony1 — ushp, + uady, =0,
where d is an arbitrary constant or function. Note that
(A\"D) 4 = Z [@m (h1(n —m) — ha(n —m)) 4+ bme(n —m) + ¢ f(n —m)+
m=0
dmé(n —m) + ho f(n —m)),
(A"T)_ =A"T — (A",
then a direct calculation gives rise to
(BOD))Un = Un(X"T)4 = (ap)y = ang1)ha(0) = bi210(0) + i1 £(0) + hus1 F(0).
Taking An = h1(0) + ha(0), v = (A"T) 4 + An, we obtain
EVNT, — T 7" =02 = ani1)ha(0) = b1 e(0)+
en1f(0) + us(0) + (hnsr +u5) f(0).
Hence, the discrete zero curvature equation
U = (EV™T, — T, V" (18)
leads to L
Ultn = _bSH)-la
U2tn = Cn+1,
_ ) 19
U3tn = An+1 an+17 ( )

Ugtn = U4,

Ustn = Us + Npt1.

In terms of the definition of integrable couplings!!®'! we conclude that the integrable discrete

system (19) is the discrete integrable coupling of the Volterra lattice hierarchy.
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