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For two indeterminate ¢ and x, define the shifted factorial by
(;¢)0 =1 and (2;¢)n = (1 —2)(1 —2q)--- (1 —2¢"*) for n €N,

When |q| < 1, the shifted factorial of infinite order reads as

o0

(T39)00 = H(l - qu) and (z;q), =
k=0

(73 9) oo

——~—  where n¢cZ.
(24™; q) oo

Its product and fraction forms are abbreviated compactly to

la, b, ... .6 qln = (a;0)n(b:0)n - (¢;Q)n,

|:a7 ba ..oy C :| _ (G,Q)n(bﬂ)n(C’(J)n '
a By, ooyl T (@ n(Bi e (i Dn

Following Bailey!®! and Slaterl®”), the unilateral and bilateral basic hypergeometric series are

defined, respectively, by

o
aop, ai, ceey (073 n aop, ai, ey 073
1+r¢s|: Q;Z} = z |: q:| )
blu SERE) bs ngo q, b17 EREE bs n
a a a > a Qa Qa
1 2y ey 1, 2y ey
ﬂ/fs{ ' q;Z}—ZZ"{ ' q] :
b17 b25 e bs n=0 bl; b27 cee bs n
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Obviously, the unilateral series may be considered as a special case of the corresponding bilateral
one. Throughout the paper, the base ¢ will be confined to |¢| < 1 for non-terminating series.

The study of basic hypergeometric series was essentially started by Euler (1748) with the
emphasis on generating functions of partitions. Subsequently, Gauss (1813), Cauchy (1825) and
Heine (1846) found several transformation and summation formulae of lower order ¢-series. From
the end of the nineteenth century to the middle of the twentieth century, there were many great
mathematicians (such as Rogers, Ramanujan, Watson, Bailey and Slater, mainly from Cambridge
University) who made important contributions to basic hypergeometric series. Among them,
Jackson embarked on a lifelong time program of developing the g-series theory systematically.
During the “dark” period from 1950’s to 1970’s, Andrews and Askey had persistently organized
several conferences and written numerous papers, convincing the mathematical public how useful
the g-series are to classical partitions, number theory and other disciplines. Thanks to these two
mathematicians, basic hypergeometric series has become a flourishing research area today. For a
comprehensive account of the story, we refer the reader to the monumental monograph written
by Gasper and Rahman/39.

During the last two decades, as the g-series theory develops explosively, its application fields
spread from other mathematical disciplines to physics and computer sciences. For non specialist,
it is necessary to have a quick access to this classical but modern subject. An effort along this
direction will be made in the present article. We shall try to prepare for readers a soft-landing
on the g-series field by introducing several classical formulae and transformations, which have
fundamental importance in the g-series theory and applications. The reader will be guided to
go smoothly through the topics around g¢-series without having to read the huge volumes such
as Ref. [39], even though it is needless to say that it is indispensable for further study on basic

hypergeometric series.

1. g-binomial theorem
Define the Gaussian binomial coefficient by
[ n } _ (@
k (@3 k(¢ Dn—re
We start with the ¢-binomial theorem:

(5300 = i(—l)k[ L 1)

k=0

Proof Writing (z;q), formally as a polynomial
(@ ) = Y Apa®, (2)
k=0

where Ay is independent of variable x. It is trivial to see that

(1—q"z)(x;q)n = (1 — 2)(q2;9)n
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which is equivalent to

n

(1—-q"x) Z At = (1 —x) Z Apghat.
k=0

k=0

Equating coefficients of z* across the last equation, we find the relation:

qn _qk—l
Ay = ﬁAk—l, where k=1,2,... n.

Iterating the above equation for k times leads us to the following closed form:

Ay = <_1)k[ " ]q@ Ay — (_1>k[ " }q@)

3

where Ap = 1 has been justified by setting z = 0 in (2)

This completes the proof of the
g-binomial theorem.

O
2. ¢-binomial expansion formula (|z| < 1)

1¢0{ i‘Q;Z]—%- (3)

This formula was found by Cauchy in 1893 and is considered as one of the most important
formulae in the g-series theory.

Proof We express the right member of this formula in terms of Maclaurin series
(z10)0e =

where {B,} are independent of variable z. From the product representation in the above equa-
tion, it is easy to verify that

(1-2) (az3q)oc

— (1 - g (992 D)o
(25 @)oo =(1-a)

(423 9)oo
or equivalently

o0 o0
(1-2) Z B,z" = (1 —az2) Z Bnq"z".
n=0 n=0
Equating the coefficients of 2™ on both sides of the last equation, we get the following recurrence
relation:

1-¢" 'a
Bu=Buna——5—
Iterating this recurrence relation for n times, we obtain

B, — @Onp (G0

@G " (GO

where By = 1 is confirmed for the same reason as that for Ag = 1.
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3. The Jacobi triple product identity and the limiting form

“+oo

Y )" = (g2, ¢/ q)e, (4a)
+OO 14n

=01+ 20} = (g5 9)% (4b)
n=0

This identity was found by Jacobi in 1829. The proof we are going to present here is the simplest
onel>819-4 due to Cauchy (1843) and Gauss (1866). For the different proofs through Durfee

rectangles and iteration method, see Chul?" and Hardy-Wright!43,§19-8],

Proof Performing the replacements n — m + n and * — x¢~" in the ¢-binomial Theorem 1,

we obtain the following identity:
ey m-+n k
s i = > O " ol (5)
k=0
By means of the almost trivial equation

n, .n_—

(@7 Dmn = (€250 (@ = (=1)"2"¢~ "2 (q/25 Q) (3 ),

the identity (5) can be restated as:

m-+n m
T T — _1\k+n m+n (k;n)xk_n: Y m-+n (g)xk
wamtafron = 3 00| " o pCT BTN

where we have performed the replacement k& — k + n for the second expression. On account of
the fact that

lim
n,m— 00

{ m+n ] _ (@ Dmsn 1
= 1m =
kE+n n,m—00 (¢ Qk4n (G Om-t (€@ oo

the limit case of m,n — oo in the identity (6) results in

1

(75 9)00 (/75 @) o

T (@) f

which is equivalent to Jacobi’s triple product identity (4a).

Splitting the sum displayed in (4a) into two parts, we can proceed

400 0

_ E n+1 "+1 n+1 +§ "+1 —n

—Z (a1 — a2y,

where the replacements n — n—+1 and n — —n have been performed respectively for the first and
the second sum in the middle line. Dividing by 1 — x the extreme members of the last equations

and then applying L’Hospital’s rule to the limit @ — 1, we obtain (4b). O
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4. Quintuple product identity and limiting forms

The typical expressions of the quintuple product identity may be reproduced as

+oo
[, 2, 4/ % dloolaz® 4/ 7% oo = Y P{1 - 2g"} (g2%)" (7a)
+o00 "
= 3 PO - oy (7b)
+oo "
= > PO (/) ) (7c)
+00 "
= 3 PO - (g2 ) (7d)
which has two different limiting cases:
+oo
3 1+ 60)C) T = (g, ¢, 2ol %o (8a)
k=—oc0
00 o
Y (1430 PETE = (g, g2, g2 g, 6% 07 (8b)
k=—oc0

There are many proofs for this important result. For the historical account, see Cooper’s recent
survey paper®0l and Carlitz-Subbaraol'®, where the identity has been verified by multiplying

(14]

two triple products. Recently Chen, Chu and Gul** find a finite form of it. Here we present the

proof due to Bhargaval'll via iteration method.

Proof With the same method we have used in proving the g-binomial formula, we first define
f(2) and express it as a Laurent series

+oo
[2) =1t 2 0/zdld®, 2, a/2% ¢ lee = D 2",

n=—oo
where €, is independent of variable z. According to the product representation in the definition

of f(z), we can readily verify that
f(zq) =q 272 f(2) and f(q/2) = —¢7'2*f(2)
or equivalently

+oo +oo +oo too
Z 02" = Z Qn_3¢" 22" and Z 0,z" = — Z Qg 72",

n=—oo n=-—oo n=—oo n=-—oo
Equating the coefficients of z™ on both sides of the last two equations respectively, we get the
following recurrence relations:

Qn = qn_2Qn—37 (98“)

Qp=—q¢ "0, . (9b)
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Iterating the recurrence relation (9a), we get further three expressions:

Q3 = ¢*" Q1) = -+ = Qoq3(3)+"7
Qany1 = qgn_lﬂs(nfl)ﬂ == qug(;)JrQn,
Q3n71 - q3n7393(n_1)_1 — .. = Qilqg(g),

Letting n = —1 in (9b), we derive Q_; = 0. Alternatively, combining the case n = 0 of (9b) with

the case n =1 of (9a), we get
QO = —qilgfg = —Ql.

Consequently, f(z) can be restated as follows:

—+oo

OREDY {Qoqg(g)”zgn+qu3(g)+2n23n+1} (10a)
00 "
=2 Y {12} (g, (10b)

In order to confirm (7a), we have to evaluate . Recalling the Jacobi triple product identity

(4a), we can expand f(z) as follows

= . +o00
f(z) = Z (—1)iq(;)zi Z (_1)qu222k_
i=—o00 Pyt

By invoking (4a) again, we get the following product expression:

Qo = [2)f(2) = f (—1)kq(2) R = JFZOO (—1)kq8(a)+ak
k=—o0 k=—o

= [q67 q27 q4;q6]oo = (q2;q2)oo'
Substituting it into (10b) and then simplifying the result, we get the identity (7a).

Splitting the summation of (7a) into two parts and then reversing the summation order by

n — —n for the first part, we confirm (7b) as follows:

4, 2, 4/ 7 402, 0/7° %)
+oo
> qs(g){l —q”Z}(ng)”
+oo

_ Z {Z3nqn+3(’;) _21+3nq2n+3(3)}

n=—oo

+oo

Z {Z—3nq2n+3(g) _ 21+3nq2n+3(;‘)}
+oo "

S Ll (R Ty

n=—oo
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Instead, if we reverse by n — —n — 1 for the second sum displayed in the last middle line, then

(7¢) will be proved similarly:

4, 2, 4/7 402, 0/7% ¢%)
+oo

_ Z {Z3nqn+3(;)_2—2—3nq1+4n+3(g)}
+oo
= 3 PO (a2 ety

Splitting the formula (7b) into two parts, performing the replacement n — n + 1 for the second

sum and then simplifying the result, we have

f qB(g){l _ Zl+6n}(q2/z3)n
ni_OOJroo +o0
_ Z qs(;)(q2/z3)n_ Z Zl+6(n+1)q3("§1)(qz/z3)n+1
_ Z qs(;)(q2/z3)n_ Z Z4+3nq3(;‘)+2+5n
+o0o
= > PO @2

This is exactly the formula displayed in (7d).
Finally dividing by 1 — z both sides of the equation (7b), we obtain

2 2, 2 -~ s(m) f1=2"0" o g
4, 42, ¢/7 decla2®, 4/2% P lea = D 4 (2){ﬁ}(q /2"

Letting z — 1 and applying L’Hospitial’s rule, we get the limiting form (8a). Another limiting
form (8b) can be shown analogously by dividing by 1 — q/22 both sides of (7c):

' ) s o +oo " 1— (q/ZQ)lJan N
4, 2, 4/ 7 doolez®, /2% @7l = Y q3(2){1_—q/z2}(q23) -

n=—oo

5. Heine’s ¢g-Euler transformations

In 1878, Heine discovered the following important transformation formulae:

b ; b
2¢1[ v ’ q;z} = [[[)7@2.7’(1]00 % 2¢1[ o ‘ q;b} (112)
C 67Z7Q]00 az
~[e/bbzi gl abz/e, b
T 2(;51[ bz\ q,c/b} (11b)

= et g [ ST graveye] (11¢)
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Proof It suffices to show transformation (11a) because the two other identities (11b) and (11c)
follow from iterating (11a).

Recalling ¢g-binomial formula (3):

b; ) (550)00(0"¢ Qo0 (h:9)o0 c/b o] 030 o= (¢/U5Q)k , ik
- 1%{ - ‘ e b} (@0 = (@9 (@)

(G@)n  (60)oc(q™0;0)0e  (¢0)s0

we may manipulate basic hypergeometric series as follows:

Exchanging the order of the last double sum and then applying the g-binomial formula again,
we prove (11a) as follows:

SO P IS ETINS YO
2¢1[ C‘ q; ] (07 ) kzo Z
(b, )oo - C/b q (q az; Q)oo k
m>m§% D @)

_ [bazd 5~ (/b0 (50)k 4
l¢,21do = (GO (az;q)k
[b, az; q]

= s dm¢{ )

From the transformation (11a), the 3¢;-series in the right side of (11a) can be transformed as

{ c/b, =z q;b] _ [c/b,bz;q]ooz(bl{ abz/c, b

az [az,b; qloo bz

201

‘ pe c/b].

Substituting it into the right member of (11a), we get the identity stated in (11b).
Iterating (11a) once again, we obtain

abz /e, b’ . /b] _abz/c, ¢4l
A N R

Substituting it into the right side of the equation (11b) leads us to (11c). This completes the
proof of Heine’s g-Euler transformations. O

201

o { { c/a, c/b

’ g; abz/ ]

6. ¢-Gauss summation formula (|c/ab| < 1)

a, by ] (/4 Doo(e/b @
”{ CW’/4 © Doolc/ab; D)oo (12)
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Proof For this very useful theorem in basic hypergeometric series, there are several proofs. The
asymptotic approach via Cesaro theorem can be found in Chul?8). Here we derive it directly by

putting z = ¢/ab in Heine’s transformation (11b):

(¢/a;q)o(c/b;q) 0
(¢;q)oc(c/ab; q) oo

(¢/a;q)x(c/b;q)os

(¢;q)oo (c/ab; @)oo
We remark that one can also provide an independent derivation for it, following exactly the same
proof of (11b). O

zsbl[ “ b‘ q;C/ab] = 2@51{ Lo ‘ q;C/b}
c c/a

7. Ramanujan’s bilateral ;¢,-series identity (|c/a| < |z| < 1)

11/)1[ ¢

C

q, az, ql/az, c/a
g z| = ‘q -
oo

¢, 2z, claz, qla

This result was found by Ramanujan in his notebook, which has been considered as one of the
most important identities in bilateral basic hypergeometric series. For more information related
to this identity see [10, Part III: Entry 17]. Application to the representation of natural numbers

by square-sums can be found in Milnel®%

Proof We prove this identity again by iteration method, which has extensively been investigated

by Finel3”). For this purpose, we define F(z) and express it in terms of Laurent series:

q]oo_ io Q2" (13)

n=—oo

az, q/az

F(z) = [

z, c/az

where ,, is independent of variable z. From the product representation in (13), we can verify,

without difficulty, the functional equation
(1—2)qF(z) = (¢ — qaz)F(qz)

which is equivalent to the following:

+oo —+oo
(1-2)q Z Q,2" = (¢ — qaz) Z 0,q"2". (14)

Equating the coefficients of 2™ across equation (14), we get the recurrence relation:

1-¢"'a (a:9)n
Q=T S-1=

1—g* e (¢ Qn

where the last expression is obtained by iterating the first one for n times.

05

In view of the g-binomial formula (3), we have the following expansion:

qLo:1¢O[ i’ Q§Z:|1¢O|: ale Q;a—cz]

[az, q/az
z, c¢f/az
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_Z - qz lz (écq;]) (az)j'

Jj=0

By means of the definition €2,, and the ¢-Gauss summation formula (12), we have

Qo = [20][ az, q/az’ q]oo _ i (CE;J)k(Q/'C; Dk (2)’“

z, c/az = s )k(4 Q)

[ ),

a, q/c

=2¢1[

which leads us to the following relation:

az, qfaz — (@ , q/a, ¢ a
q =0 E TN R = q| 1?1 ‘ q;z|.
z, cfaz! ] Ol ) g, cfal I ¢
This completes the proof of Ramanujan’s 111-summation formula. O

8. The g-analogue of Chu-Vandermonde convolution

g, b (c/b; @)n
¢ [ ‘ q;q"c b] = 15a
271 C / (C; Q)n ( )

b c/b; @n
2@51{ 1 ’ q;q} = (/,7(])1) : (15b)

& (07 q)n

1) R N S

oLk n—=~k n
There are numerous combinatorial interpretations of ¢-binomial convolutions. We refer to Chul'”!

and Gessell*? respectively for lattice path counting and Durfee rectangle method!!-§2-3!,

n

Proof It is easy to see that identity (15a) is the terminating case a = ¢~ ™ of the ¢-Gauss

summation formula (12):
", by q"c, c/b c/b;q)n
2@51{ ‘q;q C/b]— [ / ‘Q] :(/.7)-
c ¢, qc/bl 1o (G
According to the definition of unilateral ¢-series, expanding the o¢;-series stated in the iden-

tity (15a) and then reversing the summation index, we have

2¢1{ " lc)‘ q;q"C/b} = Zn: { qq ‘ q} (q"c/b)"~

k=0
q; Q} .
Comparing (15a) with the last identity leads us to

—n -n 1-n
b q] 2@51{ ", ¢ "/c
—-n 1—n b
2¢1[ A q;q} = [ qq’ / ’q] “"b/e)".

—@repr| "

q,

c

¢ =" /b
ql—n/b -,
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Under the replacements ¢ — ¢*~"/b and b — ¢'~"/c, the last identity becomes the identity
stated in (15Db).
From the definition of the Gaussian binomial coefficient, we have the following two relations:

v | _ @k e e (5 (70
|: k ] B (q;Q)k _( 1> ¢ (Q;Q)k

vl @ e e e (5) @ (g )
[ n—k ] B (G Dn—k =D (G Dn(d ™k

Then the left side of (15¢) can be reformulated as:

—X

zn: [ x } [ Yy ]q(m—k)(n—k) _ (q1+y_";Q)nqm2¢l[ a" g
=l klln—k (¢ Dn gty

QQQ}

_ (@ ) [ Tty ]

(@ Dn n

where the 2¢1-series has been evaluated by (15b) as:

gty (@ q)n
This completes the proof of the g-analogue of Chu-Vandermonde convolution. O

9. Inverse series relations due to Carlitz (1973)

Let {a;} and {b;} be two complex sequences such that the polynomials defined by

n—1

¢(x; 0)=1 and ¢(z; n) = H(ak—i-:z:bk) forn=1,2,...
k=0

differ from zero for x = ¢"™ with n being non-negative integers. Then we have the following

inverse series relations due to Carlitz[12l:

P = Y0 | otk Gon), (16a)
k=0
n n a k
G(n) = ;(_1)k[ . ]#]jf’;)zf(m. (16b)

The Carlitz inversions may be considered as g-analogue of the inverse series relations due to
Gould-Hsul*!, which read as:

_n—kn yn —‘n:n_knm
p = S0 (Jotsimats) = o) = S0t () S 0

0 k

For a;, =1 and b, = 0, we have ¢(x;n) = 1 and then corresponding classical delta-inversion:

7 = 3 (o = gt = 30 () 0

0 0



234 CHU W C and WANG X X

Taking account of the importance of the Carlitz inversions, we present two different proofs.

Proof To prove the dual implications (16a)= (16b), it is sufficient to verify one implication
because one system of equations with F'(n) in terms of G(k) can be considered as the (unique)
solution of another system with G(n) in terms of F'(k), and vice versa.
<. We first reproduce the original proof due to Carlitz'?.
G(n) in terms of F(k) are valid. We have to verify the relations of F'(n) in terms of G(k).
Substituting the relations of G(n) in terms of F'(k) into the right hand side of those of F'(n)

in terms of G(k) and observing that

R |

we get the double sum expression

Suppose that the relations of

k=0 ’LZO
= g(ai +qibi){ 7; ] kz; k“{ Z ]%q("zk),

Let S(i,n) stand for the inner sum with respect to k. It is trivial to see that
¢la®in) 1
o(gn+1)  an+qb,

which implies that the double sum reduces to F'(n) when ¢ = n.

S(n,n) =

In order to prove that the double sum is equal to F(n), we have to verify that S(i,n) = 0 for
0<1<n.

k.
Noting that Jég_i’f)l) is a polynomial of degree n —i — 1 in ¢*, we can write it formally as

o kz+1 quk(nj)

J=i+1

where {(;} are constants independent of k. Therefore S(i,n) can be reformulated as follows:

S(i,n)zzn:(—l)k“{”_'] ("2") Z Biq*m=9)

k=1 Jj=1+1
n > .
Z 6 q n 1 +z(n ) Z kJr’L |: —1 :| q(k;l)J’,(lJrfoj)(k*Z),
Jj=i+1 k=1 -1

where we have applied the binomial relation

(ngk) _ ((n—i);(k—i)> _ (n;i)+<k;i>+(1_n+i)(k_i).
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By means of Euler’s g-difference formula (1), evaluate the inner sum as

n

| n—=1 k—i N (i i
Z(_l)kﬂ[ }q( 2 )0 =D)  (g1Hind gy,

k=i k—i

It vanishes for ¢ < j < n, which implies S(i,n) = 0 for 0 < i < n.

=-. An alternative proof is based on telescoping method, which is the g-analogue of the proof
presented by Chul'®. Assuming that (16a) is true for all n € Ny, we should verify the truth of
(16D).

In fact, substituting the first relation into the second, we reduce the question to the confir-
mation of the following orthogonal relation:

n

_1)Etifg k n—i] @g'sk) ¢t [ L i=mn
,;( b {k+qbk}{k—z‘]¢(q";k+1)q _{0, i#n.

It is obvious that the relation is valid for ¢ = n. We therefore need to verify it only when i < n.

(17)

For that purpose, we introduce the sequence
S [ n—i—l ] A5 k) (+5).
k—i—1 1o(gk)
Then it is not hard to check that the summand in (17) can be expressed as follows:
L)
k—i |og"k+1)
Separating the two extreme terms indexed with k = ¢ and k = n from the sum displayed in (17)
¢la'i+1) #lg'in) (")
Tit1 = ———= and T, =—"5¢q\ 2

(i) URED

and then appealing to the telescoping method!*2:82-61 we find that the left member of (17) equals

T+ (=)™ 4+ Y (D) 4 )
i<k<n

= {Ti-i-l + (—1)n+i7’n} — {Ti+1 + (—1)n+i7’n} =0.

Tk + Trt1 = {ag + qkbk}[

This completes the proof of (17). O
The inversion technique has been extensively explored by Chul20:23] systematically to prove
combinatorial identities, which has been shown to be powerful and great potential to deal with

terminating basic hypergeometric series identities.

10. The ¢-Pfaff-Saalschiitz summation theorem

n

qa ", a b ‘ :| |:C/(L, C/b‘ :|
q| = , 18
302 e qrabje ¢ q e c/ab 9 (18)

This identity was first found by Saalschiitz in 1890. Sears(®¥ derived several important trans-

formation formulae for the balanced series. For symmetric extensions and applications through
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chain reactions to multiple series, we refer to Chul27-31:33],

Proof Recall Heine’s g-Euler transformation (11c):
c/a, ¢/b (2;0) o0 a, b
abofe] = e
2¢1[ . ’ q;a Z/C] (ab2/c 0 X 201 o EF
which can be reformulated through the g-binomial theorem (3), as a product of two basic hyper-

geometric series:

[ c¢/ab

2¢1[ e/ Cib’ q;abz/c} =190 _ ’ q;abz/c} X 2¢1[ “ lc)’ q;z]

Extracting the coefficient of 2™ across the last equation, we have

{ c/a, c/b q]n(ab/c)” _ z”: " a, b qu C/ab‘ q]n_k(“b/@nk

a ¢ ola c q

which can be restated as:

{c/a, C/b‘q]n:{c/qab‘qhi[a: b, 1_qn:b/c‘q]qu

q, c

This is equivalent to the g-Pfaff-Saalschiitz formula (18).
The g-Pfaff-Saalschiitz summation theorem (18) can also be proved through series composi-

tion method. Recalling the g-analogue of Chu-Vandermonde convolution (15a), we have

—k
a;q)k qa -, c¢/a
EC' Q))_k = 2¢1[ é ’ Q;qka]-
Therefore the left side of (18) can be rewritten as:

n o _n k —k b
7 b } k ki[ qa ", cla
_ q| 4 q q| a .
2 q'""ab/c! 1y, ; q,

k=0 L q, c d4q

Changing the summation order and then setting k = ¢ + j, we can reduce the last double sum as

n r -n . ) —n+i i .
> (—a)’ o/arb,a ’ q q(l§1)2¢1|: ¢ab ’q;q
; L ¢.c,q¢" ""ab/e! 7], g' i "ab/c |

N (L] elwbia (1) (@' 0/ D i
;( ) [q,c,qlnab/c L (q1+i_"ab/CQQ)n—z‘(q )

[ c/a " b [ c/a, ¢/b
—[C/ab’quh[ C‘q,q C/b]—[ . C/ab‘q]n,

where the ¢-Chu-Vandermonde formulae (15a) and (15b) have been applied to evaluating the
both 5¢1-series. O
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11. The terminating ¢-Dixon formula

obs { a,qva, —q\/a,b,c,q" ‘ ” q”"a} _ [ qa, qa/be
\/57 _\/aa qa/b7 qa/c, q1+na’ 7 be qa/b7 qCL/C

Proof Performing the replacements a — aq™, b — qa/bc and ¢ — ga/c in the ¢-Pfaff-Saalschiitz

] (1"

q]n. (19)

formula (18), we get

n

¢ ", q"a, qajbc

32 [ qa/b, qa/c

' } B { b, c
P97 gan, qafe

This can be reformulated equivalently to the following identity:

i(_l)k[ n :|q("2k)(qka;q)n|: a,qa/bc qL _ q(;‘)[ qajl;,b;;z/c‘ q}n(%)n

— k qa/b,qa/c
The last equation matches perfectly to (16a) under the parameter specifications a; = 1 and

q

b; = —aq’ as well as

0= e () =]

Then the dual relation (16b) from the Carlitz inversions

oS50 s

P 0" a; @)kt

reads explicitly as

a, qa/be - n] 1-—¢*a (& q,b,c ga\*
[ / q} = Z(—l)k{ ]7,, : q(2) q (b—)
qa/b,qa/cl "1, = k| (q"a;q)k+1 qa/b,qa/c! "|\Nbe
= Z 1- q |: ) b, c, qa " Q] (qH"a)k
1—q"a | q, qa/b, qafe, ¢""al "\ be /-

Multiplying the both sides by the quotient (1 — ¢"a)/(1 — a), we get the terminating ¢-Dixon
formula (19).
From this proof, we see that the inversion techniques are really powerful tools to deal with

u[16,19,22,25,26]

terminating hypergeometric series identities. One can consult Ch for more examples

on this subject.

12. Watson’s ¢-Whipple transformation

a, q\/aa _q\/aa bu c, d7 €, q—n q2+na2
807 . (20a)
va, —va, qa/db, qaje, qa/d, qale, ¢""'a bede
qa,qa/bc q ", b, c, qa/de
= [ / Q] 4¢3[ B / q} (20b)
qa/b,qa/c! "1, qa/d, qa/e, q "bc/a
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This transformation was discovered by Watson!®®!.
Proof Rewriting the ¢-Pfaff-Saalschiitz formula (18)
a*, da, qa/de d, e qa\*
3¢2[ qa/d, qa/e‘q;q}={qa/d7 qa/e‘qL(E) ;
we can express the g¢r-series in (20a) explicitly as follows:

(b |: a, Q\/av —Q\/a, b7 (& d7 €, qin ‘ . q
o Vva, —+/a, qa/b, qa/e, qa/d, qale, ¢"la b Thede

] (q1+”a)k 5 [q‘k,q“uqa/del ,]
1 R\ be 2 qa/d,qa/e @
1+n

Zl—q [ a,b,c,q™" ‘ ] (q a)kzk:[q_k,qka,qa/de’ } ;
l-a 1+na ! k be i=0 qa’/dv qa’/e K kq .

q,qa/b,qa/c,q

2+na2:|

n

Zl_q aubac7q_n
N l-a Ing

q,qa/b,qa/c,q

Interchanging the summation order, performing the replacement k¥ — 7 4+ ¢ on summation index

and then simplifying the result, we can further reformulate the last double sum as follows:

—~ 1—¢**a (¢7%;q)
q] > ( ) (a3 q)k+i X

i fo—g l—a (q7 Q)k

- a/de
LC R B

1=0

[ b, e q" ‘ ] (q1+"a)k
qa/b, qa/c, ¢ "a W\ e

n . _",b, , d 14+n i i
—Z(—lr(qa;qm{ T be.qafde q} (2700
; ¢,4"t"a,qa/b,qa/c,qa/d, qaje! "];\ bc

’i 1 — g0t { ¢*'a,q'b,q'c,q " ’ q] (q”" ' )
= 1-d*a [ q.q"a/bg"afe,gral TN be

By means of the terminating ¢-Dixon formula (19), the last sum with respect to ¢ may be
evaluated as:
5 { ¢*'a, ¢'ta, —q"a, g, ge, ¢
695 , . . . )
qz\/a, _qz\/av q1+za/b7 q1+la’/ca q1+n+za

[ q1+2ia, qa/bc ‘ ]
q"Ta/b, ¢ Fajel Tl

q1+n7ia
4 ——F

be

which leads to the following simplified expression:

a b d
{ q Y C7 qa/ € } } X

Eq(20a) = » (qa;q)2;
;;; ¢,9" "a,qa/b,qa/c,qa/d, qa/e

[ ¢'*%a,  aq/bc ’q] (_ﬂ)iq_(;)

¢ *la/b, ¢'Tla/c be
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qa, ga/be [ g7, c, qa/de i
- Z - ‘ qa| q
qa/bu qa/c n j— q, qa/d qa’/eu q ”bc/a [
qa,qa/bc q ", b, c, qa/de
= { / q} 193 [ N / ‘ g; q} = Eq(20Db).
qa/b,qa/cl "1, qa/d, qa/e, q "bc/a
This completes the proof of Watson’s transformation. O

13. The Rogers-Ramanujan identities

+o00o me 1
} 21a
mz::O (@ Dm (€ 6°) (0% ¢°) (21a)
too  m2Z4m 1
d (21b)

@ Dm (€% @)oo (@5 D)oo

Up to now, there are a dozen proofs!®$!) for this beautiful pair of identities. The most recent

ones are, respectively, due to Baxter® based on the statistical mechanics and Lepowsky-Milne[*?]
through the character formula on infinite dimensional Lie algebral47-813],
Proof The limiting case b, ¢, d, e,n — oo of transformation (20a—20b) reads as:
+ 2 +
~q¢"a" 1 N~ el a @ ok o
> = P G e L AT (22)
@ am (9059)0 £ l—a (¢

For the last equation, separating the initial term corresponding to & = 0 from the sum on the

right hand side, setting a = 1 and then applying the Jacobi triple product identity (4a), we get

+oo m?
> {”Z )
1 X "
_ W Z (_1)kq5(2)+2k
YA oo

L
(¢ [4,0% %)
Similarly, the case a = ¢ of (22) results in another identity due to Rogers-Ramanujan:

JFZOO g 1 Ji:.o k 142k 5(%)+4k
pnwiliom (1)1 — ¢} )T
=@ Dm (69w =
1 Jff (—1)* 5(5)+4k
= —1)q
(@) |, £
_le.d" %%l _ 1
(¢ 4)oc [, 6% ¢°] oo
This completes the proofs of both identities displayed in (21a) and (21b). O

14. Jackson’s g-Dougall-Dixon formula
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a, q\/au _Q\/au b7 ¢, d7 ) q_"
s | @ (23a)
\/Ea _\/Ea qa/ba qa/c, qa/d’ qa/e’ q" a
b bd d
_ { qa, qa/bc, qa/bd, qa/c q} . where ¢"'a? = bede. (23b)
qa/b,qa/c,qa/d, qa/bed n

This general result was first found by Jackson**. As an immediate consequence, we can derive

it from Watson’s transformation.

Proof When ¢ = ¢'™"a?/bed or equivalently ga/de = g "bc/a, the s¢s-series in Watson’s
transformation (20a—20b) reduces to a balanced 3¢@s-series, which can be evaluated by means of

the g-Pfaff-Saalschiitz formula (18). Therefore, we have in this case the following closed form:

¢ |:q7 Q\/E, —Q\/E, b7 ¢, da €, qin . :|
T Vva, —va, ge/b, qajc, qafd, qafe, gtlal U1

_[ qa, qa/bc ] 5 {q", b, c ‘ . }
B qa/b, qajc 1 n3 2 qa/d, qaje 1
B [ qa, qa/be } " { qa/bd, qa/cd ’ ]
| qa/b, qa/c n qa/d, qa/bed! |,
This proves Jackson’s very well-poised g¢7-series identity. O

15. The nonterminating g¢s-series identity

a, a, - a, b7 ) d a
6¢5[ wa, —qva } p q_] (24a)
\/aa _\/Ea qa/ba qa/c, qa/d bed
b bd d
_ { qa, qa/be,qa/bd, qa/c q} . where |Z%|<1. (24b)
qa/b,qa/c, qa/d, qa/bed o bed

Proof Making substitution e = ¢**"a?/bed in Jackson’s g-Dougall-Dixon formula

a, Q\/av _q\/av b7 (& d7 q1+na2/b0d7 qin
867 B | @ (25a)
\/aa _\/aa qa/b7 qa/@ qa/d7 q and/a’7 q'n, a
_ [ qga, qa/be, qa/bd, qa/cd q] (25b)
qa/b, qa/c, qa/d, qa/bcd! "],

and then noting that two limiting relations

1+n .2 b d
lim w =1 and lim —1 2~
n—oo  (¢"*la;q)k n—oo (q~"bed/a; q)k

"k (i)k

bed/
we have no difficulty to verify that the limiting case n — oo of (25a—25b) yields the non-
terminating g¢s-summation formula (24a—24b). We remark that when d = ¢~", the formula

(24a—24b) reduces to the terminating g-Dixon formula (19). O
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16. Two well-poised bilateral series identities (|¢*'a/bcd| < 1)

w b, c, d , be, bd, cd
4¢4[q “J?ﬁ]:[ ¢ a/be, q/bd, q/ ’ ] (26a)
w, q/b, q/c, gq/d! " be q/b, q/c, q/d, q/bed
u, qu, b, c, -1 , 1/be, 1/bd, 1/cd
s 1 P e IO S ] I CES
u, v, 1/b, 1/e, 1/d1 " bed q/b, qfc, q/d, q'/bed! |

1—1/quv
(1=1/u) (1 =1/v)

These two well-poised bilateral series identities can be considered as linear combinations of the

3tb3-series identities due to Baileyl”, which are reproduced below.

Proof For the nonterminating very well-poised g¢s-series formula (24a-24b), the case a — 1

reads as
+oo
b,c,d q \* q,q/be,q/bd, q/cd
1+Z(1+qk)[ ‘ q] (m) = [ ‘ q| . (27)
k=1 Q/ba Q/Ca Q/d k C Q/ba Q/C, Q/du Q/de 0o

Splitting the last sum into two parts and then reversing the summation order by k& — —k for the

second summation we have

o] ol G
= b,c,d P b,c,d 2\ k
Z:{q/b q/c, q/d‘ ] (%> +,;[q/b,q/c,q/d’q]k(li_d>

= b, ¢ d k
N Zoo[q/b, q/c, Q/d’q]k(%).

A —
This leads to the following identity:

b, ¢ d ‘q.i]_[ ¢ q/be, q/bd, q/cd‘q]
a/b, aq/c, q/d! " bed q/b, qfe, q/d, q/bed

By reversing the summation index k — —k, it is trivial to see that

31/13[

b, q
q/b; q/c, q/d‘ : @]
We therefore get a reversal variant of (28):

b, c, d q> q, q/be, q/bd, q/cd
a/b, afe. q/d‘ : @] - [ a/b, aq/e, q/d, q/bcd‘ o
Subtracting (29) times w from (28), we derive the identity stated in (26a):

, d ’q.i]:[ ¢ a/be, q/bd, q/cd q]
" bed q/b, aq/e, q/d, qfbed! "]

¢,

b, ¢ d‘ 7]

31#3[ q/b, q/c, q/d T bed |

=3¢3[

3¢3[

y C

" [qw b
4¢4
w, q/b, q/c, q/d
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Instead, letting a = ¢ in the nonterminating very well-poised g¢s-series identity (24a—24b) and
then multiplying both sides by 1 — ¢, we have alternatively the following equation:

= Lok b,c,d ¢® \* q,4%/be, ¢ /bd, ¢* ) cd

Z{l—q Hoap o) o ’q (m)z 200 27, 277 2 ’q

k=0 Q/b7Q/Cuq/d k C Q/b7Q/Cuq/d7Q/de oo
By means of the same method employed for (27), the left member of the above identity can be

reformulated as:

“+oo
142k b, c, d ] i k
kzzo{l ! }{ qz/ba q2/c, q2/d‘ 1 k(bcd)
= b,ec,d N bed -
;|: 2/b q2/C qQ/d‘ ] (@) +§{qz/b,qz/cqu/dIQ}_k(@)
+oo b, c 2 .
- k:z_oo { /b, ¢*/c, 2/d‘ q} (@) :

This gives rise to the following identity:

b 2 /be, g% /bd. g2/ cd
, ¢ q,q%/be,q*/bd, q* /¢ }} (30)

/b, ¢*/e, z/d} B bcd] N { /b, ¢*/c,q?/d, q* /bed

Writing explicitly the last gi3-series in terms of bilateral sum, shifting the summation index

313 {

k — k — 1 and then performing the replacements b — ¢b, ¢ — gc and d — gd, we obtain the

following equivalent formula:

b, c, -1 1 q,1/bc,1/bd,1/cd
3¢3 ‘ G| =2 “1 ‘ (31)
1/b, 1/c, 1/d! " bed a/b,q/c,q/d,q" /bed
Its reversal can be stated, after some little modification, as
b, c, q,1/bc,1/bd,1/cd
- Caak] = | el (32)
1/b, 1/c, 1/d! " bed q/b,q/c,q/d,q~" /bed

When the variable of 3i3-series is situated between those of (31) and (32), there holds the

following reduced formula

wl oo ] - (33)
B, 1je, 1/a) bed
We are going to prove an even more general identity:
ay, ...,  Qiy2¢ ‘ 1 ]
¢ 1 j— | =0. 34
142612 [ /a1, ..., 1/aiyoe 1 a1ag - - - a142¢ (34)

Denote by © the last bilateral series. Reversing the series by & — —k and then shifting the
summation index by £k — k — 1, we can show © = 0 as follows:

oo

o — Z |: ai, XN a1+4-2¢ ‘q:| ( 1 )k
- /a1, ..., 1/aitoe L \01a2 - Q1420

k=— )
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B i [ qai, ..., qaitag ‘ q} ( 1 )k
v Lag/ar, ..., qlarra E\a102 - Q1420
1= ai, ...,  aiiu 1 k-1
-1 )y W\ (oo
1—a; oL an, o, 1/aiya L \01a2 - a142¢

=(-)'"**e=-0=0.

Considering the linear combination

Eq(31) uwbq(32)  (u+v)Eq(33)
l1-w@d-v) (IT-w(@d-v) (1-u)(l-0v)
and simplifying the result, we get

[ qu, qu, b, ¢ 1}
5¢5 ‘ q;
w, v, 1/b, 1/e, 1/d bed

[ ¢ 1/bc, 1/bd, 1/cd 1—1/quv
- [ a/b, a/e, q/d, ¢ '/bed qL(l —1/u)(1-1/v)
This confirms the bilateral series identity stated in (26b). O
Further bilateral identities of this type and applications can be found in Chul®, where
a systematic treatment of basic almost-poised hypergeometric series has been fulfilled. The
partial fraction decomposition method has been employed by Chul243% to derive bilateral series
identities with integer parameter differences. See Gasper(s), Karlsson*®! and Minton[®! for

additional information.

17. g-analogue of Dixon’s theorem

- 2n 1’ - (4:0)3n
Z (_1)]{} qk(3k 1)/2 — , (35&)
= n+k (¢:9)3
14+n 3
Z (_1)19 |: 14 2n :| qk<3k_1)/2 _ ((L q)?;n—i-l ) (35b)
= n+k (¢:9)3

These formulae were found by Jackson!*!l, which are the g-analogue of the following well-known

> (_1)k(2n+5>3_{ (). 8=0:
n+k) Lo, §=1.

k=—n

Dixon theorem:

Proof Setting b = ¢ =d = ¢~ in the identity (28), we can reformulate the left member of (28)

as

—’ﬂ —n —n

n - 3

q ", q 1+3n] (@ D% +3n)k

31/)3[ q;q = e q
q”” g, gt k;n ("1 q)3

n

= Z (_l)k{ ( (q; Q>n(Q; q)n }3qk2+(§)

= @ Dk (@ Dtk
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while the corresponding right member of (28) becomes

1+2n 14+2n 142n
) )

q q q q
q1+n7 q1+n q1+n7 q1+3n

)

q] _ (@ D)sn(@:9)n

This leads us to the first identity (35a).
If we put b=c=d = ¢ ™ in (30) instead, then the left member of (30) may be rewritten as

—n

— — n —
31/13[ a"oat " q,q2+3n] _ Z (™9 (2+3n)k
q2+n, q2+n, q2+n ? (qn+2; q)z

k=—(n+1)

_ zn: (_1)k{(q'(Q;Q)n(Q;Q)n+1 }3q2k+3(§)

On—1k(G Dntrt1

k=—n—1

while the corresponding right member reads as

[ 4 q q
&t @t g

2+4-2n 2+4-2n 2+4+2n
) 3

q
q

24-3n

q] _ (@ Dsn (6D

24n, (D301

Equating the last two expressions results in the identity

- k| 1T2n ’ 2k+3(5) _ (¢ @)3n+1
k:;ﬂ( E { n—k } ! @i

With replacement k& — —k, this identity gives the second one (35b). O

18. Bailey’s transformation on terminating very well-poised y¢9-series

This most general transformation due to Bailey[® (cf. [39, I11-28] and [57, §3.4.2]) reads as

Aa qv Aa —qv Aa Bv C? D7 a, ﬂ7 s qu
1099 } ¢q| (36a)
VA,  —VA, qA/B, qA/C, qA/D, qAla, qA/B, qAly, q'FTA
A A/BC, qA/BD A/CD
_{q7q/7q/,q/ ”x (36b)
gA/B, qA/C, qA/D, qA/BCD' ],
)\7 q\/Xu _q\/xu -87 C7 D7 aX/A,  BAA,  YA/A, q—m
1099 ’ aq (36¢)
\/Xa _\/Xa (1)\/37 qA/Cv qA/Dv qA/O‘a qA/ﬁv qA/’Yv q1+m>‘

with the parameters subject to restrictions A = ¢4%/aBy and ¢**™\A/BCD = 1.
Letting 8 = A/ in this transformation, we recover Jackson’s g¢r-series identity (23a—23b).
Interestingly, Bailey’s 19¢g-series transformation can also be proved by iterating Jackson’s g-

Dougall-Dixon summation formula.

Proof Rewriting Jackson’s ¢-Dougall-Dixon formula (23a—23b):

¢ |:A7 Q\/X, _Q\/X, O[A/Aa 6)\/"47 VA/Av qkAv qik ‘ . :|
" VA —VA aAla, qA/B, aAlv, @AA, ¢l T

[ a, 3, 0 qA
qA/a, qA/B, qAly, A/X

’q} , where \=qA?/afy,
k
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we can reformulate (36a) as a double sum:
¢ |: A7 q\/Z7 _q\/Z7 37 C7 D7 a,
109
VA, —VA, qa/B, qa/0, qA/D, qi/a,

i k [ A7 Q\/Z, _Q\/Z, Bv C? D
= q
—0 L g, \/Zu _\/Za qA/B, qA/C, qA/D,

a, B, v, qA ‘q}
L qA/a, qA/B, qA/y, A/XT 1y

. k [ A7 Q\/Z, _Q\/Z, Bv C? D7
k=0 L ¢, \/Za _\/Za qA/B, qA/C, 4qA/D,

z’“: A aVA, —gVX aMA, BAJA, YA/A,
q
i=0 L 4, \/Xv _\/Xa qA/CY, qA/ﬂa qA/FYa

g, v
qA/B,  qA/7,
AN, ™

q)‘7 q1+mA
AN, ™

q1+mA7 q)‘

q* A,
aFA/A,

With the summation order being exchanged, the last expression becomes

¢ |: A7 Q\/Z, _Q\/Z, Bv C? D7 a, 67
1099
VA,  —VA, qa/B, 4A/C, 4A/D, qA/a, qA/B,

:i{x, VX, —qVX\, aMNA, BMA, w\/A’ ]X
=0 q, \/Xv _\/Xv qA/Oé, qA/ﬁa qA/’Y i

(qA§Q)2i|: B, C, D, g™ ’ ](ﬁ)ix
(qX;q)2i | qA/B, qA/C, qA/D, ¢*+™mA VA

¢ |: q2iA7 q1+i\/27 _q1+i\/2, qu7 qic7 qiDu
o 4’ VA, -¢'vA, ¢'*tA/B, ¢'T'A/C, ¢'FA/D,

Vs q
qA/v, ¢tmA

AN

(11#»21')\7

o],

q—k

qurl)\

m

q

q1+7n+iA

—m+i

o]

‘QHJ]

Evaluating the last g¢r7-series through Jackson’s ¢g-Dougall-Dixon formula (23a—23b)

[ql”iA, qA/BC, qA/BD,  qA/CD

¢'*"A/B, ¢'T"A/C, ¢'T'A/D, ¢'7'A/BCD

{ qA,  qA/BC, q¢A/BD, qA/CD’
- L qA/B, qA/C,  qA/D, qA/BCD
(qA;q)zi{qA/B, qA/C, qA/D, ¢'*™mA
(qA;q)2i | gA/B, q\/C, q\/D, ¢+m
and then making some routine simplifications, we get

¢ |:A7 qVA7 _qVAv Bv C? D7 «,
109
VA,  —VA, 4A/B, qA/C, qA/D, qA/a,

_[ qA,  qA/BC, qA/BD, qA/CD’ ] "
L qaA/B, qA/C,  qA/D, qA/BCDIT],,

] (

B,
qA/B,

]
d

7)

s

qA/v,

—m

q

q1+7n A

‘%Q]

245

q;Q}
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i 'L|: A? qﬁ, _Q\/X, O‘A/A; ﬁA/Av 'Y)\/Av Ba C? D7 qu ‘ :|
q
4, VN, =V, qA/a, qA/B, aA/v, aNB, aNC, aa/D, ¢*™x

[ qA, qA/BC, qA/BD, qA/CD‘ ] "
qA/B, qA/C, qA/D, qA/BCD! |,

¢ |: )‘7 q\/X7 _q\/X7 Bu Ca D7 aX/A,  BAA, /A, q—m ’ :|
1099 ;4
\/Xv _\/Xv g /B, q\/C, q\/D, qA/a, qA/B, dqA/7, gt

which is exactly Bailey’s transformation on very well-poised 1¢¢g-series. O

19. Bailey’s bilateral gis-series identity (|ga®/bcde| < 1)

Q\/E, _Q\/E, b7 c, da € qa/2
6Us ‘ q; (37a)
\/au _\/au qa/bu qa/c, qa/d7 qa/e dee
_ [ 4,9a,q/a, qa/bc, qa/bd, qa/be, ga/cd, qa/caqa/de’ } (37b)
qa/b,qa/c,qa/d, qa/e, q/b,q/c,q/d,q/e, qa*/bede | "]

This is one of the deepest basic hypergeometric formulae found by Bailey!®. There are several
proofs of this important identity up to now. For the most elementary proof, we refer to the recent
paper by Chul®¥, where the modified Abel lemma on summation by parts has been employed.
Here we reproduce a proof provided by Jouhet and Schlosser[6l. Schlosser[®3! also gave another

proof for this important result.

Proof For A\ = qa?/cev, we may restate Bailey’s transformation on terminating very well-poised

10¢9-series (36a—36¢) as

a, Q\/Ea _q\/av b7 d7 Uu, ¢, €, v, qu
1099 } 4 q (38a)
\/au _\/aa ga/b, qa/d, qa/u, qa/c, qa/e, qa/v, q1+ma
bd b d
_ [ qa, qa/bd, qa/bu, qa/du ‘ q] " (38D)
qa/b, qa/d, qa/u, qa/bdul "],
¢ |: )‘7 q\/Xu _Q\/X, bu d7 u, Ac/a,  Aefa, Av/a, qim ‘ :| (38 )
1099 q:9] - C
\/Xu _\/Xu qgA/b,  gX\/d, q\/u, qa/c, qa/e, qajv, atma

—2n n

Perform the replacements m — 2n, a — ¢ “"a, b — ¢~ "b, ¢ — ¢ "¢, d — ¢ "d and e — ¢~ "e
in the last transformation. With the summation index k being shifted to k + n, the 19¢9-series

in (38a) becomes

i qk|: Q\/E, —Q\/E, ba c, da €, q—na, qnuv qnv, q—n

k=—n \/E’ _\/55 qa/b7 qa/ca qa/d7 qa/ev q1+na, ql—na/u, ql—na/v, q1+n

q x
k

[ g,1/a ’ an[ q/b,q/c,q/d,Q/evu,v,u/avv/a‘ qL(ch%?e?uU)n'

u/a,v/a b/a,c/a,d/a,e/a,q,q,qa,q/a q3a’
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i x
k

The corresponding expression displayed in (38b—38c¢) reads accordingly as

~ k |: \/Xv _Q\/X, ba d7 )\C/CL, AG/CL, qan7 qnu’ qn)\’U/a, qin
>«
\/Xa _\/Xu qA/b,  g)/d, qa/c, qa/e, q1+n7 qlin)‘/ua qlina/vu q1+n>\

k=—n

|: q, 1/0,‘ :| |: q/b,q/d,q\/b,g\/d,u,v/a,qa/bd,qa/ce,qa/c,qa/eX
2n Qaqquaq/Avqa/ba qa/da b/a,c/a,d/a,e/a

Equating the last two expressions, canceling the common factors and then letting n — oo, we

] (b262d262u’0)"'

u/a, v/a q3ad

get the transformation on nonterminating very well-poised gg-series:

Q\/av _q\/av ba c, d7 € qa2
66 ‘ 47— (39a)
Va, —ya, qa/b, qa/c, qa/d, qaje bede
VA, =gV, b, d, Xc/a, Me/a 2
— | T o el g e | (300)
VA, =V\, g\b, q\d, qajc, qafe bede
[ qa,q/a,qa/bd, qa/ce,q\/b, g\/d, qa/ck,qa/ek‘ ] (390)
) c
g\ g/, qa/b,qa/d, q/c,q/e,q\/bd, qa®[ceX | 7]

Note that the right member of this transformation has an extra parameter A or v. Let A = d or
equivalently v = qa?/cde, the gibg-series displayed in (39b) turns out to be a gps-series. Under
the convergence condition |qa?/bede| < 1, this ggs-series can be evaluated, by means of the

nonterminating ¢g-Dixon formula (24a-24b), as follows:
(b |: d7 Q\/E, _q\/ga b7 Cd/a’a de/a" . qa2 :|
" VA, Vi, qdfb, qafe, qafe! " bede
B [ qa/be, qa/be, qd, qa?/cde ]
qajc, qaje, qd/b, qa?/bcde 1 -

Substituting this into (39b), we infer that transformation (39a-39b—39¢) with A = d reduces to
the following product

T o o
o va, —ya, qa/b, qa/c, qa/d, qaje q7de€

_ |: qa/bc, qa/be, qd, qa2/cde ‘ :| « |: qa,q/a,qa/bd,qa/ce,qd/b,q,qa/cd,qa/ed
qa/c, qa/e,qd/b,qa2/bcde o qd,q/d,qa/b,qa/d,q/c,q/e,q/b,qa2/ced
_ [ 4,9a,q/a,qa/be, qa/bd, qa/be, qa/cd, qa/ce, qa/de ]
| qa/b,qa/c,qa/d, qa/e,q/b,.q/c,q/d, q/e, qa*/bede o
which is the celebrated bilateral gig-series identity discovered by Bailey (1936). O

]

20. The telescoping method: Theta function identity

For five complex parameters A, b, ¢, d, e satisfying A? = bcde, there holds theta function

identity:
<A/b7 A/Ca A/da A/ea q>oo - <b7 ¢, da €] q>oo = b<Aa A/bcv A/bdv A/bev Q>Oov (40)
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where the modified Jacobi theta function is defined by

oo

(3 0)o00 = (730)00 (0/2: @)oo = [[ (1 — 2¢™)(1 = ¢"T"/2)

n=0

and the corresponding product form by

(@b, .. ¢ @)oo = (45 @)oo (b5 @)oo = (€5 @)oo

This identity appeared explicitly for the first time in Ref. [18]. It contains several surprising
theta function identities as special cases and has been shown very useful in dealing with the
congruences on partition function discovered by Ramanujanl®? including Winquist’s proofl6%!
corresponding to modulo 11. The details can be found in the recent work due to Chul*? and
Chu-Diclaudio®>Hl. For more theta function identities, we refer to the well-known historical
monograph written by Whittaker and Watson[®?:521,

For bede = A2, define the factorial fraction by
(b: @)k (c; Q)i (ds )i (€3 Ok

(A/b;Q)e(A/c; )i (A/d; Qe (A es @)
Then it is easy to check the differences
(1—-A)(1—-A/bc)(1—A/bd)(1 — A/be)
(1=A/b)(1 = A/c)(1 = A/d)(1 - AJe)
1— Ag* (b: @) (c3 @)k (ds @)n (€3 )i K

1—A (qA/b;@)r(qA/c; )i (¢A/d; Q) (g A/ €5 )k

In view of the definition of the bilateral series, the gts-series identity can accordingly be tele-

Ty =

VT, =T — Tpy1 = b

scoped, under condition bede = A2, as follows:

qA1/27 _qA1/27 b7 ¢, d7 €
A1/27 _A1/27 qA/b7 qA/Ca qA/d7 qA/e

1— A/b)(1—AJe)(1— AJd)(1 — AJe) <X
b(1 — A)(1 — A/be)(1 — A/bd)(1 — A/be) k; Vi

6V6

_ (A-Ap)(A-A)e)A - A/d)(1 - Afe)
~b(1— A)(1 — A/be)(1 — A/bd)(1 — A/be)
[9A, q/A, qA/bc, qA/bd, qA/be, qA/cd, g A/ ce, A/ de; q)o
[qA/b, gA/c, qA/d, qA[e, q/b, a/c, q/d, a/eidls
Keeping in mind that bede = A? and substituting two infinite factorial fractions
Ty = (b5 @)oo (€5 @)oo (45 @)oo (€3 @)oo
T (A)6;0)o (A6 @)oo (A d; @)oo (Af €5 0) 00

4b/A; @)oo (9¢/A; @)oo (94/A; @)oo (9€/ A5 @)

(@/b;0)(a/c; @) (a/ds @)oo (a/€5 @) 00
into the last identity, we find the theta function identity displayed in (40).

For example, the well-known Jacobi identity!?9-P470]

(—4:6*)% — (¢ 0°)5 = 16q(—a* ¢*)%,

{Tfoo - T+oo}

7 =
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results from the very particular case of identity (40) specified with b=c=d=¢ — q, A — —¢*

and ¢ — ¢2. Further examples can be found in Bailey[® and Slater[55:56
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