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Abstract In this paper F' always denotes a field of characteristic p > 2. We construct the finite-
dimensional modular Lie superalgebra W (m,n,[,t) over a field F', define ©-type derivation and
determine the derivation superalgebra of W (m,n,1,t).
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1. Introduction and definition

Modular Lie superalgebra W (m, n, t) was constructed in [1]. In this paper we construct modu-
lar Lie superalgebra W (m,n, 1, t) that extends W(m, n,t), determine the derivation superalgebra
of W(m,n,l,t), and prove that W (m,n, [, t) has a new type of derivation called ©-type derivation.
Consequently, W(m,n,l,t) is not isomorphic to the known Cartan-type modular Lie superalge-
bras. In this paper F' always denotes a field of characteristic p > 2 and II is the prime field of
F. Then II={0,1,2,...,p—1}= Z, , F is a linear space over II. Set z1,...,7 € F such that
21, , 2 are linearly independent over II. Put G = {A\1z1+---+ XNz 0< A\, <p, i =1,...,1}.
Then G is additive subgroup of F. We define a truncated polynomial algebra Fly1,ys,. .., yi]
such that y¥ =1 (i =1,...,1). If A\ € G, then X can be expressed as A = A121 + -+ + Nz . Let
Yy = yi‘l e yl)‘l. It is easy to see

vyt =M (YA, n e G). (1.1)
Let I denote Fly1,y2, . ..,y for short. ThenT' = span_{y*| A € G}. Let m and n be the positive
integers. Set A = A(m,n,t) ® I', where A(m,n,t) is defined in [1, Py]. Let Zy = {0,1} be the
residue ring of integers modulo 2. Then A is an associative superalgebra with a Zs-gradation

induced by the trivial Zs-gradation of T' and the Zs-gradation of A(m,n,t):

Kﬁz A(m,n,§)5®1", KT: A(m,n,L)T(X)I‘
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For f € A(m,n,t), y» €T, we denote f ® y* which is the element of A as fy? for short. In 1~\,
besides Equation (1.1), the following statements hold:

2@y = 2@ (Vae NP, VAeQ),
Paj=a (VAEG, j=m+1,...,5).

Then {z(®z%y*| o € A(m,t), u € B(n), A € G} is an F-basic of A. Let A; = span, {z(® 2ty a €
A(m,t), v € B(n), X € G, |a| + |u| = i}, where A(m,t) is defined in [1, p21]. Obviously,
A= @fzofxi, where § = >\ m +n, m =pi—1, (1 <i<m). Put Yy = {1,2,...,m},
Yi={m+1m+2,...,s5,Y=YUY1, J=Y\ {m}.

2. Theorem and proof

Lemma 2.1 Let D1, Do, ..., Dy be the linear transformations of A such that
Di(aatyt) = {

gle—silguyr = VieYy,
2 @9;(z")y>, VieYr,

where 0; = ai

Tq

are the partial derivations of A(n), Vi € Yi. Then D; € Derg(A), Vi € Yy;
D; € Dery(A), Vi € Y;.

Proof This proof is similar to the one in [1, Lemma 2.4, p11]. |

D1, Ds, ..., Dy are called the partial derivations of A. Let A= Ay ® A7 be the superalgebra.
If © € Ay, where 0 € Z5, then we call x the Zs-homogeneous element and call 6 the Z>-degree
of z, denoted by deg(z) = 6 and written simply as d(z) = 6. By the Lemma 2.1, it is easy to
see d(D;) = (i), where 7(i) is defined in [1, p12]. If f € Ay, D € Der#(/NX), where 6, 1 € Zs, let
(fD)(g) := fD(g), Vg € A. Tt is easy to see fD € Der9+u(/~X) by the direct verification.

Lemma 2.2 Let >7_, fiD; € Derg(A), 327, g;D; € Der,, (A), where 0, 1 € Zy. Then

D fiDi Y 9Dl =Y fiDilg;)D; — (1) Y g;D;(f:) D
i=1 J=1

i,j=1 i,5=1
Proof This proof is similar to the one in [1, Lemma 2.5, p13]. O
Put W (m,n,l,t) = {35, fiDi|fi € A,Vie Y}.

Proposition 2.3 W(m,n,l,t) is a subalgebra of Der(A). In particular, it is a Lie superalgebra.

Proof This proof is similar to the one in [1, Lemma 2.6, p13]. O
We denote Lie superalgebra W(m,n,l,t) by W. It is easy to see that W = @;?;ilwi is a
Z-graded Lie superalgebra, where £ := Y7 | m; + n,

W; = spanF{x(o‘)x"yADj | la|+Jul=i4+1, j € Y}

Proposition 2.4 Let ¢ € Dery(W), t > 0. Then there is z € Nory (W) := {z € W|[z, W] C W}
such that ¢(D;) = adz(D;),i =1,2,...,s.

Proof Since factor y* has no effect on the verification of this Proposition. By virtue of [1,
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Proposition 2.6, p33], the Proposition holds. a

Lemma 2.5 Let ¢ € Dery(W) andt € Z. If $(L;) =0 for j = —1,0,...,k, where k > —1 and
k+t>—1, then ¢ = 0.

Proof This proof is similar to the one in [1, Lemma 2.8, p34]. O

Theorem 2.6 Let © = {h := (hi(y), h2(y), ..., h(y))| hj(y) €T, 1 <j <I}. ForYh € ©, we

define a linear transformation of W
l
Dy (2 2"y D;) Z Y& gty D, (2.2)

Then Dy, € Derg(W).

Proof From
2@z Dy, Dy Dy
= 2@ g Dy (2P vy Dy, — (—1)H=" P Di) 1.(8) gvgn Dy (29 29 D,
= 2@ g D, (2D gDy, — (—1) W PIAE"Dr) 2 (8) oy A0 D (20 ) D

_ yA+n[x(a)qui , x(ﬁ)vakL
1
Dy([x @z Dy, 2P avy"Dy)) = Z()\ +1)h; () [z Va D, , 2P x¥ Dy

j:1

[Dp (2 2%y Dy) , 2P 2ty D] = Z/\ hj( 2"y Dy, 2P vy Dy
1
= Z)\jhj(y)y’\Jr"[x(o‘)x“Di , 2PV Dy,
j=1
!
@@y Dy, D(x Py Dy)] = 22y Dy, Y nihy(y)zPaty" Dy
j=1

l
= nihi )y 2 D, 292 Dy,
j=1

and A\; +1n; = (A +n);, it follows

Dy ([ Y2y D; , 2P 2y Dy))

= [Dp(# @z Dy) , 2P 2y Dy + [ Y2y Dy, Dy (2P 2Py Dy)].
That is, Dy, € Derg(W). O
Let h = (h1(y), ha(y), ..., hi(y)) € ©. Then Dy, is called ©-type derivation.
Lemma 2.7 Let D € Der(W). If D(D;) =0,V i € Y. Then thereis (h1(y), ha(y), ..., hi(y)) € ©
such that l
=Y Ahy(y)y*Di, VA € G.
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Proof For Vi, j € Y, applying D to [y*D;, D;] = 0 gives

[D(y*D:), D] = 0. (2.3)
Since D(y*D;) € W, we can suppose that
Dy Di) = grirDs. (2.4)
k=1
Applying Equation (2.4) to the Equation (2.3) yields
0=[D D), D;] = > [grirDi, Dj] = = > _(=1) 93 PR70) D (g5 ) Dy
k=1 k=1

Hence Dj(grin) = 0,Vj,k € Y. Consequently, grix € I We may assume that ggix = g(¥)rinr,
which yields D(y*D;) = 335 _; g()rix Di. Let D(w:D;) = 2°_, g;D;, g; € A. Since [D;, 2;D;) =
D, it follows that [D;, D(z;D;)] = 0, thus [D;,Y7_, g;D;] = 0.
According to the above equation, we have >3°_, D;(g;)D; = 0, therefore D;(g;) = 0, j =
1,2,...,s. For [y*D;,z;D;] = y*D;, applying D to the above equation, we have
[D(y*Di), 2 D;] + [y*Di, D(2:D;)] = D(y* D),

S

> 9@kixDr, z:Di] + [y Di, Y 9;D51 = > g(y)kin D,
h=1 i=1 k=1

and .
9(Y)iinDi = Zg(y)lm‘,\Dk.
k=1

Therefore, if k # i, then g(y)rixn = 0, that is, D(y*D;) = g(y)iinDi. We write g(y)iix as g(y)ix
for short. Then

D(y*Dy) = g(y)irDi.
Let hix(y) =y *g(y)in. Then g(y)ix = y hir(y) and

D(y*D;) = y*hin(y) Ds. (2.5)

Suppose that D(z;y"D;) = > ;_, bpDy, by, € A. Since

[Di, ziy" D;] = y"Dj,

we obtain that

[Di, D(z:y"D;)] = D(y"D;), [Ds, Y bkDi] = y"hjy(y)D;
k=1

and .
> " Di(bk) Dy, = y"hjy(y)D;.
k=1
Hence if k # j, we have D;(by) = 0 and D;(b;) = y"h;,(y), so bj = y"hj,(y)z;. From the above
content, we get
D(z;y"D;) = y"hjn(y)z;D; + Z b Dy, (2.6)
oy
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For [y*D;, z;y"D;] = y*T"D;, we have

[D(y*Di), ziy" D] + [y*Di, D(xiy" D;)] = D(y**"D;).
By virtue of Equations (2.5) and (2.6), we obtain that

[y hix(y)Di, 2y D;] + [y Dy, y"hjy (y)2: D; + Z be D) = v h; 0y (¥) Dy,
k#j

v hix () Dj + y My () Dy = v " hyo) (4) D;
and
hix(y) + hjn(y) = R (1) (2.7)
From the randomicity of A, 7,1, j, we have
hix(y) + hja(y) = hjax(y) = hix(y) + hix(y).
Hence hix(y) = hjxa(y), and (2.5) can be written as
D(y*Di) = 4 ha(y) D;.
By virtue of Equation (2.7) we get

ha(y) + hn(y) = hatn(y), VA1 € G, (2.8)

For arbitrary &k =1,2,...,[, by definition of G, we obtain z; € G. According to (2.8), we have

hzk (y) + hzk (y) = h’2zk (y) = 2h’zk (y)

and
h2z;c (y) + h/zk (y) = hBZk (y) = 3hzk (y)

By induction we have
hez, (y) = chy, (y), where c€{0,1,...,p—1} = Z,.
For arbitrary k,j = 1,2,...,[ and arbitrary a,b € Z,, we have

haz, (y) + hpz; (y) = hazi+bz, (y) = ahz, (y) + bh; (y)-

For arbitrary A = 22:1 Aizi € G, we obtain that
1
ha(y) = hsi_ y,2, () = D Ajh=, ().
j=1

Let h;(y) denote h_, (y) for short. Then the above equation can be written as hx(y) = Zé‘:l Aihi(y).

Therefore,
1

D D) =Y Ajhi(y)y* D

Jj=1

Lemma 2.8 Let ¢ € Dery (W), wheret > 0. Then there are z € Nory (W) and h € © such that

(¢ —adz — Dy)(W_1) = 0.
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Proof By virtue of Proposition 2.4, there exists z € Nory (W) such that ¢(D;) = adz(D;) for
i=1,2,...,s Let ¢1 = ¢ —adz. Then ¢1(D;) = ¢(D;) —adz(D;) = 0. By virtue of Lemma 2.7,
there is (h1(y), h2(y), ..., (y)) € © such that

l
1y Di) =Y Nhi(y)y*Di, i €Y, MG

Jj=1

Put ¢ = ¢1 — Dy, then
$2(y*Di) = ¢1(y*Ds) — Du(y*D;) = 0.
Therefore, ¢po(W_1) = 0, that is, (¢ —adz — Dp,)(W_1) = 0. O

Proposition 2.9 Let i € Y, and r be an arbitrary positive integer. Then (adD;)?" € Derg(W).
If r > t;, then (adD;)?" = 0.

Proof This proof is similar to the one in [1, Proposition 2.9, p35]. O

Proposition 2.10 Let ¢ € Dery(W), where t > 0. Then there are f € W and h € © such that
¢ = adf + Dp.

Proof This is a direct consequence of Lemmas 2.5 and 2.8. O
Proposition 2.11 Der_; (W) = adW_;.
Proof This proof is similar to the one in [1, Proposition 3.2, p35]. O

Theorem 2.12 Let T := {z(*)D;|0 < k < m;,i € Yy, € Y}, G(y) == {y’Di|\ € G,i € Y},
M :={x;Dj;li € Y1,j € Y}. Then W is generated by T UM U G(y).

Proof Form [1], the subalgebra generated by T'U M is
{22 D;|o € A(m,t),u € B(n)} C Q,

where @ denotes the subalgebra of W generated by T'U M U G(y).
(1) If a # 7, we can suppose that oy < ;. Consequently, z(®t<)z%D; € Q, Vu € B(n), we
have
[y)‘Dl,x(o‘“l)x"Di] = x(a)x“y)‘Di € Q.

(2) If a = 7,u # E, then there exists j € Y; such that ;2% # 0. Hence z(¥z,;2%D; € Q,
therefore,
[Dj, 2@ z;2" Dy = 2 ay*D; € Q.

(3) f « = m,u=FE, then
[y Dy, 212E D)) = 2Py D; € Q, Vje V.
[J:Ey)‘Ds,:Esx(”)Dj] = x(”)xEyADj €Q, VjeY.

We conclude @ = W. O



O-type derivation and derivation superalgebra of W (m,n,l,t) 303
Lemma 2.13 Let ¢ € Der_(W), where t > 1. If ¢(z(**)D;) = 0,Vi € Yy,j € Y. Then ¢ = 0.
Proof This proof is similar to the one in [1, Lemma 3.4, p36]. O

Proposition 2.14 Let t > 1. If there is not any positive integer k such that t = p*. Then
Der_¢(W) = 0.

Proof This proof is similar to the one of [1, Proposition 3.5, p36]. |
Proposition 2.15 Lett =p",r > 0. Then

Der_,(W) = span, {y* (adD;)"|i € Yo, A; € G}.
Proof Let ¢ € Der_,(W). Since zd(p(z*)D;)) = (—t) + (t — 1) = —1, we may suppose

oz D;) = Zaiky’\"Dk, i €Yo, A €G.
k=1

For j € Y \ {i}, applying ¢ to the following equation
[I(tei)Di, Iij] =0
gives a;; = 0. Consequently, o(z ) Dy) = a;y Dy, Vi € Yy. Direct verification by using the

equation
y* (adD;) (@ y Dy) =y ((ad Dy) (2 2"y  Dy))

shows that y*i (adD;)* is the derivation. Put ¢ = ¢ — Y"1 | a;y i (adD;)t, for arbitrary j € Yy,
we have

ga(:z:(“j)DJ) tE])D Za”y (adDy) () D )

= aj;y™ D; — aj;y™ D; = 0.

Applying ¢ to the equation 2(*) D; = [2(*) D, z;D;] results in p(z(*)D;) =0 for j € Y, j # i.
By virtue of Lemma 2.13, we have ¢ = 0. Consequently,

o= Zaiiy’\i (adD;)" € span_{y™ (adD;)"|i € Yy, \; € G}.

Lemma 2.6 Let A = {Dy|h € ©} and Q = span_{y* (adD;)? “lie Yo, 1 < ki <ti,\ € G}l
Then

(1) AnQ={0}.

(2) (A®Q)NnadW = {0}.

Proof (1) is obvious.
(2) Suppose that adf = Dj + > 12 1 aijy* (adD;)?’ . Then adf(D;) = 0, Vi € Y.
Noting that f € W, we may suppose that f = > 2(®z%y*D;. Since
= Zx(o‘)x"yAD- D;]
_ Z T(z)d(;ﬂ(o‘)m yADj)Di(x(a)xuyk)Dj,
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we obtain that D;(z(®z%y*) = 0. Consequently, f = E§:1 g;(y)D;. Since

adf(ahDy) = gu(y)ah "Dy, 1< v <s,

m t;—1 ‘
(Dn+>" 3 iy (adD)" )@k D) = auiy™ Dy,
i=1 j=1
and
m t;—1 ,
adf = Dy + ) D aijy™ (adDy)”.
i=1 j=1
We obtain g, (y) = 0, namely, (A @ Q) NadW = {0}. 0

By Propositions 2.10, 2.11, 2.14, 2.15 and 2.9 we obtain the following Theorem.
Theorem 2.17 Der(W) =adW @ A ¢ Q.

Theorem 2.18 W (m,n,l,t) is not isomorphic to Cartan-type modular Lie superalgebras
W,S,H, HO, K.

Proof Since
W(m,n,l,t) = spanF{x(o‘)x“yADAa € A(m,t),u € B(n),\ € G,i €Y},

we have dim(W(m,n,l,t)) = 2"sp?, where ¢ = >, t; + 1. From [1,2], we know that the
dimensions of modular Lie superalgeras S, H, HO are not divided by p. Therefore, W(m,n,l,t)
is not isomorphic to S, H, HO. From [3,4], we know that any outer derivation in W, K is nilpotent
linear transformation. But there is the ©-type outer derivation Dy, which is not nilpotent linear
transformation in W(m,n,l,t), where h = (y1,0,...,0),y1 # 0. Therefore, W(m,n,l,t) is not
isomorphic to W, K. O

By Theorem 2.17, W(m,n,l,t) is not isomorphic to the known Cartan-type modular Lie

superalgebras.
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