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1. Introduction

Consider the existence of positive solutions of the boundary value problem system

(O=!) + ARG 2 0,90 + ) =0, r<t<R
(a0 + Ml (0,40 + 0 = r<t<B
o) )90) 0, xR+ (R R) 0,
azy(r) = bapa()y' (r) = 0,cxy(R) + dapa(R)y/ (R) = 0,

where A\ > 0 is a parameter, fi, fo : [r, R] x R x Rt — R* are continuous, q1,qs : [r, R] — R!
are continuous, p1,pz : Rt — (0,00) are differentiable continuous, a;, b;, ¢;, d; (i = 1,2) are
nonnegative constants, RT = [0, c0).

The system (1.1,) is a semi-positone system because ¢, g2 are allowed to take negative values.
Semi-positone problems arise in many different areas of applied mathematics and physics, such
as the buckling of mechanical systems, the design of suspension bridges, chemical reactions,
management of natural resources, thermal equilibrium of plasmas and so on. From an application
viewpoint, people are usually interested in the existence of positive solutions for semi-positone
problems. The study of semi-positone problems was formally introduced by Castro and Shivajil.
During the last ten years, finding positive solutions for semi-positone problems has been actively
pursued and significant progress on semi-positone problems has been madel! =12, To establish

the existence results for positive solutions of semi-positone problems, people usually employ the
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method of finding fixed points on some special cones with large enough norm, and then obtaining
the positive solutions of the semi-positone problems. This method is simple but very effective.
Anuradha et all? first used this method to study the existence of positive solutions of some
semi-positone boundary value problems. They proved in [2] an existence result of at least one
positive solution with a super-linear nonlinearity. Later on, many authors employed this method
to show the existence of positive solutions of various kinds of semi-positone boundary value
problems®~12, Xu and O’Regan!'!! extended this method to an abstract operator equation and
obtained some abstract existence results for positive solutions of the operator equation. We can
deduce the main results of [2]-[10] directly by the abstract results of [11].

Semi-positone systems occur naturally in important applications, for example: predator-prey
systems with constant effort harvesting"*~17). The main purpose of this paper is to establish
some existence results for positive solutions of the semi-positone systems (1.1,). To do this, we
will continue to employ the method of [2]. However, generally speaking, in system Clr, R] x
C[r, R], knowing that the supremum norm of u = (uy, ..., u,) (say) is large does not necessarily
mean that the supremum norm of each u; is large. Thus establishing that each component w;
of the solution is positive is an additional challenge. Moreover, there are few existence results
for positive solutions of semi-positone systems yet. In this paper, we will first give two existence

results for positive solutions of a semi-positone operator equations system.

2. Some abstract existence results for positive solutions

Let E be a real Banach space, and P a total cone of E which induces the ordering “<” in

E. Consider the operator equations system

{ Tr = )\KlFl(I,y) + €1,

(2.15)
y = AKoFs(x,y) + e,

where A > 0 is a parameter, K, K2 : P — P are linear completely continuous operators,

Fi,F>: P x P+~ P are continuous and bounded operators, e1,es € F.

Remark 2.1 Suppose that r(K7) > 0,7(K2) > 0 (r(K1) and r(K2) denote the spectrum radii
of K; and K», respectively). By Krein-Rutman Theorem (see [20, Theorem 3.1]), there exist
hi,he € P*\{0} such that

Kihy = r(K1)hy, K3ho = r(K2)hs, (2.2)

where P* is the dual cone of the cone P, and K} and K are the conjugate operators of K; and
Ko, respectively.

Let 1,02 € P\{0}, Q1 = {z € Plz > |[z[l¢1} and Q2 = {x € Plz > ||z[lp2}. Then, @ and
Q2 are two cones of the Banach space E. Let E® = E x E, P» = P x P and Q® = Q1 x Qo.
For any (z,y) € EA, let

Iz, )l = Nzl + [yl

Then E2 is a real Banach space with the norm ||(-,-)||, and P® and Q* are two cones of E*.
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For convenience, we make the following assumptions.

(Hy) K;: P+ Q;(i =1,2) are completely continuous operators, F; : P® + P(i = 1,2) are
continuous and bounded operators.

(Hz) There exist €; € P(i = 1,2) and ¢y > 0, such that

€; < Copi, € +€; € Qi, = 1,2.
(Hs) Fori=1,2, r(K;) >0, hi(p;) >0, and

(@) ePA (@)= |(z,y)]

Theorem 2.1 Suppose that (Hy) — (Hs) hold. Moreover, there exist ¢ > 0 and n > 0 such that

=0.

h’l(Fl('rvy_EQ))znv VyZsz,xeP, (23)
ho(Fo(x — €1,y)) > n, Vo > (p1,y € P. (2.4)

Then there exists A* > 0 such that, the operator equations system (2.1,) has at least one positive

solution for any X € (A\*, c0).

Proof Let D1 = {z € Plz > &1} and Dy = {x € P|z > &}. Then D; and Ds are two closed
convex sets of E. By Dugundji Theorem (see Lemma 2.3 in Chapter 1, [13]), we see that for

a = 1, there exist continuous maps J; : £ +— D and J3 : E — Do, such that
|z — Ji(@)[| < 2p(z, D1) < 2|z — &, Vo e E (2.5)

and

|z — J2(x)|| < 2p(x, D2) < 2||x — &, Vx € E, (2.6)

where p(z, D7) and p(z, D2) denote the distances from x to D1 and D, respectively. Obviously,
Ji : E— Dy and Jy : E — Dy are continuous and bounded. For any A € [1,00), define
Ay : P2 P, Ay : P2 — P and Ay : P2 — P2 by

A\ (z,y) = NK1Fy (J1 () — €1, Jo(y) — @) + e1 + &1, ¥(z,y) € P2,

Aoy (z,y) = N2 Fo(J1(2) — €1, Ja(y) — €2) + e2 + &2, ¥(z,y) € P2,

Ax(z,y) = (Aix(z, y), Aax(z,9)),V(z,y) € PA. (2.7)

From (H;) and (Hg), we see that A;y : P2 +— @Q; and Agy : P2 +— Qg are completely continuous
for any A € [1,00). Thus, Ay : P2 — Q* is completely continuous for any A € [1,00).

Let Ry = 2(¢o + (), and
Rollha]| Rollholl
r(K1)n’ r(Ka)n
Take (U1, Ws) € Q2\{6,0}. Let Ao > \* be fixed at present. Now we show that

A* = max{ ++ 1

(Iay) # A)\o (Iay) + ,u(\lllquQ)v ($7y> € aBRo N QAMUJ > 07 (28)
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where Br, = {(z,y) € E?||(x,y)|| < Ro} and dBpg, denotes the boundary of Bg, in E2.
Assume by contradiction that there exist (x9,%0) € Bgr, N Q> and o > 0 such that
(20, Y0) = Axo (T0,Y0) + Ho(¥1, V2). (2.9)
Since [|[(zo, yo)|| = llzoll+llyoll = 2(co+(), we have [[zol| = co+¢ or [|yol| = co+¢. If [[zol| = co+C,
then by (Hi), (Hz) and (2.9), zo € Q1, and so
zo — €1 = ([|zol| — co)pr = (1 > 0. (2.10)
Thus, Ji(xg) — €1 = x¢ — €;. From (2.4), (2.9) and (2.10), we have
IyollllP2]l > ha(yo) = ha(A2x,(z0,Y0) + HoWa2)
> hg()\oKQFQ(Jl({E()) —e1, Jz(yo) - 52) +ea + 52)
> ha(MoK2F(J1(20) — €1, J2(yo) — €2))
= Mo (K3 ha)(F2(J1(w0) — €1, J2(yo) — €2))
= Xor(K2)ha(F2(wo — €1, J2(yo) — €2))

> Xor(K2)n.
Thus,
lyollllhall _ Rollhell
Ao < < . 2.11
U7 r(Ka)n T r(Ka)n 210
Similarly, if ||yo|| > co + ¢, then we have
[zollllhall _ Rollha|
Ao < < . 2.12
PT g T (K 21
From (2.11) and (2.12), we have
Rollha|| Rollh
Ny < max] ol Roll 2||}7

r(K)n’ r(Ka2)n
which contradicts the definition of Ag, and so (2.8) holds. By the properties of the fixed point

index, we have

i(As. Bry 1Q2Q%) = 0. (213)
Take by, : 0 < by, < [3/\0(,:1((121)) + ,:2(@22)) )]~!. From (Hs), we see that there exists Ry > 0, such
that
hl(Fl(xay)) < b>\0||($,y)||,V(£L',y) € PA? ||(x,y)|| > R/)\()?
ha(Fa(@,y)) < b, [l (2, 9)lI, V(2 y) € P2, |[(2,y)l| = R,
Let

Ml = Sup{hl(Fl(xvy))l(‘T?y) € PA? H(x?y)H < RIAg}v
My = sup{ha(Fo(z,9)|(z,y) € P2, [|(z,9)] < R}, }
and M = max{Mj, M>}. Then we have

hl(Fl(Iay)) < b>\o||(xay)|| + M,V(:E,y) € PA, (214)
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h2(F2(Iay)) < b>\o||(xay)|| + M,V(:E,y) € PA' (215)

Take

llex + &[] + llea + eall + (Ao M + 3o, [|(61, 2) ) (A7) + 7))

r(K r(K
1-— 3)\05,\0(;11((@11)) + hs(@zz)))

Ry, > max{Ry,

).

Next we show that

(z,y) # nAx, (2,y), (x,y) € 0Br,, NQ™, € [0,1], (2.16)

Assume by contradiction that there exist (zo,y0) € dBr,, N Q* and pg € [0,1] such that

(T0,Y0) = HoAx,(Z0,%0)-

Obviously, po > 0. Since K7 : P — @1 and Ks : P — @2, we have from (2.14) and (2.15) that

[ (o, yo) Il =pol| Axo (20, o)l < [|Ax, (0, vo) |

=l A1x, (20, yo) || + | 425, (20, yo) |

<llex + el + MoK F1(J1(20) — €1, J2(yo) — €2)[|+
le2 + & + [[AoK2F2(J1(z0) — €1, J2(y0) — €2)|

Mohi (K1 Fy (J1(z0) — €1, Jo(yo) — 52))+

<l|ler + &1 +
s el hi(e1)
Noha (Ko Fy(J1 (20) — €1, Ja(yo) — @
ez + & + =2 2K B (N1 (20) — €1, a(bo) — 2))
ha(p2)
=|le1 + &1 + or(K1)h1(F1(J1(2o) 1, J2(%0) 2))+
hi(e1)
Nor(Ka)ha(Fa(Jy (20) — &1, Ja(yo) — €
lle2 + ez + or(K2)ha (Fa(J1(wo) — €1, Ja(yo) — €2))
ha(p2)
<llex + &1l + lle2 + &2+
r(K1) | r(i) _ ~ _
A + b, || (J1(wo) — &1, J: —é&)| + M. 2.17
O(hl(@l) h2(¢2))[ >\0||( 1( 0) 1 Q(yo) 2)” ] ( )
From (2.5) and (2.6), we have
171(20) = exll < 171(wo) — woll + llzo — 1) < 3llzo — 1)) < (el + leal),  (218)
and
[ J2(y0) — €2l < [|72(y0) — voll + llyo — 2|l < 3llyo — €2l < 3(||yoll + [|E2])- (2.19)

From (2.17)-(2.19), we have

[(zo, yo)ll <llex + el + [[e2 + &2l + )\OM(;;(@B) + Zﬁf;j )+
(K7)  r(Ko)
1(1) + hg(cpz))+
r(Ky)  r(Ka2)

B (1) h2(<p2))”($0’y0)|‘

_ _ T
SAobxo (flenll + ezl (7

3A0bx, (
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and so
llex + €[] + llea + éall + (Ao M + 3oy, [|(61, 2) ) (GErh + 1))
(o, yo)l < 1 3, (ZEED | r(Ko) ’
= 32000 (55 T Ttes))

which is a contradiction, and so (2.16) holds. From the properties of the fixed point index, we

have
i(Axy, Br,, NQ%, Q%) = 1. (2.20)
From (2.13) and (2.20), we have
7;(14)\05 (BRAO \FR()) N QAa QA) =1

Thus, Ay, has at least one fixed point (z,,yx,) in (Br,, \Br,) N Q". That is

{ Txo = AK1F1(J1(wx,) — €1, J2(yn,) — €2) + €1 + &, (2.21)

Yno = Mo KaFo(J1(wx,) — €1, J2(yn,) — €2) + €2 + éa.
Let Ty, = T, — €1, Uro = Tx, — €2. We claim that (Z,,,9x,) € P2, In fact, since ||(2,, Yr, )| >
Ry = 2(co + ¢), we have ||z, || = co+ ¢ or |lya || = co + ¢ If ||xn, || = co + ¢, then from the fact
that x5, € @1, we have
Trg = Txy — €1 2 (”‘T)\OH - CO)QOl > Cp1 >0,

and so Jy(xy,) — €1 = x5, — €1. Therefore, by (2.4) and (2.21), we have

[h2llllyxoll = ha(yn,) = ha(AoK2F2(J1(2x,) — €1, J2(Yr,) — €2) + €2 + €2)
= ha(AoKaFa(zx, — €1, J2(yxr,) — €2) + €2 + €2)
> ha(AoKaF(xx, — €1,J2(yr,) — €2))
> Aor(K2)n.

Consequently,
Aor(Ko)n  A*r(Ka)n
[ 7] ([ 7]

> Cp.
Hence,
Uro = Yro — €2 > ([[yro |l — co)p2 > 6.

Therefore, J2(yx,) — €2 = G, -
When ||y, || > co + ¢, in a similar way we can show that Zx, > 6, g, > 6.
From the discussion above, we have
Ji(zx) — €1 =Ty, J2(yrg) — €2 = Uxo-
Therefore, by (2.21) we have

Tx, = MK 1F1(Zxg, Uno) + €1,
y)\o = A0K2F2(j>\05y)\0) =+ es.

This implies that (Zx,,7»,) is a positive solutions of (2.1y,). Since A\g € (A\*,00) is arbitrarily

given, we see the conclusion holds.
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Remark 2.2 The assumption (Hs) is sub-linear condition. To apply Theorem 2.1, we need to
compute the spectrum radii of K7 and K>, and to find the functional hq, hs. However, in some

cases these are not easy. To overcome this difficulty, we give the following Theorem 2.2.

Theorem 2.2 Suppose that (Hy) and (Hz) hold. Moreover, P is a normal cone, Fy and Fy are
increasing on P2, K1F;(0,cops) > 0, KaFs(copr,0) > 6, and

(zy)ePA |(zy)ll—oo (2,9
Ko F.
(@) ePA [|(zy)ll—o0 (2,9

Then the operator equations system (2.15) has at least one positive solution for A\ > 0 large

enough.

Proof The proof is similar to that of Theorem 2.1. For completeness, we give a brief proof. For
any A € [1,00), let the operator Ay be defined as (2.7). Take Ry > 4co and let
NRy NRy
) }7
[ FL(0, copa) | [ K2 F2(cowpr, O) |
where N is the normal constant of the cone P. Let A\g € (A*,00) be fixed at present. First
we prove that (2.8) still holds. Assume by contradiction that (2.9) holds for some (zo,¥0) €

A* = max{1,

OBpr, N Q* and po > 0. Since ||(zo,y0)| > 4co, we have |zo]| > 2co or ||yol| > 2co. Assume
without loss of generality that |||l > 2¢o. Then we have

Ji(wo) — €1 = z0 — €1 > ([|xo]| — co)pr > copr > 0,

and so
Yo = MK Fo(J1(x0) — €1, J2(yo) — €2) + po Va2
> Mo KaFo(zg — €1, J2(yo) — €2)
> Mo KaF(copr,0).
Therefore, N NER
S e T < TR e T

which is a contradiction, and so (2.8) holds. Hence, (2.13) still holds. From (2.22) and (2.23),

we see that for any by, : 0 < by, < ﬁ, there exists R} > 0 such that

K1 Fy (2, y)l] < bag [l (2, )], (K2 F2 (2, y) | < x| (2, )]
for all (z,y) € P* with [|(z,y)| > R}, . Let

My = sup{|| K1 Fi (2, y) ||| (z,y) € P2, ||(z, )]l < R), ),

My = sup{|| K2 Fa (2, y) ||| (z,y) € P2, ||(z, )| < R), },
and M = max{M;, My}. Then for any (z,y) € P®, we have

K1 Py (@, y)[| < bag [l (@, )| + M [ K2 Fa (@, )| < bag [l (2, 9) | + M. (2.24)
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Take B
6002, ||(él, ég)” + 2o M + ||(€1 + é1,e2 + é2)

) Iy,
1 — 6X\oba

Ry, > max{Ry,

Next we will show (2.16). Assume by contradiction that for some (20,y0) € dBr,, N Q™, po €

[0, 1], we have

(T0,Y0) = HoAxe(Z0,%0)-

Then, by (2.18), (2.19) and (2.24), we have

[ (zos yo)ll <[[Ax, (o, yo) |
SMo([[K1F1(J1(wo) — €1, J2(yo) — €2)|| + | KaFa(J1(wo) — €1, J2(yo) — €2)])+
ller + el + |le2 + 2|
<2000, || (J1(20) — €1, J2(yo) — &2)|| + 2XoM + |lex + &1 + |le2 + &2
<2X0b0 (3| (o, yo) || + 3[I(E1, €2)|) + 200 M + [[(e1 + €1, €2 + &)
=60bx, || (%0, Y0)|| + 6Aobro || (€1, 2) || + 220 M + ||(e1 + €1, €2 + &) ||

and so _
6)\0b>\0|‘(él, éz)” + 2 oM + H(el +eé1,es + ég)”

1 — 6Aoba, ’

Ry, = [[(zo,y0)|| <

which is a contradiction. Thus (2.16) holds. From the properties of the fixed point index, we see
that (2.20) holds. Now we have from (2.13) and (2.20) that

i(Axy: (Br,,\Br,) N Q%,Q%) = 1.

Then, Ay, has at least one fixed point (zx,,yx,) in (Br,, \Br,) N Q4.
Let Ty, = T, — €1,Jr, = Yr, — €2. Now we will show that (Zy,,7x,) € P>. In fact, since
[[(@Ag, Yro) |l = 4co, we have ||za, || > 2¢o or ||ya, || = 2¢o. Assume without loss of generality that

2,1l = 2¢o. Then, we have

Jl(‘r)\o) —€1 =Ty, =Ty, —€1 2 (HwN)H - CO)(pl > Cop1 > 0

and so
Yno = ME2F2(xx, — €1, J2(Yr,) — €2) + €2 + &2 > N K2 Fa(copr, 0).
Consequently,
[ynell = N7 X[ K2 Fa(cowr, 0)|| = NTIN | K2 Fa(cowr, 0)|| = 2co.
Therefore,

J2(Yne) — €2 = Uno = Uno — €2 > (Yol — co)p2 > cop2 > 6.

Then, (Zx,,¥x,) is a positive solution of (2.1y,). Since A\g € (A*,00) is arbitrarily given, we see
that the conclusion holds. O

3. Positive solutions of semi-positone differential boundary value prob-
lems system
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In this section, we will apply Theorem 2.1 to differential boundary value problems systems
(1.15). For convenience, we make the following assumptions.

(A1) Fori=1,2,p; € C[r,R], pi(t) > 0(t € [, R]), fi(t,x,y) >0, (t,x,y) € [r,R]x Rt xR*.

(Ag) Fori=1,2,a;,b;ci,d; >0, and a;c; + a;d; + bc; > 0.

(As)
Htzy) i fa(t,zy)
im kLo im EEA S Rt R SR
(z,)2(0,0),z+y—o0 T+ Y (2,9)2(0,0),z+y—oc0 T+ Y
uniformly with ¢ € [a, 8] C (r, R).
(A4) There exists My > 0, such that for i = 1,2, |¢;(t)] < My(t € [r, R]).

(As) There exist two constants y1 > 0 and 2 > 0, such that

fl(tv'rvy) 271;VI Z 07y Z FYQat € [aaﬁ]v

and
f2(t7x7y) Z Wluvy 2 0,.’[] Z ’727t S [auﬁ]'

For any = € C[r, R], let ||z| = tn%a)];] |z(t)]. Then E = C|r, R] is a real Banach space with
elr,

the norm || - ||. Let P = {z € E|z(t) > 0,t € [r,R]}, Q1 = {z € Plz(t) > |z||¢i(t),t € [r, R]}
and Q2 = {z € Plz(t) > ||z|p2(t),t € [r, R]}, where

t R _
bitaif,pit diteif, it
R __1’ R _
bi+04'f7« pil di"'cif pil

T

©i(t) = min{ }tel0,1],i=1,2.

Obviously, P is a normal solid cone, and so P is a total cone. @1 and @2 are also cones of F.
For i = 1,2, let us define the operators K; : E +— E and F; : P® — P by

R
(K;z)(t) = / Gi(t,s)x(s)ds,t € [r,R],x € E,i = 1,2,

Fi(z,y)(t) = fi(t,2(t),y(t),t € [r,Rl, 2, y € E,i = 1,2,

where )
Cilt, s) = a{l(bi +a; f:pfl)(di +Cift p;l), s<t
o a:l(bl_'—a’lf:pz_l)(dl+leSRpl_l), Szt,

and o; = a;d; + a;c; fTR pfl + bic;. For i = 1,2, let us define the functions e;(¢) and &;(t) by
R
)= [ Gt o)t 0.1)i= 1.2,

R
éz(t) = M()/ Gi(t,S)dS,t S [0, 1],2 =1,2.

Now to show the existence of positive solution of (1.1)), we need only to show that of (2.1,).

From Lemmas 2.1 and 2.2 of [2], we have the following Lemmas 3.1 and 3.2.
Lemma 3.1 Fori=1,2, K; : P+— @Q; are completely continuous.

Lemma 3.2 Let w(t) = 1(¢t € [r, R]). Then there exists ¢ > 0 such that (Kw)(t) < cp;(t),t €
[ R],i=1,2.



314 XUXA

Theorem 3.1 Suppose that (A1) — (As) hold. Then (1.1y) has at least one positive solution
for large enough A > 0.

Proof To show Theorem 3.1, we will apply Theorem 2.1. Let ¢y = ¢Mp. From Lemmas 3.1 and
3.2, we easily see that (H;) and (Hz) hold. Obviously, r(K7) > 0,7(K2) > 0. By Krein-Rutman
Theorem, there exist ¢; € P\{0} and h; € P*\{0}, such that

Kz(bz = T(Ki)(bi, Kl*hz = T‘(Kl)hl,l = 1, 2.

Obviously, ¢; € Q;. The functionals h;(i = 1,2) can be taken by!®!

/@ t)dt,u e E;i=1,2.

Then, we have

R R
o) = [ oieittde = ol [ TPt >0, i =12,
For any £ > 0, we see from (Aj3) that there exists Ry > 0 such that

fl(taxay) < E(I+y>af2(t7x7y) < E(:E—Fy)

for eacthO,yszithx—l—yzRO. Let

b=max{ sup fi(t,z,y), sup fa(t,x,y)},
(t,z,y)eD (tyz,y)eD
where D = {(t,z,y) € [r,R] x RT x R*|z +y < Ry}. Then for any (t,z,y) € [r,R] x Rt x R,
we have
filt,z,y) <e(x+y) +0b, filt,r,y) <e(z+y) +0.

Let R
b [, [91(t) + ¢2(t)lds

3

Ry >
Then for any (z,y) € P2, ||(z,y)|| > Ro and i = 1,2, we have
hi(Fi(e.y)  f i@ filt,x(t), y(t))dt

eI [l
L @0+ ()t [ (61(0) + 0a(0) (@(®) + y(t))dt
ST el [l

R
su+/<m®+@@mm.

This implies that (Hg) holds.
Take (1 > yo[minge[q,g] ©2(t)]7! + co. Then for any y € P,y > (12, we have

y(t) — e2(t) = (G — co)p2(t) = 72,t € [a, 8.
Then, we see by (Aj) that

I (Fi o,y — &) L/¢1ﬁtw)() ea(t))dt
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B
> [ it ale). o) - ex(t)a
«

s A
>m / ¢1(t)dt = m

for any 2 € P and y € P with y > (12. Let (o > y2[mingepq g ¢1(t)] ™ + co. Then, we have

B8
hao(Fa(x —e1,y)) > / G2 (t)dt 2,

for any y € P, and © € P with > (a¢1. Let ( = max{(1, (2} and n = min{n,n2}. Then (2.3)
and (2.4) hold. Thus all conditions of Theorem 2.1 are satisfied, and so Theorem 3.1 holds by
Theorem 2.1. O
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