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Abstract In this paper, a generalized Toeplitz operator is defined and some of results about the
classical Toeplitz operator are generalized. In particular, we obtain the necessary and sufficient
condition for the product of two such Toeplitz operators to still be Toeplitz operator and the
necessary and sufficient condition for such Toeplitz operator to be normal operator. Finally, a
necessary condition for two such Toeplitz operators to be commutative is established.
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1. Introduction and preliminaries

Let T denote the unit circle and df denote the normalized Lebesgue measure on the unit circle.
Using the regular sense of product and sum of two functions, we can define the following function
spaces on T, the square integrable function space L3(T) = {f(e%) : 0277 |f(e)]2d0 < o} ,
and the essential bounded function space L>°(T), i.e., the function space which consists of all
functions f such that {x € T : |f(x)] > M} has measure zero for sufficiently large M. If we
define the norms as follows, Vf € L%(T), || f|| = ( 0277 |f(e®)|2d0)2, Vg € L>(T), ||g|| = essup(g),
i.e., the smallest M which satisfies {x € T : |g(x)] > M} has measure zero, then it is well
known that they are Banach spaces, and if Vf, g € L3(T), (f,g) = 027T fgdé, then it is also well
known that L?(T) is a Hilbert space under this inner product. For any n € Z, let x,, denote
the following function on T, x,(e?) = ¢™?. Then the classical Hardy space H?(T) is defined
to be H3(T) = {f € L*(T) : OQW f(e®)z,(e?®)dd = 0, ¥ n > 0}, which is a closed subspace
of L?(T). Let P denote the orthogonal projection from L?(T) to H?(T). Then the classical
Toeplitz operator and Hankle operator are defined as follows, Yo € L>®(T), Vf € H*(T), T,:
HA(T) — HA(T), To(f) = Pof), Ho s H3(T) — HT)*, Ho(f) = (I - P)(f), and ¢ is called
the symbol of the operators. There are lots of references concerning the property of the classical

Toeplitz operators, such as references [1]-[7]. Since it is very useful in pure and applied science,
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the research on the property of Toeplitz operators and the algebra generated by them keep
attracting the interest of mathematicians. Recently, the classical Toeplitz operator is generalized
from different points of view by mathematicians. For example, Murphy studied the Toeplitz
operators on the discrete commutative partial ordered groups by substituting the ordered group
(Z, Z4) with partial groups in [3]. Marco studied the property of the Toeplitz operators on the
discrete groups by replacing the integer group Z with general discrete groups in [4]. In [5], Xu
Qingxiang and Chen Xiaoman studied the property of Toeplitz operator on generalized Hardy
space by introducing the concepts of finite lifting subset and total finite lifting subset. In this
paper, we study the algebraic property of Toeplitz operators on discrete commutative groups by
substituting the integer group Z with general discrete commutative group and substituting Z
with almost stable subset. What follows are the preliminaries for this paper. Suppose G is a
discrete commutative group, S C G, if Vg € G, S\ ¢S is a finite set, then S is called an almost
stable subset of G. Under the regular operation on group G, the square integrable function space
is denoted as (?(G). The function &, is defined as follows, Vh € G,

1 =h
5g(h):{ 0 i#h'

It is easy to see that {J,: g € G} is orthonormal basis of [?(G). The square integrable function
space on S is denoted as [2(.9), which is obviously a closed subspace of I?(G). Let Ps denote the
orthogonal projection from I?(G) to 1*(S). Vg € G, Vh € G, Ly(6n) = dgn, Ryg(6n) = bpg-1, then
L, and R, are unitary operators on [?(G). The Von-Neumann algebra generated by {L, : g € G}
is denoted as W*(G), and the C*-algebra generated by {L, : g € G} is denoted as C;(G). The
Toeplitz operator on the discrete commutative group G is defined as follows, VI' € W*(G),
T¢ :12(S) — 13(S), T*(f) = Ps(Tf)Vf € 1*(9), here T is called the symbol of Toeplitz operator
Ts. If T € W*(G) and T(I%(S)) C 12(S), then T is called an analytical operator on G, and H*
represents the set of all analytical operator on G. If T € H*, then T is called an analytical
Toeplitz operator on G. In this paper, G* represents the set {g € G : ¢S C S}, and B(I*(Q))

represents the Banach space of bounded operators on [2(G).

2. Lemmas and main results

Lemma 2.1 Suppose G is a discrete commutative group, S C G is an almost stable subset
and T € B(I*(G)). Then T is a Toeplitz operator < Vg € G*, (L§)*TL; =T.

Lemma 2.2 Suppose G is a discrete commutative group, S C G is a countable almost stable
subset, g € Gt, S\ gS = {x1,22,..., 2}, and P, = 31" | 85, ® 6,,. Then the identity operator
I =Py + Li(L2)".

Proof Let f € I12(S). Then f = Y7 bz, + > 0,11 ®ibgs(i), wWhere s(i) € S such that
gs(i) € S. Then we have

ZZ az T xk 511@ + Z Z al gs(i)» zk 63%

=1 k=1 1=m-+1 k=1
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L5(L3)" LSZP Qibg-1z,) + L5 Y Pu(aiby)

1=m-+1

=0+ Z 041 s(z Z ai5s(i)'
1=m-+1 i=m-+1
Hence
Po(f) + L3(L3)* ZozzagmL Z @ibagi) =
i=m-+1
ie., Py + L;(L;)* =1. O

Lemma 2.3 Suppose G is a discrete commutative group, S C G is a countable almost stable
subset, g € GT, S\ ¢S = {x1,22,...,xm}, T1, To€ W*(G), T¢, Ts are Toeplitz operators with
symbol T and T, respectively. If TYT3 is still a Toeplitz operator, then

m

D Ly Tide, @ (Ly)(T5)"6s, = 0.

i=1
Proof Since T7T; is Toeplitz operator, by Lemma 2.1, we have (L;)*T7T5L; = TYT5. And
from Lemma 2.2, we know I = P, + L;(L;)*. Hence
(L) TT (P + Ly(Lg) ) T5 Ly =TT T3,
ie.,
(L;)*TmeT;LZ + (L;)*TfL;(L;)*TQSL; =1T7T5.
Since (Ly)*T7 Ly = T7 and (Ly)*T5 Ly = T3,
(Lg) Ty P T5 Ly + T7T5 = T T5.
Thus (L) i P T5LE = 0, Le., (L) 5 (S0, 80y @ 6,,)T5 LS = 0. So

m

S (L) 6, @ (L) (T5)*6,, = 0,

i=1
Theorem 2.4 Suppose G is a discrete commutative group and S C G is a countable almost
stable subset. If there exist g € GT and zq € S such that S\ gS = {z0} and G\ S = {g "y :
n=1,2,...}, then T{Ts is Toeplitz operator < Ty € H™ or To € H*.

Proof =-. Because 1775 is Toeplitz operator, by Lemma 2.3, we have
(Lg) TT 02 © (Lg)™ (T5)" b2y = 0.
So for any x,y € S, we have

((Lg) TV 0y, 0y) (0, (Lg)"(T5)"0z,) = 0.
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If there exists x € S such that (3., (Lg)*(75)"0x,) # 0, then for any y € S, ((L])* T} 0x,, dy) = 0,
ie.,

<T1 5107 LS > <T1 Zo> PL 5 > <T156I07 P559y>
< zov > <P Tl(smoa 5gy>
<T Zo» > <L Tl(swov 6y>
=

TlL 6w0, y > <T169*1m07 5U> =0.

Since y is arbitrary, and g € G, we have

e

(Th0g-124, Ogy) = (T10g-144, Og2y) = -+ =
Therefore, we have
(Th0g-144, 0y) = (T10g-244, Oy) = (T104-34,, Oy) =--- = 0.
Since G\ S = {g "z¢ : n = 1,2,...}, we have T1(1%(s)1) C 12(s)*, thus Ty (1%(s)) C I%(s), so
Tr € Ho.
If there exists y € S such that ((L;)*T{6z,, 6,) # 0, then for any z € S, we have
(62, (L3)*(T5)*6z,) = 0. Similarly we can prove that T, € H*.
<. Forany h € G, z, y € S, since
(LR TYT5 L} 6, 6y) = (T7T5 PsOha, PsOny) = (TTT50ma, Ony)
— (T$0a (T3) 6y) = (P Tabs PuT 0,
if Ty € H®, then

(PsT20hz, Py 0ny) = (T20hz, PsTy0hy) = (T20he, 17 0ny)
= (TyLpoy, Ty Lpdy) = (LpT205, LTy 0,)
= (L LnT20z, T70y) = (T26x, T10y)
= (Ps Tgém, T76y) = (PsT20,, PsT76y)
= (150, (17)"0y) = (TTT5 0z, dy),
o (Ly)*I{Ts L5 = T7T5. By Lemma 3.1 we know T775 is Toeplitz operator.
If T} € H*°, similarly we can prove that T7T5 is Toeplitz operator. O

Remark 2.5 The classical Toeplitz operator is the special case with G = Z, S = {0,1,2,...},
+={0,1,2,..},g=1€ G, 20=0€ 8S.
The following lemma reveals the close relationship between Toeplitz operators and Hankle

operators which is parallel to the same result in classical case, we omit the proof.
Lemma 2.6 Suppose Ty, Ty € W*(G). Then (ThT2)* = T{T5 + (Hy, ) Hy, .

Theorem 2.7 Suppose G is a discrete commutative group, S C G is a countable almost stable
subset, and T € W*(G). If there exist g € G and xo € S such that S\ gS = {zo}, G\ S =
{g7™xo : n =1,2,...}, then Toeplitz operator T* is normal operator < for any X\, with |A| =1,
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we have Pz(\s)(Tf) = MPiz(a\s)(T* ), V.f € 1(s).
Proof =. Because T is normal operator, we have (7°%)*T* = T*(T*)*, so
(L) (T*)"T*Ly = (Ly)*T*(T*)* L.
Since I = Py, + Lj(L)*, we get
(L) (T°)" (P + L (Lg)")T" L = (Lg)"T* (P + Lg(Lg)")(T°)" L,
ie.
(L) (T*) Py T2 Ly + (Ly)*(T°)" Ly(Ly)* T L
= (L) T° P (T%)" Ly + (Lg)*T* Ly (L3)*(T%)" L.
So we have
(L) (T*)* P T°LY = (L) T P (T*)" L.
P, = 6z ® 0z, leads to
(L) (T%)" 02y ® 02 T Ly = (L3)" T2y ® 020 (T°)" L3,
ie.,
(Lg)"(T%)* 02y ® (Lg)"(T*) 0z = (L) T 0y © (L) T 0.
So (Lg)*(T*)* 0z, = M(L})*T*d4,, here |A| = 1 is any constant. So V x € S, we have
(LG (T°) 0zgy b2) = M(LG) " T*0zg, 0a),
(T*) 0y, Lgds) = MT"0sy, Lyoa),
(PsT*03y, PsLgby) = MPsT 6z, PsLgdy),
(PyT*84,, Pabys) = MPyT6y,, Pubys).

Since g € G, gz € S, then the above equality becomes (T*8,,, 0gz) = AMT0z,, Ogz), i-e.,
(LyT*62y, 0x) = ML;T0s,, 0z). The fact that G is commutative group implies that W*(G) is
commutative algebra. So (T L} 0.,, 0z) = MT L} 0z, 0z), thus (0g-15,, T0z) = Mdg-140, T"0z).
Since z is arbitrary and g € G, we know that for any n, (§;-ny,. T0z) = AN0g-nzy, T*0z).
G\S={g9g "x0:n=1,2,3,...} means that
Vf € (s), Pea\s)(Tf) = APie(ans) (T ).
<. Because PP(G\S) =1- PS, and V )\, |)\| = 1, Pl2(G\5)(Tf) = )\Plz(G\S)(T*f), we get
that V A, |A| = 1, H(f) = AH5.(f). Especially, let A = 1. We get H(f) = Hi.(f), ie.,
Hj = Hj.. By Lemma 2.4, we have
()" = T*(T%)* + ()" Hy = T*(I)" + (H3)2
(T*T)* = (T°)"T* + HypHy = (T°)"T° + (Hf)*.
Since TT* = T*T, (T*)*T* = T*(T*)*. So T* is normal operator.

From the above proof we get the following corollary.
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Corollary 2.8 Suppose G is a discrete commutative group and S C G is a countable almost
stable subset. If there exist g € G and x¢ € S such that S\ ¢S = {xo}, G\ S ={g "zo:n =
1,2,...} T € W*(G), then Toeplitz operator T*® is normal operator < V A\, |\ = 1, HS = AH3...

Theorem 2.9 Suppose G is a discrete commutative group, S C G is a countable almost stable
subset and there exist g € G and zo € S such that S\ ¢S = {0}, G\ S = {97 "2x0 : n =
1,2,...}, and Ty, To € W*(G) with Th, T not both analytical or co-analytical. If T{ and Ty
are commutative, then there exist constants C'y, Cy such that
((T3)" = CL(T$) )60y and (T§ — CoT})5,, € Ker(L)"

Proof Since T;Ts = T3T;, we have (L2)*TyTsL: = (L) T3T; LS. By Lemma 2.2 we know
that T = Po + L3(L3)* = 8,y @ 80y + L3(L3)*, 50

(L) T (02 ® Oay + L (Lg)*)T5 Ly = (Lg)"T5 0z ® 0wy + Ly(Lyg)")TT Ly,

(L5)*T5 (020 @ 00g) T Ly + (L) " T7 Ly (L) Ty Ly = (L5)*T5 (620 @ 00y)T7 L+

(L) Ty Ly(Ly)*Ti L.

Because (L;)*T7 Ly = Tt and (L))*T5 Ly = T3,

(Lg) TY 02y @ (Lg)™ (T5)" 0ug + TYT5 = (L) T35 02y ® (Lg)™ (T7)"0uy + T3TT,
i.e.,

(Lg) ™ T7 020 © (Lg)*(T5)" b2 = (L) 1500, @ (Lyg)" (T7)0uy - (2.1)

Now that 17, T> are not both analytical or co-analytical, without loss of generality, suppose T}

is not analytical and 775 is not co-analytical. Then

(Lg)"(T5)" 0wy # 0, (Lg)™(TF)"0u, # 0.
In fact, if (L5)*(75)*0z, = 0, then for any x € S we have ((L;)*(75)"0s,, 6z) = 0, ie.,
(T502y, Lydz) = 0, thus (T2ds,, Lgdz) = 0, so (T2dy-14,, 0z) = 0. Since x is arbitrary and

g € GT, we get
(Ty8, sy, 00) =0, ¥ 1€ ZF,

So Ty(1%(s)*) C 12(s)*, thus Ty (12(s)) C 12(s), i.e., Ty is co-analytical, resulting in a contradic-
tion. Similarly we can prove that (L;)*(17)*dz, # 0. From Equation 2.1, we have
(L) (T7) 0> (Lg)™ (T7) o) (L) T3 b
= (L) (T7) 0> (L) (T5) " bg) (Lig) " T7 b
Leey [[(Lg) " (T5) " 0o 12 (L§) " T5 0wy — ((L§)*(T5) 0o, (L§)*(T5)" 0y ) (L§)* T 0a, = 0. So
(Lg) (I

Let Cy = <(L;)*(|:|F5L):ffé’%f()€%)*(H:Z;)*éww. Then we have (75 — C1T7)dz, € Ker(L;)*. Similarly, we
g 0o

can prove that there exists Ca such that ((75)* — C2(17)*)0x, € Ker(Lj)™. O

(Lg)"(T7)" b |

21500, — (L) (T1) dag, (L5)*(T5)"020)T10a,) = 0.
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