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Abstract The robust stability of uncertain linear neutral systems with discrete and distributed
delays is investigated. The uncertainties under consideration are norm bounded, and possibly
time varying. By means of the equivalent equation of zero in the derivative of the Lyapunov-
Krasovskii function, the proposed stability criteria are formulated in the form of a linear matrix
inequality and it is easy to check the robust stability of the considered systems. Numerical
examples demonstrate that the proposed criteria are effective.
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1. Introduction

The problem of stability of time-delay systems of neutral type has received considerable at-
tention in the last two decades!’). Current efforts on this topic can be divided into two categories,
namely delay-independent stability criteria and delay-dependent stability criteria.

For linear time-delay systems of neutral type, some delay-independent stability conditions
were obtained. They were formulated in terms of matrix measure and matrix norm!! or the
existence of a positive definite solution to an auxiliary algebraic Riccati matrix equation(®4.
Although these conditions are easy to check, they required matrix measure to be negative or the
parameters to be tuned.

A model transformation technique is often used to transform the neutral system with dis-
crete delay to a neutral system with a distributed delay, and delay-dependent stability criteria are

obtained by employing Lyapunov-Krasovskii functionals!® 8!

. These results are usually less con-

servative than the delay-independent stability ones. Some of these results are still conservative

since some model transformations will introduce additional dynamics as discussed in [9].
Recently, a new descriptor model transformation and a corresponding Lyapunov-Krasovskii

functional have been introduced for stability analysis of systems with delays as outlined in [10].
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The advantage of this transformation is to transform the original system to an equivalent de-
scriptor form representation and will not introduce additional dynamics in the sense defined
in [9]. Although the results in [10] are less conservative than some existing ones, they can be
improved by employing the decomposition technique to get a larger bound for discrete delays.
However, inequality used in the proving process caused more conservative and the stability bound

of distributed delay was not given in [10].

In this paper, on the basis of the equivalent equation of the zero which is similiar to [11] in the
derivative of a Lyapunov-Krasovskii functional, we investigate the robust stability of uncertain
neutral systems with discrete and distributed delays. The robust stability problem of a considered
system is transformed into the existence of some symmetric positive-definite matrices and the free
weighting matrices. The stability criteria are formulated in the form of linear matrix inequalities
(LMIs). Some numerical examples demonstrate that the results obtained in this paper are

effective and are significant improvement over the existing criteria.

2. Problem statement

Consider the following linear neutral system with discrete and distributed delays:
t

(t) = Cir(t — h) = A(®)a(t) + B)a(t —r) + D(t)/ 2(s)ds, (1)

z(to +6) = p(0),V0 € [—max{h,r,7},0], (2)

where z(t) € R" is the state, h > 0 is a constant neutral delay, » > 0 is a constant discrete delay,
7 > 0 is a constant distributed delay, ¢(.) is a continuous vector valued initial function, C' € R™*"
is a known constant matrix, and A(t) € R™*" B(t) € R"*", D(t) € R™*"™ are uncertain matrices,
not known completely, except for that they are within a compact set €2 which we will refer to as

the uncertainty set

(A(t), B(t),D(t)) € Q € R™*™ for all ¢ € [0, 00). (3)

3. Main result

Define the operator D(z;) = x(t) — Cx(t — h). Throughout this paper, we assume that
A1l. All the eigenvalues of matrix C' are inside the unit circle.
A1 implies that the operator D(x;) is stable. For the stability of systems (1)—(2), we have

the following result.

Theorem 1 Under Al, the systems described by (1) and (2) are asymptotically stable if
there exist symmetric positive definite matrices P, R, 1, @2, Q3 and any appropriate dimensional
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matrices N;(j =1,...,5) such that the following LMI holds:

d11 P12 P13 P4 P15 P16
1 d22 a3 das a5 o
é 13 ¢33 @33 d31 ¢35 P36
Ply bay P3a Paa Pas  Pac
15 a5 G35 Gi5 b5 dse

T T T T T
16 26 36 ¢46 56 ¢66

where
¢11 = AT()P + PA(t) + N1A®t) + ATONT + 7Q1 + Q2 + Qs,

b1z = PB(t) +AT(ONS + N1B(t), ¢13 = —AT(H)PC + AT ()N,
pra = AT(t)NS — N1, ¢15 = AT(t)NS + N1C, ¢16 = TPD(t) + N1 D(2),
¢22 = —Qa+ NaB(t) + BT (t)Ny , ¢23 = BT (t)Ny — BT (t)PC, ¢24 = BT (t)N, — No,
¢25 = NoC + BT ()N, o = TN2D(t), ¢33 = —Q3, ¢34 = —N3, ¢35 = N3C,

¢36 = TN3D(t) — TCTPD(t), ¢aa =R~ Ny— N, ¢u5=NsC— N5, ¢s6 =TN,D(2),
¢55 = —R+ N5sC + CTNy, ¢56 = 7N:D(t), ¢o5 = —7Q1.
Proof Choose a Lyapunov-Krasovskii functional candidate for systems (1) as

V(t) = Va(t) + Va(t) + Va(t) + Va(t) + Vs(2),

where
Vi(t) = DY (1) PD(4), Vz(t)z/t_h;tT(s)R:b(s)ds,

/_T /+9 $)Q1z(s)dsdb, V4(t):/t;$T(S)Q2:E(s)ds

Vs(t) = /t_h 27 (5)Qzx(s)ds

where P, R, Q1,Q2, Q3 are symmetric positive definite matrices. According to (1), for any ap-

propriate dimensional matrices N;(j = 1,...,5) one has
2{zT(t)Ny + 2T (t — )Ny + 2T (t — h)N3 + &7 (t)Ny + &7 (t — h) N5} x
{A()2(t) + B(H)a(t — ) + D) /t a(s)ds — (1) + Cilt = h)} = 0. (5)

Using (5) and calculating the derivative along the solutions of systems of (1) yields
1 t
=2- / {aT(t) AT (t)Px(t) + 2" (t — r)BT (t) Px(t) — 2" () AT () PCx(t — h)—
T Jt—7

T (t — )BT (t)PCx(t — h )} ds + i /t 2T (s)7 DT (t) Px(t)ds+

T
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=Y

T (t — h)Ri(t — h)ds + % /_ 2T (1) 7Qx(t)ds — % /_ 2T (s)7Qq2(s)ds+
T (t — r)Qox(t —r)ds + % / T (1) Qzx(t)ds—

t—7

|
3

t

T (1) Qax(t)ds — % /

t—7

=Y

z'(t — h)Qsx(t — h)ds +2{z"(t) Ny + 2" (t — r)Ny + 2" (t — h) N3+

R N N
r\rl\r\
~
S

|
3

FT(ON: + 7 (t — h)Ns} x {A()e(t) + B(t)a(t — 1) + D(t) /t  als)ds-

t
2(t) + Ci(t —h)} =: % T peds,

t—

where £ = {zT(t) 2T (t —r) 2V (t — h) 2T (t) T (¢t — h) 27 (s)}T and ¢ are defined in (4). If ¢ < 0

for any & # 0. This implies that both the systems (1) and (2) with stable operator D(z;) are

asymptotically stable by Theorem 9.8.1 in [1]. This completes the proof. |

By Proposition 1, it is easy to obtain the following corollary for the nominal system of systems
(1)—(2), that is the system

z(t) = Ci(t —h) = Az(t) + Bx(t —r) + D t x(s)ds (6)

t—T

with the initial condition (2).

Corollary 1 Under Al, the systems described by (6) and (2) are asymptotically stable if there
exist symmetric positive definite matrices P, R, 1, Q2, Q3 and any appropriate dimensional ma-
trices Nj(j = 1,...,5) such that the following LMI holds:

p11 P12 P13 D14 P15 P16
1o a2 o3 doa Pas dog
Ts ¢33 ¢33 daa P35 b6
e O7 7

% 1 035 D3y Paa Pas Pue = @)
15 ¢35 @35 bis P55 Pse

T T T T T
16 26 ¢36 ¢46 ¢56 ¢66

where
p11 = ATP 4+ PA+ NJA+ ATNT +7Q1 + Q2+ Q3, ¢12 = PB+ ATNJ + N1 B,
p13 =—A"PC+ AN, ¢14=ATNS — N1, ¢15 = ATNJ + N.C,
¢16 = TPD +7N1D, ¢22 = Q2+ NoB+ B'NY, ¢35 = B'NJ — BT PC,
¢2a = BIN] — No, o5 = NoC + BTN, hog = TNaD, ¢h33 = —Q3,
¢34 = —Ns3, ¢35 = N3C, ¢35 =7NsD —7C"PD, ¢us =R —Ny— NJ,
¢a5 = NsC — Ny, ¢u6 = TN4D, ¢55 = —R+ N;C +C" N,

¢s6 = TNsD, ¢es = —7Q1.
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Now we consider the norm bounded uncertainty described by
A(t) = A+ AA(t), B(t) = B+ AB(t), D(t) = D + AD(t), (8)

where

| AA(t) AB@) AD@) |=LF()| BE. B B |, 9)

where F(t) € RP*? is an unknown real and possibly time-varying matrix with Lebesgue measur-

able elements satisfying

Omax(F(t)) <1 (10)

and L, FE,, E, and E; are known real constant matrices which characterize how the uncertainty
enters the nominal matrices A, B, D.

Now we state the following result.

Theorem 2 Under A1, the systems described by (1) and (2), with uncertainty described by (8)-
(10), are asymptotically stable if there exist symmetric positive definite matrices P,R,Q1,Q2,Q5
and any appropriate dimensional matrices ]\7j (j =1,...,5) such that the following LMI holds:

b1 b2 b1z P b1s b6 dir E,
by dar oz b bas b NoL  E
oI by <l:533 b34 35 b3 {537

pl,  Oh  dn  dw P15 ¢ss  NuL

°= S Y 8 55 ¢s6  NsL <0 ()
o bys D3 die B35 o 0 7Eg
ol LTINS ¢% LTNF L™ o -1 0
EY ET 0 0 0 rEY 0 I

where
¢11=A"P+PA+ NiA+ A'NI + 701 + Q2+ Q3, ¢12=PB+ AN + Ny B,

b13 = —ATPC + ATNT, ¢1a = ATN] — N1, é15 = ATNs + N, C,

¢16 = TPD + TN1D, ¢17 = N1L+ PL, ¢22 = Q2+ N2B + BTNy,
¢a3 = BTNS — BYPC, ¢94 = B'NJ] — Na, ¢o5 = NoC + BT N7,

$26 = TN2D, ¢33 = —Q3, ¢3a = —N3, ¢35 = N3C,
¢36 = TN3D — 7CTPD, 37 = N3L — CTPL, ¢4y = R— Ny, — N/,
¢1s = NoC = N, ¢sg = TNuD, 55 = —R+ NsC +CTNJ,

¢s6 = TNsD, ¢es = —7Q1, ¢17 = N1L + PL, ¢37 = NsL — CTPL.
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Proof gz~5 < 0 can be written as

PL+ N.L
NoL
NsL —CTPL
do + : Ft)( E. E, 0 0 0 7Eq )+
NyL
NsL
0
ET
Ey
0
0 FY't)( L™P+L™NF L°NS LTNT —LTPC LTNT LTNY 0)<O0.
0
7'E;lF

By Lemma 2.4 in [12], a sufficient condition for the above is

PL+ N.L
NoL
NsL — CTPL
Ao + N2 ? N (LTP+L*NT LTNS LTNT -LTPC LTNf LTNS 0 )+
4
NsL
0
ET
Ey
0
0 (E. E, 0 0 0 7E4)<0
0
TE:{

for some A > 0. Introducing the following new variables P = AP, R = AR, Q; = \Q; (i=1,...,3),

N; = AN; (i =1,...,5) and using Schur’s complement [13] yields (11). O

4. Examples
In this section, two numerical examples are presented to illustrate our result and gain the

distributed delay.
Example 1 Consider the following system

(t) — Ci(t — h) = A(t)z(t) + Bt)x(t — r) + D(t) /t_ 2(s)ds (12)
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Now we use the criterion in this paper to study the problem. The maximum value for the system

to be asymptotically stable is 7,.x = 1.7818.

Example 2 Consider the following system

B(t) — Ca(t — h) = (A+ AA(t)z(t) + (B + AB(E)a(t — r) + (D + AD(t)) /ti z(s)ds  (13)

e -2 0  B- 0 05 o= 02 0 D= a O
0 -1 05 0 0 02 0 a

and AA(t), AB(t), AD(t) are unknown matrices satisfying [|[AA(#)|| < «, |]AB(t)|| < « and
|[AD(t)|| < a, @ > 0,Vt. The above system is the form of (8)—(10) with L = ol and E, = E, =
E;=1. For AA(t) =0,AB(t) = 0,AD(t) = 0 and a = 0 the system has been described in [14],

where the discrete delay was given, but the allowable maximum bound of 7 for the asymptotical

with

stability of system (13) was not indicated. Now we use our criterion in this paper on the system
(13) as a = 0.30, and we can get that the maximum for the system to be asymptotically stable
iS Tmax = 2.5363.

«

0.00

0.05

0.10

0.15

0.20

0.25

2.5363

1.9126

1.4252

1.0461

0.7434

0.4942

Table 1: The maximal allowable delays 7 of example2 for different values of a.

The effect of the uncertainty bound on the maximum time delay for stability Tnax is also
studied. Table 1 illustrates the numerical results for different ae. We can see that as o — 0, the
asymptotical stability limit for delay approaches the uncertainty-free case. As « increases, Tax

decreases.

5. Conclusion

The robust stability problem for uncertain neutral systems with discrete and distributed
delays has been investigated. Stability criteria have been obtained. Numerical examples have

shown that the results obtained in this paper are very effective.

References

(1] HALE J K, VERDUYN L, SJOERD M. Introduction to Functional-Differential Equations [J]. Springer-Verlag,
New York, 1993.

[2] HU Guangdi, HU Guangda. Some simple criteria for stability of neutral delay-differential systems [J]. Appl.
Math. Comput., 1996, 80(2-3): 257-271.

[3] SLEMROD M, INFANTE E F. Asymptotic stability criteria for linear systems of difference-differential equa-
tions of neutral type and their discrete analogues [J]. J. Math. Anal. Appl., 1972, 38: 399-415.

[4] VERRIEST E I, NICULESCU S I. Delay-Independent Stability of Linear Neutral Systems: A Riccati Equa-
tion Approach [M]. Lecture Notes in Control and Inform. Sci., 228, Springer, London, 1998.

[5] KOLMANOVSKII V B, RICHARD J P. Stability of some linear systems with delays [J]. IEEE Trans. Au-
tomat. Control, 1999, 44(5): 984-989.



528 XIONG L L, ZHONG S M and TIAN J K

=

NICULESCU S 1. Further remarks on delay-dependent stability of linear neutral systems [C]. Proceedings of

MTNS 2000, Perpigan, France.

HAN Qinglong. Robust stability of uncertain delay-differential systems of neutral type [J]. Automatica J.

IFAC, 2002, 38(4): 719-723.

LIEN C H, YU K W, HSIEH J G. Stability conditions for a class of neutral systems with multiple time delays

[J]. J. Math. Anal. Appl., 2000, 245(1): 20-27.

[9] GU Keqin, NICULESCU S 1. Further remarks on additional dynamics in various model transformations of
linear delay systems [J]. IEEE Trans. Automat. Control, 2001, 46(3): 497-500.

[10] HAN Qinglong. A descriptor system approach to robust stability of uncertain neutral systems with discrete
and distributed delays [J]. Automatica J. IFAC, 2004, 40(10): 1791-1796.

[11] WU Min, HE Yong, SHE Jinhua. Delay-dependent robust stability and stabilization criteria for uncertain
neutral systems [J]. Acta Automat. Sinica, 2005, 31(4): 578-583.

[12] XIE L. Output feedback H*® control of systems with parameter uncertainty [J]. Internat. J. Control, 1996,
63: 741-750.

[13] BOYD S, EL G L, FERON E. et al. Linear Matrix Inequalities in System and Control Theory [M]. SIAM,
Philadelphia, PA, 1994.

[14] FAN K K, CHEN J D, LIEN C H. et al. Delay-dependent stability criterion for neutral time-delay systems

via linear matrix inequality approach [J]. J. Math. Anal. Appl., 2002, 273(2): 580-589.

(7

B



