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Abstract Suppose u € H(D) and ¢ is an analytic map of the unit disk D into itself. Define
the weighted composition operator uCy : uCys(f) = uf o ¢, for all f € H(D). In this paper,
we get necessary and sufficient conditions for the bounded and compact weighted composition
operators from the weighted Bergman spaces A% to A% (¢) (A§°(p)) spaces.
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1. Introduction

Let H(D) be the collection of all analytic functions on the unit disk D. For 0 < p < oo,
—1 < a < 00, the weighted Bergman space A? is defined by

AP = {f € H(D): |fI2, = (@ +1) /D FEP( - [2P)?dA(z) < oo},

where dA(z) is the normalized Lebesgue measure on D and AP, is a Banach space with the above
norm, for 1 < p < co.

Let ¢ denote the normal function on [0,1). We define
A¥(p) ={f € H(D) : sup o(|z])|f (2)] < ook

A (p) ={f e H(D): ‘Zl}gllw(IZI)lf(Z)l =0}

It is clear that A*(p) (A§°(p)) is the Bers-type space H° (little Bers-type space HgS,) for
et) =1 —-tH)* (0 <t < 1,0 <a< o). A®(p) is a Banach space under the norm | f|, =
sup,cp ¢(|2])|f(2)], and A§°(yp) is the closed subspace of A% (¢p).

Let ¢ be an analytic self-map of D and v € H(D). The weighted composition operator uCl
is defined by

uCy(f) =ufoo, feHD).
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It is obvious that the operator uCly is linear. We can regard this operator as a generalization of
a multiplication operator M, and a composition operator Cy.

Jiang and Lil!! gave the characterizations of the bounded and compact composition operators
from HZ® and HgY, to the other spaces of analytic functions. He and Jiang!? discussed the
composition operators on H3® and H3%, and also generalized the corresponding results to A>(¢).
LiB! studied the bounded and compact weighted composition operator from Hardy space to Bers-
type space. The purpose of this paper is to characterize boundedness and compactness of the
weighted composition operators uCy from AP to A (p) (A3°(p)).

In this paper, we will always use the letter C to denote a positive constant, which may change

from one equation to the next. The constants usually depend on a and other fixed parameters.

2. Main results

Lemma 2.1 Suppose 0 < p < 00, =1 < a < co. If f € AP, then |f(2)]| < % for
—lz I3
1—|w|? |2t

any z € D, and the equality holds if and only if f is constant multiple of f,,(z) = ((17Ez)2) v,

where w € D.

Lemma 2.2 A closed set E in A5°(p) is compact if and only if E' is bounded and satisfies

lim sup ([2)|f(2)[ = 0.
|z1-1 e

The proof of Lemma 2.2 is similar to that of Lemma 2.1 in [2] and here is omitted.

Theorem 2.1 Let ¢ be an analytic selfmap of D and u € H(D), 0 < p < 00, =1 < a < 00.
Then uCy is bounded from AP, to A®(yp) if and only if
o(|z])|u(z
sup DI
€D (1—[¢(2))?)7>
Proof Sufficiency. Assume f € A?. By Lemma 2.1, we have

@) < —Mlow ¢ p,

(L —=1[z*)77"

Therefore,

[uCo(£)lle = sup e(l=])[ulz)l|£(#(2))]

C o,
< sup (2] u(z)— Lo

2€D (1 —=1lo(z)]?) »
S OHfHa.,P'

It follows that uCy is a bounded operator.
Necessity. Assume that uCy : A2 — A>(y) is bounded. Let f(z) = 1. Then f € AE and

24a

uCy(f) =u € A®(p). Let w = ¢(A) (A € D), fu(z) = (M)T It is easy to see that

(1—w=z)?

[uCs(fu)lle < Cllfwllap =C.
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Thus
e(lzD)lu(z)l| fu(é(2))| < C, ¥V z € D.
Choose z = A, we have
e(AD[u(A)]
(L= loM)+
For any fixed 6 € (0,1), the above inequality indicates that

A A
u{—EQJELQEﬂAEILWQH>6}<w.
(1 —=[e(M[*) >

On the other hand, since u € A®(y), we conclude
90(|>\|)|U()\)2|+a < PUAD[O] |IU||«:2+Q 7

1=l ~ (1=~ (1-8)5"
where |¢(N\)| < §. Therefore,

sup{ —————FGF= A€ D, |p(N)| <6} < oo.
TR

Consequently,

p DR

€D (1—[¢(2))?)7>
Corollary 2.1 Let ¢ be an analytic self-map of D, 0 < p < 00, =1 < a < co. Then Cy is
bounded from AP, to A () if and only if

o(z])
D (1 - [9(2)]2) F
Theorem 2.2 Let ¢ be an analytic self-map of D and u € H(D), 0 < p < 00, —1 < a < 0.
Then uCy is compact from AP to A (p) if and only if u € A*(p) and

i DG

=1 (1= [p(2)P)
Proof Sufficiency. Let || fn|la,p < C and {f,} converges to 0 uniformly on compact subsets of
D. Tt suffices to prove that lim, . [|uCys(fn)|l, = 0. By the assumption, for any ¢ > 0 there

exists r € (0, 1), such that for |¢(2)] > r,
p(lz])u(z)]
(1—lg(z)2) >

Using Lemma 2.1 for any n and |¢(2)| > r gives

<e.

UzDlw)l fallaw o o
(1-le()) 7

On the other hand, since {f,} converges to 0 uniformly on compact subsets {w : |w| < r} of D,

(12 [uCy(fa(2))] < CF

there exists N, for above € and n > N,

[fn(0(2))] <& lo(z)] <7
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So, for |¢(z)| < r and n > N, we have

p(IzD[uCs (fn(2))] < @(|2))|u(z)]e-

Since u € A% (yp), we deduce that lim, . ||[uCs(fn)|l, = 0.
Necessity. Assume that uCy : A2 — A (p) is compact. By choosing f(z) = 1 we obtain

u € A®(p). If

p(lzDlu()]
O (= o) 7

then there exist § > 0 and {z,} C D, such that |¢(z,)| — 1 (n — o0), and for any n,
plzn)lulzn)|

24+a —

(1 —1lo(zn)[?) 7

W = 6(2n), ful2) = (M)L

(1= w2

Let

It is easy to see that , || fn||a,p = 1 and f,, — 0 on compact subsets of D. Thus, limy, .« [|[uCs(fn)|l, =

0. But, for above § > 0 and any n, we have

ol Flls 2 e luCen) 1Fn @0
1

= elfznluCen)

’ (1= o)) 7

>,

which contradicts the compactness of the weighted composition operator uCys. Therefore,
o(lz)u(z)]

9= (1 Jg(2)2) 5

Corollary 2.2 Let ¢ be an analytic selfmap of D, 0 < p < 00, —1 < a < co. Then Cy is

compact from AP to A>(y) if and only if

o(lz])
PRI (1 |o(=)2) 7
Theorem 2.3 Let ¢ be an analytic selfmap of D and u € H(D), 0 < p < 00, =1 < a < 00.

Then the following statements are equivalent:
(1) uCy: A2 — AS°(¢p) is bounded;
(2) uCy: AP — A (p) is compact;
(3) lim,, —EUEL g,
(1-1¢(2)[2) P
Proof (3) = (2) Let f € A%, and ||f||ap < 1. By Lemma 2.1, we have
p(lzD[u(z)]

apT
(

zD|u(2)||f(p(2)| < C|f
e(|zD[u(2)[|f(8(2)] < C| f] v

From the assumption, it follows

Lim (|z)]u(2)|If(¢(2))] = 0.

|z|—1
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So, uCy(f) € AT ().

Suppose E = {uCy(f) : || flla,p < 1}. For any {g,} C E converging to an analytic function g,
there exists {f, € AP : || fnlla,p < 1}, such that g, = uCy(f). By Lemma 2.1 and the Montel’s
theorem, there exists {f,,} converging to an analytic function f uniformly on compact subsets
of D. Thus we have

@+ 1) [ (1= BPPIAEPaAE)
=G+ 1) [ lim (1= 15)71 (2)PA()

IN

lim (o + 1) /D (1= [2P)2| fun (2)IPdA(2)

k—o00
<1,
which implies that f € AP and ||f|la,p < 1. By Lemma 2.1 and the assumption, for any € > 0,
there exists 0 > 0, such that for § < |z] < 1, we have

ENe)
lo(2)u(2) (far (6(2)) — F(B(2))] < C—ZBEL_ o o
’ -5

For |z| < §, there exists K > 0, such that for k& > K,

lp(IzNu(z)(fri (¢(2)) = f(D(2)))] <e.

It follows that
[uCs(fri) —uCy(f)llp — 0, &k — oo.

Therefore g = uCy(f) and g € E. So FE is the closed subset in A5°(¢). Since

im  sup o(l2])ul2)lIf(6())] = 0,

=11 fflap <1
using Lemma 2.2, we have uCy : AZ, — A5°(p) is compact.
(2) = (1) It is not difficult and omitted.
(1) = (3) Suppose
1— o) 2o
(1= ¢(An)2)?
where A\, € D and |A\,| — 1 (n — o0). Thus f,, € A2 and uCy(fn) € A5°(p). Consequently, for

any n € N, we have

fn(z) = (

Tim (=) () (6(2)] = O

that is, for any ¢ > 0, there exists § > 0, such that for 6 < |z| < 1, we have
o(lzDlu(z)fn(0(2))] <& VneN.

Since |A,| — 1 (n — 00), there exists N > 0, for n > N, we get § < |A\,| < 1. Thus

PN _ 3 D) f(600))] < e

(1= lop(Aa)?)
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Therefore,
i DO
T (L= o(An)?)
Consequently,
N () TG B
F= (1= e(2)2)

Corollary 2.3 Let ¢ be an analytic self-map of D, 0 < p < oo, —1 < a < oo. Then the
following statements are equivalent:

(1) Cy: AL — A3 (y) is bounded;

(2) Cy: AL — AS°(yp) is compact;

(3) hm|z|_,1 % = O
A=lo(2)I?) »
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