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1. Introduction and some lemmas

Let (X1,Y1),(X2,Y2),...,(X,,Y,) be a-mixing sample sequence from (X,Y) in R? x R!
with identical distribution and (E|Y| < co). The regression function of Y for given X is defined
as m(z) = B(Y|X = z)(x € RY).

As far as we know, for methods of estimating m(x) based on samples (X1,Y7), (X2,Y2), ...,
(Xn,Y,), there are kernel estimate, k-nearest neighbor estimate and partitioning estimate ete.!]
The bulk of the literature in these areas have focused on large sample properties of modified
kernel estimate and modified nearest neighbor estimate for the regression function under i.i.d
samples and some dependence samples such as a-mixing, go—mixing[zflo]. The literature [11]
and [12] only proved the strong consistence of modified partitioning estimate for the regression
function under i.i.d samples and p-mixing samples. However, the strong consistence of modified
partitioning estimate for the regression function has not been proved under the a-mixing samples
with the better weakly mixing dependent conditions. This paper concerns itself with the strong
consistency and convergence rate of modified partitioning estimate for the regression function
under a-mixing samples. The result shows that the convergence rate of modified partitioning
estimate under a-mixing samples is similar to that of modified partitioning estimate under -
mixing samples.

For each n > 1, let A, = {A,; : ¢ > 1} be a partition of R? into a finite or countable

collection of Borel subsets. For z € R%, let A,,(z) denote the atom of partition that contains the

Received date: 2006-07-06; Accepted date: 2007-05-26



638 YAO M and DU X Q

point x.

The modified partitioning estimate of regression function is defined as
Y T @ (XG) - YA ([YG] < ba)
mn(x) - m )

2z La, @) (X3)

Where 14(x) = I{x € A} is the indicator function of a set A, b,, — co(n — o0), and 0/0 is 0 by

convention.

z € R (1.1)

For simplicity, we use the following symbols in this paper:
(1) F denotes the distribution of X;
(2) S(F) denotes the support of F;
(3) C > 0 denotes a constant;
(4) C(z) > 0 denotes a constant depending upon z.
(These constants can be assumed to be different values in their appearance, even within the same

expression.)

Lemma 1 Suppose
(i) The partition A,, = {An;;i > 1} are monotonically increasing and satisfy that for each
sphere S centered at the origin, there holds
sup supdiamA,; — 0, n — oo. (1.2)
lAnlﬁS7£®
(ii) The function g(z) is Borel-measurable and satisfies [ |g(x)|F(dz) < oc.

Then
. F(dt)
——— =0, a.e |F 1.3

or

Proof See Lemma 1 in [11].

Lemma 2 Let v, = v,(x) be the volume of the set A,(x) and the condition (i) in Lemma 1

exists. Then there exists a nonnegative function L(x) with L(x) < oo such that

F(Tn(x) — L(z), n— o0 ae. [F] (1.5)

Proof Refer to the proof of Lemma 2.2 in [13].

Lemma 3 (Bernstein inequality for a-mixing processes) Let {X;,i > 1} be a sequence of a-
mixing random variables verifying a(n) = o(p") (0 < p < 1), E(X;) = 0,|X;] < 1. Denote
v =14, and 0 = sup{(E|§i|7)% i e NN ={1,2,3,...}}. If nzo > 1, then there exist
constants ¢; and ¢ which depend only on the mixing coefficients such that fore > 0,0 < § < 1,
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we have .
P( le| >e) <t exp(—@s%). (1.6)
i=1
Proof See Lemma 3.2 in [14].
In the following we will repeatedly make use of Lemmas 1 and 2, and for some r.v.Z with
E|Z| < oo, there is
bliIgloE(ZI(‘z‘>b)|X=fL') ZO, a.e. [F] (1.7)

For the formulas (1.3)—(1.5) and (1.7), there is an exceptive set on which the related formula
may not be true. These exceptive sets sum up to F-null set. Without loss of generality, we can

suppose that this set is empty.

2. Strong consistency of modified partitioning estimate

Theorem 2.1 Suppose that {(X;,Y;)} is a a-mixing sequence with (X;,Y;) 4 (X,Y),i =
1,2,...,n,E]Y| < oo, and the condition (i) of Lemma 1 exists. If the mixing rate a(-) and
vy = vp(x) satisfy the following conditions:

(i) a(n) =o(p") (0 <p<1);an) |

(ii)

T 7] (2.1)
——~—— — 00, N — 00, a.e .
by, - logn
where, b, — 0o (n — c0). Then

mn(z) 22 m(x), n— oo, ae x€ R (2.2)

Proof Take z € S(F). Set
mi(z) = BlY - I([Y| > b,)| X = 2],

g(t) = ‘m(t) — m(:v)’,
g,(x) = E[[Y|I(]Y] > b)|X = z].

Suppose that Y7 | T4, (z)(X;) > 0. Then we have

where

N~ Znilx) - L@ (X0)
Snlz) = ; nF(Aa@y)” )= ; nF (A, ()’

Zni(x) = L, (@) (Xi) (Yal (|Yi] < by) — m()).

Now we come to prove
Sp(z) 220, n— oo, ae. [F] (2.4)

a.s

T.(z) =1, n— oo, a.e. [F] (2.5)



640 YAO M and DU X @

By (X;,Y;) £ (X,Y),i=1,2,...,n, we know that
_ B{E(Zn(2)|X1)}

ESn@) = =5y

Since
Zni(x) = 14, () (X1)YVLI([Y1] < bp) — m(z))
= L4, () (X1) (Y1 —m(z) = YA I(|[Y1] > b)),
we have
E{la, @) (X0)[E(Y|X1) —m(z)]} | | 1 E(a, @) (X1)mi(X1))
B < | F(An () R . PWE)
= Iln(,T) =+ Ign(l') (26)

Using Lemma 1, we get

) = F(dt) ‘
< /An(m)g(t)m — 0, n—oo, ae. [F],

or
Lip(z) =0, n— oo, ae. [F] (2.7)
On the other hand, we have
F(dt)
E(@) < [ o)y
An(@) F(An(x))
Take b > 0. From b,, — 00 (n — 00) and (1.4) of Lemma 1, by a method similar to the proof of
the formula (38) in [10], we get

limsup/ mi(t)|—=——=—— < li _
n— o0 A, (x) | ( )lF(An({E)) b—00 N—00 A () b F(An($))

Thus, we get

Therefore, we have
ES,(z) =0, n— oo, ae. [F]. (2.9)
Note that

- Zni(x) — EZyi(x

For simplicity, we denote

b + m(z)]
Obviously, {&;,7 > 1} is a a-mixing sequence with identical distribution and,

B =0, | = Zml@) — EZu(@)

& =

<1
b+ m(z)]  —
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When ~ > 2 is given, 0 = sup{(E|&|")7 :i € N,N ={1,2,3,...}} =1, n20 > 1. Using Lemma

3, for any € > 0, when n is large enough, we get

enF'(An(x))
P(|Sn(2) — ESy(z)| > ¢) = (‘Z& m)

by + [m(z)]
Note p, = F(A,(z)). By Lemma 2, there is C'(z) > 0 such that p, > C(z)v,, a.e.[F]. Since

|m(z)] < co and b, — 0o (n — o0). From (2.1), for any € > 0, when n is large enough, we have

C(z)nvy,

<071 exp (

P(|Sp(x) — ES,(2)| > ¢) < C’exp(— N )
1
<C—, aelF].
Thus, by the Borel-Cantelli Lemma, we get
Sp(z) — ES,(z) 30, n— oo, ae. [F]. (2.11)

Therefore, from (2.9) and (2.11), it is trivial to get (2.4). Now we come to prove (2.5). Let
1
G = Q(IAn(x)(Xi) — El,, (2)(X3)). Then {(;,i > 1} is also a a — mixing sequence with
E<i =0, |Cl| <1, as.
When v > 2 is given, ¢/ = sup{(E|Ci|V)% cie N,N=1{1,23,..}} =1, n20’ > 1. Using

Lemma 3, for any € > 0, when n is large enough, we have

P(|Tu(w) = 1] > &) = (|Z<z =)

< OeXp(—\/W)
< Cexp(—/C(z)nv,), ae. [F]. (2.12)

Since b, — 0o (n — o00) and (2.1) is valid, we have
P(|Tu(zx) — 1| > ¢) < Cexp (— Oz )m)n) < c_, a.e. [Fl.

Therefore, by the Borel-Cantelli Lemma, we know that (2.5) is valid. By (2.3), (2.4) and (2.5),
when z € S(F) is given, we get

We shall get (2.2) by Fubini’s Theorem since the F-measure of S(F) is 1. This completes the
proof of the theorem. O
3. Convergence rate of modified partitioning estimate

In order to discuss the convergence rate, let m(x) satisfy the following condition: there exist
D(z) > 0 and 0 < ¢ < 1, and for a.e. z[F], there exists 6 = d(x) > 0, such that when
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Uy, = vp(x) < 6, we have
m(t) —m(x)| = < D(z)vl, 3.1
[ im0 = m@lg o < P (31)
where v, (x) is the volume of the set A, (x).

Theorem 3.1 Let (X,;,Y;);i > 1 be a sequence of a-mixing random variables verifying (X;, Yl)
(X,Y),i = 1,2,...,n; Suppose that for some r > 1, E|Y|" < oo, the condition (i) of Lemma
1 and the condition (i) of Theorem (2.1) exist and the regression function m(z) satisfies (3.1).
Take

vy = (i10g2 n) AT g 7]
n \/ﬁ 5 .C.
g+1
by =vn "
Then
mn(z) —m(z) = O(vl), as. ae x€ R (3.2)

Proof We prove that for any positive number sequence {M,,,n > 1}, with lim, . M, = oo,
lim;,— 00 vIM,, = 0, we have
lim v, 9M,  (m,(z) —m(z)) =0, as., ae. [F]. (3.3)

In fact, take € S(F). Then it follows from (1.4), (2.3), (2.5) and (3.1)

v, IM ESy ()] < 0, "M, i (2) + vy, UM, o (2)

v Mt Fdi ) +ou IMTE m M
where
e Fay F(dt)
< v, 9M,; *D(z)vl
<M 'D(z) -0, n— oo, ae. [F]
P o Fan P
M, /An(z)| 1(t)|7F(An(x)) M, ) [EYI([Y]>bn)|X t”7F(An(x))
v 4 —1p1—r T — F(dt>
<oy [ BT =
—1 r o F(dt)

Since E|Y|" < oo, by Lemma 1, we get

_ F(dt)
v, IM; / mq(t <M, / YI"|X =t] =——— — 0, n— 0
Eavwe) n TG )
and consequently,
v, IM P ES, (2) 220, n— oo, a.e. [F]. (3.4)
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On the other hand, using the same method with which we prove (2.10) in Theorem 2.1, from the

values of v, and b, taken, we get

P(v,;TM,; ' |Sn(z) — ESn(z)| > €) = P(|Sn(z) — ES,(x)| > evlM,,)
VenMvi F(A, (3:)))
(bn +m(2)))2 7/
Write p, = F(A,(x)). By Lemma 2, there exists C(z) > 0 such that p, > C(z)v,, a.e. [F].
Since |m(z)| < oo and b, — 0o (n — 0), for any € > 0 and n large enough, we have by (2.1)
\/ nv%HMn)
Vb
L n
<Ce — M2 lo 2 v
< Cexp ( 8 (o))

<160 exp ( — o

P(v,;9M,; S, (z) — ES, ()| > ¢) < Cexp ( - C(x)

oolo

and consequently,

P(v M| Sp(z) — ESp(2)] >€) < Cexp ( — Mé logn)

< C’%, a.e. [F]. (3.5)
Thus, by Borel-Cantelli Lemma, we get
v M (S, (2) — ESy(x)) 2250, n— oo, ae. [F]. (3.6)
It follows from (3.4) and (3.6)
v M S, (1) 225 0n — oo, a.e. [F]. (3.7)

By (2.3), (2.5) and (3.7): when x € S(F) is given, we get

lim v, 9M,  (m,(x) —m(x)) =0, as..

n—oo

We can get (3.2) by Fubini’s Theorem since the F-measure of S(F) is 1. O
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