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Abstract A necessary and sufficient condition is obtained for the complex exponential system to
be dense in the weighted Banach space L = {f : [ [f(t)e O Pdt < oo}, where 1 < p < +o0
and «(t) is a nonnegative continuous function on R.
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1. Introduction

Suppose «(t) is a nonnegative continuous function on R satisfying

lim @ =oo0 and lim olt) =0, (1)

AR LT
a(t) is henceforth called a weight on R. Given a weight «a(t), we take a weighted Banach
space C,, consisting of complex continuous functions f(¢) defined on R with f(t)exp(—a(t))
vanishing at infinity, and the norm of f is given by ||f||« = sup{|f(t)e=*®|: ¢ € R}. Suppose
L2 ={f:[lflla = (7, |f(t)e_°‘(t)|pdt)% < o0}, 1 <p < +oco. Then LP is also a Banach space.
Let A = {\, = [A\u|e?”” : n =1,2,...} be a sequence of complex numbers in the open right
half-plane Cy = {z =2+ iy : z > 0}, and L = {l,, : n = 1,2,...} be a sequence of positive
integers. Denote by M (A, L) the set of complex exponential polynomials which are finite linear
combinations of the exponential system M (A, L) = {tF~ter? 1 k = 1,2,... ,;;n = 1,2,...}.
Our condition (1) guarantees that M (A, L) is a subspace of C,, and LE. In [1], the author has

obtained some results on completeness of M (A, L) in Cy:

Theorem A!!l Let nonnegative convex function a(t) on R satisfy the following conditions:
(i) «(t) is twice continuously differentiable on R, and o/ (t) is strictly increasing on [1,00);
(ii) There exists €9 > 0 such that

o/ (t) > eoar(t) t > 1; (2)
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(iii) There exists Ay > 0 such that

/°° o (t — Ar)a ()
1 (a'(t))?

Let A = {\, = |\u|e?" :n=1,2,...} be a sequence of complex numbers in the right half-plane

dt < +o0. (3)

Ci and L={l, :n=1,2,...} be a sequence of positive integers satisfying

Anl >1, n=1,2,..., (4)
N
limsupﬂ < 00. (5)
r—00 T

Then M (A, L) is complete in C,, if and only if

lim sup(2Na (/' (1)) — 1) = o0, (6)
where l )
Ne(r)= ) % r>1,k=0,1,2,3. (7)
1<[An|<r [An]

A similar result is obtained for L? in this paper as follows:

Theorem 1 Let a(t) be a nonnegative even convex function on R, satisfying (i), (ii), (iii) of
Theorm A, A = {)\, = [M\]e?®" : n = 1,2,...} a sequence of complex numbers in the right
half-plane C; and L = {l,, : n = 1,2,...} a sequence of positive integers satisfying (4) and (5).
Then M (A, L) is complete in LE if and only if (6) holds.

Remark 1 There exist some functions which satisfy (i), (ii), (iii) of Theorem A, for example:
aft) = el (log™ [t))b,t # 0,a > 1,b > 0.

2. Proof of Theorem 1

Hereafter, we denote a positive constant by A, not necessaryly the same at each occurrence.

In order to prove Theorem 1, we need the following technical lemmas:

Lemma 11 Let a(x) be a nonnegative convex function on R satisfying (1), and assume that
B(t) =sup{zt —a(z) :z € R}, t € R (8)

is the Young transform!? of the function a(z). Suppose that k(r) is an increasing function on
[0,+00). If there exists a € R, such that

/°° a(k(t) —a)
1

e dt < 400, (9)

then there exists an analytic function f(z) # 0 in C; satisfying

—X

f(2)] < %Wexpw —1)—zk(l2)}z=z+iye Cy, x> 1. (10)

Remark 2 Lemma 1 is a result of uniqueness about Watson’s problem =5, Some similar

results have been proved in [4].
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Lemma 21 Let A = {\, = |\.]e?" : n =1,2,...} be a sequence of complex numbers in C

and L ={l,:n=1,2,...} asequence of positive integers satisfying (4) and (5). Let

1— 2|\, "te % 2z cos by,
() = | =12 11
g (Z) ( 1 +Z|)\n|—1619n eXp( |)\n| ) n ( )
Then the weighted Blaschke product
G(2) = [T (gn(2))" (12)
n=1

is analytic in C, and for all € € (0, 1), there exists an A. > 0, such that
|G(2)| < exp{2xNa(er) + Acz}, z=z+iy,r=|z| > 1. (13)

Sufficiency of Theorem 1 If M (A, L) is incomplete in L2, then by Hahn-Banach Theorem!®,

there exists a bounded linear functional T on L%, such that
IT|| =1, T(t* et =0,k =1,2,...,1,;n € N. (14)

By the Riesz representation theorem, there exists a ¢ € L% such that ||T|| = [|g||g—a and

T(f) = [, f(g)dt, f € I, where 1 + 1 =1 (g = oo if p= 1),

oo

1
Ly =g llgllaa = (| loe0rant < oc),

— 00

L=, ={g: [|9loc,—a = ess sup{|g(t)|e®® : 2 € R} < oo}.

Let h(z) = T(e'*) = [*_e*'g(t)dt. Then by (14), for each b > 0 and = = Rez € [0,], since
le*tg(t)| < e¥|g(t)| for t > 0 and |e*'g(t)| < |g(t)| € L* for t < 0, we see that h(z) is continuous
on C; and analytic in C,. The number of the zeros of h(z) at A, € A is not less than I,,.

Let 3(z) be defined by (8), by virtue of Hélder inequality, |h(z)| < ¢*®). Furthermore, for
r > 1, by Carleman formulal™,

1 z . 1 "1
o(r) = —/2 log |h(re')| cos 6d + —/ (—
mr J_ or J,

= = ) o (i) (~iy)ldy + )

us
2

where ¢(r) = Na(r) — r=2No(r) and d(r) is bounded on (1,00). Hence there exists A > 0 such

that
NQ(T)SA+QO(T)§A+%/2 @(cos@fd@:A—l—i(:). (15)

By the definition of 3(z), there exists to > 0 such that, for each ¢ > t¢, there exists an z(t) > 1
satisfying

t = o/ (al0). 5() = 2(0)t ~ ala(t) = tla(t) ~ S,
By (2), B(t)t~! — x(t) is bounded on [tg, ). Let x = (y) be the inverse function of y = o/ ().
Then 3(t)t~ —~(t) is bounded on [ty, 00). By (15), (6) does not hold. This completes the proof

of sufficiency of Theorem 1. O

Necessity of Theorem 1 If (6) does not hold, there exists A; > 0 such that 2Ny (o/(t)) —t <
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2 (t > 1). Let z = v(y)(y > /(1)) be the inverse function of y = o'(z)(zx > 1). Then
2N2(7°) v(r) < Az (r > d/(1)). By (2), (3) and (7), we have

/°° a(2Na(r) — Ay — A2)dr < /Oo Mdr < /Oo Ma”(t}dt < 0.
e} o 1 €0

‘(1) r? ‘(1) r? (a/(1))?
By Lemma 1, there exists an analytic function f(z) # 0 in C; satisfying (10) with k(r) replaced
by 2N2 (T‘)

Let go(z) = G(2)f(2)(1 + 2)"2e~4*~4, where A is a large positive constant and G(z) is
defined by (12). By (13), we have

lgo(2)] < exp{f(z —1) -z} 2z € Cy. (16)

L+ 22

The function

1 [ s
ho(t) = ﬁ/ go(1 + iy)e~ Wiy

is continuous on R and by the Cauchy theorem,

ho(t go(x +iy)e” @Ay 2 > 0. (17)

= L

Since ((t) is the Young transform of the convex function a(z), we may assume, without loss of
generality, that!? o(t) = sup{at — B(z) : © > 0}, t > 0. We obtain from (16) and (17) that

Iho(t)] < exp (—alt) — [t]), go(z) = \/% /jo ho(t)e*dt, @ > 0. (18)

Moreover, by the definition of gy,

) Ktz ()
t)tketdt, M) =0, k=0,1,...,0, — 1,
gO \/ﬂ/ gO ( )
ie.,
/ ho(t)th=tetrdt =0, k=1,2,...,1,,n € N. (19)

Therefore by (18) and (19), linear functional T' defined by T'(h) = \/— 75 ho(t)h(t)dt (h €
LP) is a bounded linear functional on LP and satisfies T'(e**) = go(z), T(t’C ! )‘ "t =0,k =

1,2,...,1p;n € N. The norm of T is ||T|| = #Hhoﬂq,,a > 0. By the Hahn-Banach Theorem
and Riesz representation theorem, the space M (A, L) is incomplete in LP. This completes the
proof of Theorem 1. O
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