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Abstract The following results are obtained: (1) The graph Cy, - P; is odd arithmetic when (i)
m =0 (mod 2) and t=m or m + 1; (ii) m = 1 (mod 2) and t=m + 1. (2) The graph C3,, is odd
arithmetic when (i) m=2,4 and n is any positive integer; (ii) m=3 and n is even. (3) The graph
Cy, is odd arithmetic when m=4n and t=2. (4) P}, is odd arithmetic when (i) n is odd; (ii)
m < 3 and n is any positive integer. (5) Windmill graph K, is odd arithmetic if and only if
n=2. (6) Cycle C is odd arithmetic if and only if n = 0 (mod 4). (7) For any positive integer
n and any positive integer m, K, » is odd arithmetic.
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1. Introduction

The theory of graph labeling has attracted many mathematicians mainly because of its aes-
thetic aspect, as well as its wide range of applications in such areas as radar pulse codes, x-ray
crystallography, circuit design, missile guidance, radio astronomy, sonar ranging, and broadcast

frequency assignments®). Acharya and Hegdel®

introduced the conception of (k,d)-arithmetic
graph, and showed the following: K, ,, 1 is (d+2r, d)-arithmetic; Cyyy1 is (2dt+2r, d)-arithmetic;
Cyr42 is not (k, d)-arithmetic for any values of k and d; Cyzy3 is ((2t + 1)d + 2r, d)-arithmetic;
while Wyyyo is (2dt + 2r, d)-arithmetic; and Wy, is ((2t + 1)d + 2r, d)-arithmetic. They obtained
a number of necessary conditions for various kinds of graphs to have a (k, d)-arithmetic labeling.
Hegde and Shetty[!l discussed the generalized web W (t;n) to the problem. Shee and Hol? have
investigated the cordiality of the one-point union of n copies of various graphs. Among them are
the one-point union of n copies of C,, for C7 and the one-point union of n copies of K,, for K.
Our goal in the paper is to prove that the graphs C, K and C], - P, etc. are odd arithmetic.

Let Z be the ring of integers and a,b € Z. It will be convenient to use the following
notations. [a,b] = {z |z € Z, a <z < b}, [a,blxy ={r € Z]a <z <bzx=a(modk)},
|lz] =max{y | y < x,y € Z} for any real number x, and f(S) = {f(z)| © € S} where S is a set

and f is a function.
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A graph that has order p and size ¢ is called a (p,q)-graph. Let G = (V, E) be a finite
simple (p, ¢)-graph, D be a non-negative integer set, and let k& and d be positive integers. A
labeling f from V to D is said to be (k,d)-arithmetic if the vertex labels are distinct non-
negative integers and the edge labels induced by f*(xy)=f(z) + f(y) for each edge zy are
k.k+d,k+2d,...,k+ (¢—1)d. The G is said to be a (k,d)-arithmetic graph. The case where
k=1,d=2and D = [0,2q — 1] is called odd arithmetic labeling. The case where d = 1 and
D =[0,q — 1] is called sequential labeling. The case where k =1, d =1 and D = [0, ¢ is called

strongly harmonious labeling. It is easy to obtain the following results.

Lemma 1.1 If f is an odd arithmetic labeling of the (p, q)-graph G, then

(1) Odd arithmetic graphs, sequential graphs and strongly harmonious graphs are (k,d)-
arithmetic graphs,

(2) The maximal label of all vertices in an odd arithmetic graph G is at most 2¢-6(G), where
d(G) is the minimum degree of the vertices of G,

(3) Each x in the set {0, 1} has inverse image in an odd arithmetic graph, and the two

inverse images are adjacent.

Lemma 1.2 (1) If G is an odd arithmetic graph, then G is a bipartite graph.
(2) Let (dy,da,...,dp) be a degree sequence of (p,q)-graph G. If the graph G is odd

arithmetic, then the equation
P
Z dixi = q2 (I)
i=1

has non-negative integer solutions (1, s, ..., Tp) satisfying x; # x; if i # j and x; < 2q — §(G)
for i € [1,p).

Proof Part (1). First, we show that G has no odd-cycle if G is an odd arithmetic graph with
odd arithmetic labelling f. Suppose that C=v1vs - - - Vo, _1V2,, V2,411 i an odd-cycle of G, and
without loss of generality, one may suppose f(v1) is an odd number. Since f*(uv) is odd for any
wv € E(GQ) and vive € E(G), then the f(vz) is even. In general, f(vg;—1) is odd and f(v;) is
even. Since vivan+1 € E(G) and f(veny1) is odd, f(v1) is even. This is a contradiction. It is
well known that a graph is bipartite if and only if it has no odd-cycle. Therefore, the graph G
is a bipartite graph.

Part (2). Let f be an odd arithmetic labelling of G. For every v; € V(G) (i € [1,p]), let

deg(v;)=d; and f(v;)=x;. By adjacent relation, we have
p
Z [H(w) = Z diZi. (i)
wveE(G) =1
On the other hand
ST fww) =143+ + (20— 1) =2 (i)
weEE(Q)

It follows immediately from (i) and (ii) that the equation (I) holds. Since f is an injection,
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there exist solutions (x1, 9, ...,xp) satisfying z; # x; if ¢ # j and 0 < z; < 2¢ — §(G) for
i€[l,p]. O

2. Preliminary results

Given n-dimensional vectors

ai,i a2 ai,m

a1 az 2 az m «
Al = ] , Ay = ] s e, A= ) . *)

an,l an,Q an,m

A vector Ay, is called an EPD vector if the elements of Ay are pairwise distinct. A vectors group
A1, Ag, ..., Ay, (shortly {Ag}) is called an EPDVG if the elements of the Ay, As, ..., A, are
pairwise distinct, i.e., |[{a;; | j € [1,m],i € [1,n]}|=mn, and the matrix [41, A, ..., Ay is called
EPD matrix. Denote by (Ay) the set of all elements of Aj. Ay, is called an arithmetic vector if the

elements a1, a2k, - - -, ank of (Ar) form an arithmetic progression, and the common difference
of the arithmetic progression is called the common difference of the Ag. {A1,As,..., Ap} is
called a consecutive vector group if a1,1,a2,1,...,0n,1,81,2,82.2,...,8n.2,. .., G1,m, - - Apm IS A0

arithmetic progression, and Ay is called the successor of Ay.

Lemma 2.1 If two vectors Ay with common difference d; and Ay, with common difference ds
in (*) are arithmetic vectors, and dy + da # 0, then their sum Ay + Ag41 is an EPD vector.

Proof Let ajr=a+di(j—1),j € [L,n], ajrr1=b+d2(j —1), j € [1,n]. Then a; x +a; x+1=a+
b+ (di +d2)(j — 1), j € [1,n]. Since dy + da # 0, A + Agy1 is an EPD vector with first term
a+b and last term a + b+ (dy + d2)(n — 1). 0

Lemma 2.2 Let (*) be an arithmetic vectors group. If the common difference of Ay, is dy if k
is even, and the common difference of Ay, is dy if k is odd, then {Ar + Axy1} is a consecutive

vector group when a j1o=a1 ; + n(dy + da).

Proof Suppose that a; x=a1% +di(j — 1), j € [1,n], and a; gr1=01,k+1 +d2(j — 1), j € [1,7]
for any k € [1,m — 1]. If we want A1 + Aky2 to become a successor of Ay + Agi1, then
a1k + a1, g+1 +n(dr +da)=a1 k+2 + a1 x+1 must be satisfied. Therefore, a1 kyo2=a1 x +n(di +d2).
O

Lemma 2.3 Let (*) be an arithmetic vectors group. If dy is the common difference of Asy,, and da
is the common difference of Agy,_1 satisfying dy +da # 0, then [A; + A, Ao+ As, ..., A1+ A
is an EPD matrix when a1 j1o=a1 ; + n(di + d2).

Proof To solve the recursive equation aj jyo=a1,; + n(di + dz2), we obtain that
ai2t—1=a1,1 + (t — 1)n(d1 + dg), and aj 21=a1,2 + (t — 1)n(dy + da).
Since each {Ax + Ag41} is strictly monotone vectors group, the matrix [A; + Az, Ao +
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As,...,Apm-1 + Ay is an EPD matrix from Lemma 2.2. O

Lemma 2.4 Let n be odd, and As; and Asy_1 be an arithmetic vector with common difference
-4 and 2, respectively. If ay 2:=2n(t+1)—2 and a; 2;—1=2n(t—1)+1, then both [A1, Az, ..., Ap]
and [A1, A1 + A9, Ay + As, ..., A1 + Ay are EPD matrices.

Proof By the hypotheses, we have a1,2; = 0 (mod 4) if ¢ is even, and a1 9, = 2 (mod 4) if ¢ is
odd. Since the common difference of the vector Ay is -4, (Ag;) [(A2s) = ¢ when s and ¢ have
opposite parity.

When t=2k — 1, the greatest element of (Ag;) is 4nk — 2 and the least element is 4nk — 4n + 2.
When t=2k + 1, the greatest element of (Ag;) is 4nk + 4n — 2 and the least element is 4nk + 2.
Therefore {Aa;} is an EPDVG when ¢ is odd. In the same way, we obtain that {As;} is also an
EPDVG when t is even. Thus {As} is EPDVG.

When ay 9;—1 = 2n(t—1)+1, {A2—1} is a consecutive vector group because the vector Ag;_1
is an arithmetic vector with common difference 2. Also, each a;2: € (A2) is even and each
aiot—1 € (Agi—1) is odd, then the matrix [A1, Ao, ..., Ay] is an EPD matrix. Furthermore, we
can also get [A1 + Aa, As + A3, ..., A1 + Ap] is an EPD matrix. O

3. Main results

Let the one-point union of n copies of graph G be denoted by G™. Then the common vertex
is called the center of G", denoted by zy. We denote by K, the complete graph with n vertices,

P, the path with n vertices and C, the cycle with n vertices.

Theorem 3.1 If regardless of the order of pendant vertices, then the star graph K , exactly
has two odd arithmetic labelings.

Proof It is easy to see that the center of K, is only labelled 0 or 1. When the center of K ,, is
labelled 0, then the pendant vertices are labelled 1,3, ...,2n — 1, successively; When the center
of K, is labelled 1, then the pendant vertices are labelled 0,2, ...,2n — 2 successively. |

Theorem 3.2 When n is odd, and m < 3 and n is a positive integer, the graph P, | is odd

arithmetic.

Proof Let zo be the center of P, ;. The vertices of k'th path on the Py, ,; from center to
outside are xx1, Tk2, - - ., Tkm successively, and ay;, k € [1,n],j € [1,m] are the elements in {4}

satisfying the conditions of Lemma 2.4.
Put f(zxj)=ar;, k € [1,n],j € [1,m], i.e., for any k € [1,n],
n(j - 1) +1 +2(k_ 1)7 j € [17m]2
flxig) = . .
n(] +2) - 2_4(k_ 1)5 J € [27m]2
and f(xg)=0. Then f is an odd arithmetic labeling of P}, from Lemma 2.4.

When m < 3 and n is a positive integer, applying Lemmas 2.2 and 2.3 immediately obtains
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that the graph P is odd arithmetic. O

Theorem 3.3 Let n and t be positive integers. Then
(1) The windmill graph K, is odd arithmetic if and only if n = 2;
(2) All complete bipartite graphs are odd arithmetic.

Proof From Lemma 1.2 and Theorem 3.1 it follows the conclusion (1). In the following we
prove conclusion (2). Let (X,Y") be the bipartition of the complete bipartite graph K, ,,, where
X={; | j € [Lm]} and Y={y; | € [1,n]}. Define f(w;)=2j — 1, j € [1,m], f(y;)=2m(j — 1),
j €[1,n]. Then f is an odd arithmetic labelling of K, .. O

Theorem 3.4 Ifm is odd and t is a positive integer, where m = 2 (mod4) and t is odd, then

C! . is not odd arithmetic.

Proof From Lemma 1.2, one can know that C! is not odd arithmetic when m is odd and ¢ is
a positive integer.

We show the case m = 2 (mod 4) and t is odd by contradiction. Suppose that f is odd
arithmetic labeling of Ct, and m=4n + 2. Using Lemma 1.2, we have

Dvey AW) (V) = 237, ey quoy S (V) + 26 (m0)=[t(4n + 2)]°.

Thus 3, e (203 /() + 0f (z0) = 2[t(2n + 1))2.

i) If f(xo) is even, then the sum of labels of all vertices except x on each C,, of C! is an
odd number. Since t is odd, the first term on left side of the equality is odd and the second term
is even. But the right side of the equality is even, this is a contradiction.

ii) If f(xo) is odd, then the sum of labels of all vertices except z on each Cy, of C!, is an
even number. Thus the first term on left side of the equality is even. Since ¢ is odd, the second
term on left side of the equality is odd. But the right side of the equality is even, which also

leads to a contradiction. O

Theorem 3.5 (1) The cycle Cy, is odd arithmetic if and only if m = 0 (mod4).

(2) When m = 2,4 and n is a positive integer, where m = 3 and n is even, C% is odd
arithmetic.

(3) When m = 4n and t=2, C!, is odd arithmetic.

Proof Part (1). If C,, is odd arithmetic, then C,, is a bipartite graph by Lemma 1.2. This
implies that m is an even number. From Theorem 3.4 one can obtain C), is not odd arithmetic
if m =2 (mod 4). When m =0 (mod 4), define

f(r2im1) =2(i = 1),5 € [1,m/2]; f(xa;) =2i—1,i € [L,m/4];
f(r2) =2i+1,i € [m/4+1,m/2].
It is easy to verify that f is an odd arithmetic labeling of C,,.
Part (2). Let the vertices (except center xg) of t'th Ca,, on C%,, be a2i—1,1, @2t—1,2, - - -, A2t—1,m—1,

At my A20,m—1, A20,m—2, - - - » 21,1, successively. We define f(x¢)=0, and write the labels of all ver-

tices (except center ) of each Cay,, on C%,, for vector.
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When m = 2 and n is a positive integer, let arithmetic vector A; = [a1 1,021, ..,a2,.1])T
with common difference 2 and aq,1 = 1, and let vector Az = [a1,2,0a1,2,02,2,02,2, - .., Qn 2, amg]T,
where ay 2 = 8(n— k) +4, k € [1,n]. Then [A1, A1 + A] is an EPD matrix.

When m = 4 and n is a positive integer, let the vectors A;, As, As be the same as the vectors
in Lemma 2.4. Define Ay = [a1.4,0a1.4,024,02.4,-.,0n.4,0n.4]", Where a4 = 12n + 4 — 8k,
k € [1,n]. Then Aj=[a14,a24,...,an4]" and A;, As, A3 are EPD vector group. Therefore,
[A1, A1 + Az, Ay + A3, A3 + A4] is an EPD matrix.

When m = 3 and n is even, let the vectors A; and As be the same as the vectors in Lemma 2.4.
Define A3 = [a13,a1.3,a2.3,a23, - --,0n.3,an3]T, where a3 = 4(t+k)—2+(—1)¥, k € [1,n]. Then
A3 =[a13,a23,...,a,3]T and Ay, Ay are EPD vector group. Therefore, [A1, A1 + Aa, As + A3)
is an EPD matrix. Combining the results, we obtain that the result (2) is true.

Part (3). Let the vertices of one Cy, be x1, 22, ..., 24y, and let the vertices of another Cy,, be
Tdn41, Tdn+2, - - -, Ln. LThe vertex x4, is identified with zg,,, denoted by zg. Define the function
f as follows: f(xo) =0, f(zak—1) =2(k —1), k € [1,4n],

2k -1, kell,n],
flzag) =< 2k+1, ken+1,3n—1],
2k+3, k€ [3n,4n—1J.

Then f is an odd arithmetic labeling of the C3,,. O

Theorem 3.6 The graph C}, - P, is obtained by identifying the center of C]! with the end
vertex of P;. Suppose n is a positive integer. Then C3,, - Py, and C3,, - Py, are odd arithmetic
if m =0 (mod2), and C%,, - Py,41 is odd arithmetic if m = 1 (mod2).

Proof Let f(x0)=0, the vertices of t’th Ca,, on the C3, be

a2t—1,1, A2t—1,25 - - + , G2t—1,m—1, At m, A2t m—1, A2t,m—2, - - - , A2t.1,
and the vertices of PS be 0, A2n+1,1,A2n+1,25 -+ -, A2n4+1,5—2, An41,5s—1-
(1) When m = 0 (mod 2), let the vectors A, Aa, ..., Ap—1 be the same as the vectors in
Lemma 2.4. For the graph CZ. - P, let Ay=[a1,m, @1.m, @2.m,@2.m, - -+ » Qnmy G, —] ©, Where

agm=2n+ 1)m+4n — 4 —8(k — 1), k € [1,n] and “” denote no elements in the cell. Then
Af =[a1.m,@2.m, - anm]T and Ay, Aa, ..., Ay_q are EPD vectors. Thus [Ay, A; + Az, Ay +
As, ..., A1 + Ay is an EPD matrix.
Since
max(Am—1 + Am—2) = a1,m—1 + @G1,m-2 = (2n+ 1)(2m — 2) — 1,
min(A,,—1 + An) = tnm + @2n—1,m—1 = [(2n+ 1)m —4n + 4] + [(2n + 1)(m — 2) + 4n — 3]
=2n+1)2m—2)+1,

and

max(Am—1+ Am) = a1,m + a2.m—1 = [2n+ 1)m +4n — 4] + [(2n + 1)(m — 2) + 3]
=2n+1)(2m —2)+4n —1,
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(Ap—1+An)=[2n+1)2m —2)+1,2n+ 1)(2m — 2) + 4n — 1]5.

Let B,, denote the vector generated by arranging the elements of A,,_1 + A,, from small to
large. Then Ay, Ay + As, Ao+ As, ..., App—o + Ap—1, By, form a consecutive vector group.

For the graph C%. - Ppny1, let Ap=[a1.m,01.m;2.m;@2.m; - - - An.ms Gnmy Gni1.m) -, Where
apm = 2n+1)ym+4n+4 -8k, k € [1,n], ant1,m = (2n+ 1)m.
Then A% =[a1.m,a2.m; - -, @nm,Anr1,m]" and Ay, As,..., Ap_1 are EPD vectors. Thus

[Al, Ay +Ag, Ay + Az, .. A1 + Am] is an EPD matrix.
(Apm—1+An) =[2n+1)(2m—2)+1,(2n+1)(2m — 2) + 4n+ 1]2. Let B,, denote the vector
generated by arranging the elements of A,, 1 + A;, from small to large. Then Ay, A; + As, Ax+

As, ..., Am_2+ Apm_1, By, form a consecutive vector group.
(2) When m =1 (mod 2), let the vertices of P11 be Zo, G2n+1,1 42041,25 - - - A2n+1,m—15 Gn+1,m
successively, and the vectors A, Ao, ..., Ay —1 be the same as in Lemma 2.4. Define
A = [01.m, 1y Q2. G2.ms - -+ > Gy Gy Gt m)
where

Ak = (20 +1)(m — 3) +4n + 4k + (=), k€ [1,n].

Then A% =[a1,m, @2.m, - - s Gnoms Gny1,m] * and Aq, Aa, ..., A1 are EPD vectors. Thus [A1, A;+
Ao, As+ As, ..., A1 + Apy] is an EPD matrix. Let B, denote the vector yielded by arranging
the elements of A,,_1+ A,, from small to large. Then Ay, A1+ Ao, Ao+ As,..., Ap—o+Am—_1,Bm

form a consecutive vector group. t
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