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1. Introduction and lemmas

Presently, many authors discussed the existence of the solutions for delay differential equa-
tions and functional differential equations':2l. However, the nonlinearity of the functions in the
relational references is nonnegative. In this paper, we obtain the existence of positive solutions
for a class of delay differential equations with the assumption that the nonlinearity is bounded
below and not always nonnegative, which generalizes the corresponding results in [1], [2].

In this paper, we consider the following second-order boundary value problem of delay dif-

ferential equation

(1)
u(t)y=0, —7<t<0, u(l)=0,
where 7 > 0, p € C[0,1], p(t) > 0, t € [0,1]. Throughout this paper, we assume that f €
C(]0,1] x [0, 00), (—00,0)), and f(¢,u) is bounded below, i.e., there exists a real number M > 0
such that f(¢t,u) + M >0, ¥t € [0,1],u € [0,00). A function u(t) is called a positive solution of
(1) if u(t) satisfies (1) and uw € C([—7,1], [0,00)), u(t) > 0, ¢t € (0,1).

{ (p(u' ) + flt,u(t—7)) =0, 0<t<1,

Let
1w(t)(w(l) —w(s)), 0<t<s<1,
Glt,s) =14 | (2)
;w(s)(w(l) —w(t), 0<s<t<1,

Received date: 2006-05-22; Accepted date: 2007-05-23

Foundation item: the Youth Research Foundation of Jiangxi University of Finance and Economics
(No. 04232015); the Technological Project Foundation of Jiangxi Province (Nos. GJJ08358; GJJ08359); the Edu-
cational Reform Project Foundation of Jiangxi Province (No. JXJG07436).



Positive solutions for nonlinear second-order boundary value problem of delay differential equation 721
where p = w(l),w(t) = f(f —L_dr.

(3,4]

Lemma 1 The function given by (2) has the following property:

Gls,) > Glt,s) > o()G(s,5), (1, 5) € [0, 1] x [0,1], /01 G(t, 5)ds < ~olt),
where o(t) = min{%, %},”y =w(1).
Lemma 2 (i) If u.(t) is a positive solution of (1), then u.(t) + w(t) is a positive solution of the
following delay differential equation
{ (pM)u' () + Ft,u(t —7) —w(t —7)) =0, 0<t<1, 3
u(t)=0, —7<t<0, u(l)=0,

where

F(t )_{f(t,u), te[0,1],u >0,
yu) = f(t,0), te[0,1],u<0,

the function f(t,u) = f(t,u) + M, f : [0,1] x [0, 00) — [0, 00) is continuous,
0, 7 <t<0,
w(t) = 1
M/ G(t,s)ds,0 <t <1.
0
(ii) If u(t) is a solution of (3) and u(t) > w(t),t € [—7,1], then u.(t) = u(t) — w(t) is a

positive solution of (1).

Proof Suppose that u.(t) is a positive solution of (1). Then we have

(p()u, (1) + ft,u(t —7)) =0, 0<t <1,
ue(t) =0, —7<t<0, u.(l)=0.

It follows from w(t) = 0, —7 <t < 0,w(1) = 0 that u.(t)+w(t) =0,—7 <t < 0,u(1)+w(l) =0

and

(P()(ux(t) + w(t))") + F(t, us(t — 7)) = (PO, (1)) + (p(O)w' (1) + f(t,ua(t — 7)) + M
= (p)w'(t)) + M =0.

ie., u.(t) + w(t) satisfies (3). Hence (i) holds true. Similarly, it is easy to prove that (ii) holds
true. The proof is completed. O

By (ii) of Lemma 2, in order to obtain the positive solution of (1), one only needs to find a
solution wu(t) of (3) satisfying u(¢) > w(t),t € [-7,1]. On the other hand, if u(t) is a solution of
(3), then wu(t) satisfies

0, —7<t<0,

" /01 G(t,s)F(s,u(s —7) —w(s = 7))ds, 0<t<L.
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We define an operator A as follows:

0, —7<t<0,

Au(t) = (5)

/1 G(t,s)F(s,u(s —7) —w(s —7))ds, 0<t<1.
0

It is easy to check that a solution u(t) of (3) is equivalent to the fixed point u(t) of the operator
of A. Let X = {u € C[—7,1]|u(t) =0,t € [-7,0],u(1) = 0}. Then X is a Banach space with the
norm [[uf] = sup{Ju(t)|}t € [~7,1]}. For any u € X, [lull = ullo.y = sup{lu(®)[lt € [0,1]}. Let
P ={ue Xu(t) > o(t)||u|,t € [0,1]}, where o(t) is given in Lemma 1. Then P is a cone of X.

By standard argument, it is easy to prove that the operator A : P — P is completely continuous.

2. Main results

Let A1 be the first eigenvalue of the linear integral operator Tu(t) = fol G(t, s)u(s)ds and

u1(t) be the minimum positive eigenfunction corresponding to A;. Then u; € C?[0,1]. Denote

foo = liminfy o minte[ovl] f(ZU)’ foo = lim SUPy,— 00 MaX¢e0,1] j(ZU) and
_ Nualloay + (= 7)lluillo. _ =7l
fol_T o(s)uy(s+7)ds fol_T o(s)ui(s+ 7)ds

In this section, we assume that:
(Hy) [ < A1(1 = 7m;), there exists Q : [0,1] — (—00,00),0 € (0,1) and some constant
to € [0, 1] such that

ft,u)+ M >Q(),tel0,1—0],uec|0,v(M~+1)], (6)
/ 7 Gt 9)@(5)s 2 A + 1), ()
(Hs) foo > Ai(1+7M,), there exists Q : [0, 1] — (o0, 00) such that
Fltou) + M < Q().t € [0,1],u € [0,7(M + 1), 3)
/01 G5, 9)Q(s)ds < (M +1). 9)

Theorem 1 Suppose that (Hy) or (Hz) holds. Then the second-order boundary value problem

of delay differential equation (1) has at least one positive solution.

Proof (i) Suppose (H;) is satisfied. By Lemma 2, it suffices to find a fixed point u(t) of A
satisfying u(t) > w(t),t € [-7,1]. By Lemma 1, for any v € P and ¢ € [0, 1], we have

UQ%ﬂMﬂZU@—WMdUZU@—VM%%~%1—WEM@- (10)

By f*° < A (1—7m,), we get

lim sup max
UuU—00 te[0,1] U
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Moreover, there exists ¢ > 0 and Ry > 0 such that f(¢t,u)+ M < (A (1—7m;)—¢)u,u € [R1,00).
Let by = max{|f(t,u)||t € [0,1],u € [0, R1]}. By the continuity of f, we know that

ftu) < (MO —7m.) —e)u+by,t €[0,1],u>0.

Choose
b1 fol uy(s)ds
e folfT o(s)ui(s+7)ds
Let Bg = {u € P|||u]| < R}. Then for any u € 9Bg and t € [0, 1], by (10), we have u(t) —w(t) >
0,t € [0, 1]. Noting that u(t) = w(t) = 0,t € [—7,0],w(t) > 0,t € [T, 1], one easily obtains that
Ft,ult—71)—w(t—7)) <A —7mm;) —e)(u(t —7) —w(t — 7)) + by
<M1 —7m;) —e)u(t —7) +b1,t €[0,1],u € OBg.

R > max{Ry,y(M + 1)

(11)
Next, we will prove that
Au # pu,¥ p > 1,u € 0Bg. (12)

We may assume that A has no fixed point on dBg, otherwise the proof is completed. If (12) is
not satisfied, then there exists pg > 1 and ug € 9Bg such that Aug = poue and

(Bl (1) + iF(t,uo(t P —w(t—7) =0, 0<t<1, (13)
UQ(t) = O, —T7<t< O,’U,O(l) =0. (14)
By (11),(13) and (14), we have
1 1t
)\1/0 ug(s)u1(s)ds = o ), u1(8)F(s,up(s —7) —w(s —7))ds

< /0 u1(8) (A (1 —1mm;) — €)ug(s — 7)ds + by /0 ui(s)ds
1

1
=M1 -7mm;) — a)/ up(s)ug(s — 7)ds + by /0 ui(s)ds

1—71 1
=M1 =7m;)—¢) / ui(s + T)ug(s)ds + by / ui(s)ds
0 0
and so
1—71 1
(ATm, + 5)/ u1(s 4+ T)uo(s)ds < \7(1 —7)||uillfo,1/luoll + b1 / ui(s)ds.  (15)
0 0

On the other hand, by Lemma 1, we have

1—7 1—7
/ ur(s + T)ug(s)ds > |lugl] / o(s)uy(s+ 7)ds. (16)
0 0

By virtue of (15) and (16), we get

1—71 1
Ourm ol [ atsun(s + 7)ds < Mt = 1)t fluoll + b1 [ ur(s)d
0 0
By the definition of m., we get
b1 fol uy(s)ds

1—7

R = [Juoll < '
el o(s)ui(s+7)ds




724 LIZ L
Evidently, it is a contradiction to the choice of R. Hence (12) holds true. It follows from the
fixed point index in [5], [6] that

i(A,Bgr,P) = 1. (17)

Let By = {u € P|||u|| < v(M 4 1)}. Then for any u € 9B, by (10), we have y(M + 1) >
u(t) > u(t) —w(t) > 0,t €[0,1]. It follows from (6) and (7) that

1
Au(ty) = /0 G(to, s)F(s,u(s —7) —w(s — 7))
1-6

> , G(to,s)(f(s,u(s —71) —w(s — 7)) + M)ds

1-6
> / Gilto, $)Q(s)ds > 4(M + 1),
0
Hence ||Au|| > ||ul|,u € OB, and so by the fixed point index [5], [6], we have
i(A, By, P) = 0. (18)

It follows from (17), (18) and the additivity of the fixed point index that A has at least a fixed
point u satisfying [|u|| > (M + 1). The proof is completed.

(ii) Suppose (Hz) holds. By f* > A;(1 4+ 7M.), there exists € > 0 and R; > 0 such that
flu)+ M > (A (1+7M;)+e)u,u € [Ry1,00). By the continuity of f, there exists by > 0 such
that

ft,u) > MA+7M;)4+e)u—0by, t€[0,1], u>0.

Choose

by fol ur(s)ds + (M (1 4+ 7M;) + ¢) Ol_T ur(s + T)w(s)ds
€ fol_T o(s)ui(s+ 7)ds

and set Bp = {u € P|||u|]| < R}. Then by (10) we have

R > max {Ry,y(M + 1),

}

Ftut—71)—wlt—7)) > (MQ+7M)+e)(u(t —7) —w(t—7)—b1, t€]0,1],u € Bg. (19)
Next, we will prove that

u— Au # pug,V u > 0,u € OBg. (20)

We may assume that A has no fixed point on 0Bpg, otherwise the proof is completed. If (20)
does not hold true, then there exist pg > 0 and ug € dBg such that ug = Aug + pouy and

(p(t)uo(t)) + F(t,uo(t —7) —w(t — 7)) + Mpour(t) =0, 0<t<1.
Similarly to the proof of (15), we have

1—7
(urde4e) [ s+ Tyua(s)ds < Ar(1 = 7)uf oy ol +
0

1—71

1
A1 |lu [0, 17l wo | + b1 / ui(s)ds + (A (1 +7M;) + 5)/ ui(s + 7)w(s)ds.
0 0
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y (16), we get

1—7
(T, + <) / o(s)us(s + 7)ds < A (1= )l o)+
0

1 1—7
b1 / ui(s)ds + (A (14+7M;) +¢) / ui(s + 7)w(s)ds.
0 0
By the definition of M., we have

blfO u1 dS+(/\1(1+7'M + e fO S+T) ()dS

R = |luoll <
afo s)ui(s + 7)ds

It is a contradiction to the choice of R. Hence (20) holds true. It follows from the fixed point
index in [5], [6] that
i(A,Br,P) =0. (21)

By (8) and (9), we have
P = /01 Glt, 5)F (s, u(s — 7) — w(s — 7))ds
< /1G(s $)F(s,us — 7) — w(s — 7))ds

/ G5, 8)(f (s, u(s — 7) — w(s — 7)) + M)ds

S/ G(s,8)Q(s)ds <vy(M + 1), Vu e dBy,te|0,1].
0

ie., [|Aull < ||u|,u € 0B;. And so

i(A, By, P) =1. (22)
It follows from (21), (22) and the additivity of the fixed point index that A has at least a fixed
point u satisfying ||u|| > (M + 1). The proof is completed. O
3. Example

Consider the following second-order boundary value problem of delay differential equation

u' + f(t,u) =0, 0<t<l,
(23)
u(t)y=0, —7<t<0, u(l)=0.
Conclusions
(i) Suppose that f(t,u) = M1e'®~* — 9t cosu where My > 0. Then for any M; > 320, (23)

has at least one positive solution.
(ii) Suppose that f(t,u) = M;(%)? — Tt cosu where My > 0,3 > 1. Then for any M; < 34,
(23) has at least one positive solution.

Proof (i) Fix M =9,tg = 3,0 = 1,p(t) = 1. Then we get

t(l—s), 0<t<s<l,
G(t,s) =
s(I—t), 0<s<t<l.
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Direct calculation gives that fol G(t,s)ds = t(lz_t), w(t) = Mt(lz_t)7 o(t) = min{¢,1 — t},y =

1,7(M 4 1) = 10. Evidently, lim, o, 2% =0,V ¢ € [0,1] and f(t,u) + M > Q(t)e!°~" > My,

u

vt € [0,1], Vu € [0,10], where Q(t) = My, t € [0,1]. Moreover, for any M; > 222, we have

fl% G(%,5)Mids = 222+ > 10. Hence (H,) is satisfied. It follows from Theorem 1 that (i) holds
4

true.

(ii) Similarly to the proof of (i), we can prove that (ii) also holds true.

Remark The nonlinearity f in example 1 can get negative value, so the conclusions (i) and (ii)
in example cannot be obtained by virtue of [1]. Hence Theorem 1 in this paper totally generalizes

the corresponding results in [1].
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