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Abstract In the present paper, the authors study totally real 2-harmonic submanifolds in a
complex space form and obtain a Simons’ type integral inequality of compact submanifolds as
well as some relevant conclusions.
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1. Introduction

[1,2)

Following the tentative ideas of Eell and Lemaire, Jiang studied 2-harmonic map on

Riemannian manifolds. After that, many new results concerning 2-harmonic submanifolds come

B3] discussed real 2-harmonic hypersurface in a complex

out in succession. In 1999, Sun and Zhong
projective space. In this paper, we study totally real 2-harmonic submanifolds in a complex space

form, generalize the conclusion in [3], and obtain a series of results.

2. Preliminaries

Let C N be a complex space form!, of complex dimension n, with the Fubini-study metric of
constant holomorphic sectional curvature ¢, and J be the complex structure of CN'. Among all
submanifolds of C N7, there are two typical classes: one is the class of holomorphic submanifolds
and the other is the class of totally real submanifolds. A submanifold M™ in CN[ is called
holomorphic (resp. totally real) if each tangent space of M™ is mapped into itself (resp. the
normal space) by the complex structure J. In this paper we study totally real submanifolds in

CN[ and use the following convention on the ranges of indices unless otherwise stated:
ABC...=1,...,n,1%, ... ,n%4,4,...=1,...,n.

We choose local field of orthonormal frames ey, ..., en, €1+ = Jei, ..., ep = Je, in CNZ, in such

a way that, restricted to M™, ey, ...e, are tangent to M™. Let {w,} be the field of dual frames.
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Then the structure equations of CN* are given by

dwa = - wapAwp, wap+wpa=0; (2.1)
B
1
dwap = — ZWAC ANwep + 3 Z Kapcpwe N wp; (2.2)
C C.D
C
Kapcep = 1(5,40531) —dapdpc + JacIep — JapJIBc + 2JasJep), (2.3)

where Jap is the component of complex structure J of C N} with the following form

0o : -I, }Z
Jag=1| -+ o .. . (2.4)
Lo )
J J

Restricting these formulas to M™, we have

wer = 0] Wij = Winjr;  Winj = Wjeg; (2.5)
wiei = Y Wy bl = B = Rl = b (2:6)
Riji = Kijrl +Z — h B (2.7)
Rivjort = Kisjorr + 3 (B by, — i ). (2.8)

Let B(= ) ,,- . ; hi} "W ®w; @€+ ) be the second fundamental form of M™ and 7(= 3", . . bl e =

m* 'L 1

nn) be tensile field of M™, where 7 is the mean curvature vector of M".

Let hmk and hl” kl be the first and second covariant derivatives of A} . Then we get
hify, = hig, (2.9)
T = W = R Ryjg+ Y B Ryt = hY Renepei. (2.10)
P P p*
Let the Laplacian of h;’;* be as follows:
Ahfl = Z e
Then we have

AR =N "R+ Y (bR Rik + B Rugge) — Y bl R (2.11)

k k.l

From (2.11) and other relevant formulas, we can get

1
§A||BH2: Z zyk Z h kkzg (7’L+1)||BH2

m* 3,5,k *,1.5.k
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c
Sl + 2 3 ler(He 1y — 6 (H2 HE )+

7"

> w(HEH; teHye — > [tr(H Hj ). (2.12)

A AV

From (2.3), (2.4) and [2], we have

Lemma 1 Let M™ be a totally real submanifold in a complex space form CN}. Then M"is a
2-harmonic submanifold if and only if M™ satisfies the following conditions.

Z (2huk h’k* + hg* ;cnk*j) = 07 V_], (213)
m* i,k
Zh”kk S nE b +4 (n+3) Zh =0, Vm". (2.14)
p*,i,5,k
Lemma 25 Let Ay, Ay, ..., A, be (n x n)-symmetric matrices (m > 2). Then
m m 3 m
2 2 21)2
> tr(Aadp — AgAa)’ — > (tr(Aadp))® > —5(2 r(A2))2. (2.15)
a,B=1 a,B=1 a=1
Lemma 3 Let M™ be a totally real submanifold in a complex space form C' N, then we have
(1) 2 3 [tr(H Hjx)? —tr(HZ-%HJZ*)] — 3 [tr(HiHj)]? > —%HBH‘*; (2.16)
1/* ¥k 1:*7‘]'*
(2) > tr(HqHj»)trHp«trHj« > 0; (2.17)
1:*7‘]'*
(3) > tr(HEHj)teHje > —|7]| - || B]]°. (2.18)
g

Proof From Lemma 2, (1) is clear.

(2) Obviously, Y. . to(Hix Hys YerHyetrHye = 37, (302 (5, by i) > 0.
(3) For fixed i*, let hi, = A& 3. By Schwarz inequality, we have

(B2 H) = SO )?hi < \/Z ) (0 )2
\/Z 02 SO Z(h@‘)?

k,l

= tr(H2) - y/tr(HZ).

Then
| 2 tr(HE e JirHy | < \/DZ w(HZ Hj))? Y (trHye )
"5 prie —
< \/Z [th(ﬂﬁ) tr(H%) }Q-Z(trﬂk*y
Jj* * ko

=7l - 1BI.
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3. Main results

Firstly, we study the relations between the totally real 2-harmonic submanifold and the

minimal submanifold in CN.

Theorem 1 Let M™ be a totally real 2-harmonic submanifold in a complex space form CN? (¢ <

0). If the mean curvature vector of M™ is parallel, then M™ is minimal.

Proof Since the mean curvature vector of M™ is parallel, we have
Zhllk} —O Zh”k] m*:1*7...,n*.
1

Multiplying >, hﬁ‘* on the both sides of (2.14) and summing up with respect to m*, we get

0= S AR R —g(n—i-?)) R

m*,p*,i,5,k,l m*,i,l
=>"O0-O " mnn? - < n+ 3) Z Zh
gk p* i i

> =2 +3)|r|%

From ¢ < 0, we have ||7||?> = 0. Therefore M is minimal submanifold.

Theorem 2 Let M™ be a totally real 2-harmonic submanifold in a complex space form CN? (¢ >
0). If the mean curvature vector of M™ is parallel and ||B||* < $(n+ 3), then M" is minimal.

Proof Similarly to the proof of Theorem 1, we have

=00 KRB — n+ 3) Z Zh

J.koopr i
ZZZh Z )?) — n+3ZZh

= I71*(I1B]1* - (n+3))
From || B||> < £(n + 3), it follows that | = 0.

Theorem 3 Let M™ be a totally real 2-harmonic submanifold in a complex space form CN? (¢ >
0). If the mean curvature vector ) of M™ is parallel and S, # $(n + 3), then M™ is minimal.

Where S, is the square of the second fundamental form of M"™ with respect to 7.

Proof Suppose M™ is not a minimal submanifold. Then 1 # 0. Choosing e;~ which has the

same direction as 7, we have
1 * * * * *
Since the mean curvature vector of M™ is parallel, from (2.14) we get

Z hi; hihly =0, m* # 1% (3.1)

.5,k
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> bl hlphl n+3 Zh (3.2)
i,5,k
Since n # 0, from (3.2), we have
1y2 € _
Z(hjk) -5 +3)=0.
7,k
Hence S, = (n + 3), which results in a contradiction.

Secondly, we discuss the relation between ||B| and ||7|| in the totally real 2-harmonic sub-

manifold and obtain a J.Simons’s type integral inequality.

Theorem 4 Let M™ be a compact totally real 2-harmonic submanifold in a complex space form
CN. Then we have

C
/M (4(7”L+5)HTII2+IITHHBII3 7+ DIBI? -~ HBII“)de >0

Proof Taking the covariant derivative with respect to j on the both sides of (2.13), and summing

up with respect to j, we have

Z (2h'L’ij kj +2huk k]]+hkkj g hkkjj i1 ):O
m*,i,j,k

Adjusting the indices of upper formula properly gives

1 m* 1 m*
Z h kk_]_] = _2 Z (3h’uk h]jk + hii jjkk)
m*.,i,5,k m*,i,5,k
3 m
:_5 Z ( itk _]_]k:+h h]jkk Z h h_]_]k:k:' (33)
m*,i,5,k m*,i,j5,k
Since
1 m* 1 m*
§A||7'H2: Z ( 7,zkh]]k+hii Tikk)- (3.4)
m*,i,5,k
From (2.14), we have
m*ym”* c
S W W= D teHyetrHy tr(Hoe Hye) = 2(n+3) 7] (3.5)
m*.i,5,k m*,p*

Substituting (3.4) and (3.5) into (3.3), we obtain

3 c
> b, = —ZAHTHM > trHpe trHpe tr(Hp- Hye ) — Z(n+3)|\7||2. (3.6)

m*,i,5,k m*,p*

From (2.12) and (3.6), we have

1 3 c
§AHB”2+ZAHT”2: Z (uk + Z trH et Hope t1 (Hopy« H )—Z(n+5)|\7||2+

m*,i,5,k m*,p*
&
2+ DIBIP +2 Y for(Hie Hje)? — te(HE HE )+
i*)j*
> te(HA Hje)trHje — > [tr(Hi- Hy-)J?. (3.7)

A A
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Noting Lemma 3, we get

1 3 c 3
§AHBII2 + ZAHTII2 > ——(n+5)|7)* + 2t )| B|]* - §HBII4 = I7lHBIE. (3.8)

c
4
Since M™ is compact, we have
/Mn<§<n+5>|\f||2 FITIBIE + SIBIE ~ S(n 4 DIBI?dun >0
At last, we study the relations between the totally real 2-harmonic submanifold and the

totally geodesic submanifold in CN[.

Theorem 5 Let M™ be a compact totally real 2-harmonic submanifold in a complex space form

CN} (¢ < 0). If the mean curvature vector of M™ is parallel, then M™ is totally geodesic.

Proof From Theorem 1, we know M™ is minimal. Therefore ||7|| = 0. Since M™ is compact,

from Theorem 4, we have
3 c
| SIBIPBI = £ (n+ 1)aVas > 0. (3.9

From ¢ < 0 and (3.9), we have
IB]]* = 0.

Hence M™ is totally geodesic.

Theorem 6 Let M™ be a compact totally real 2-harmonic submanifold in a complex space form
CN} (¢ > 0). If the mean curvature vector of M™ is parallel and || B||*> < €(n + 1), then M™ is
totally geodesic, or | B||> = &(n +1).

Proof Since ||B||* < £(n+1) < $(n + 3), from Theorem 2, we know M" is minimal. Then

7] = 0. Since M™ is compact, from Theorem 4, we have
3 9 , €
SIBIP(IBI* = Z(n +1))dvar > 0.
Mn 2 6

Noting || B||* < £(n + 1), we know M™ is totally geodesic, or || B||? = £(n+1).
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