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Abstract The moments of operator-valued semicircular distribution are calculated and a new
relation between random variables which is called semi-independence is introduced. The asymp-
totically free matrix models of operator-valued semicircular distribution are given and a method
is found to determine the freeness of some semicircular variables.
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1. Introduction

Free probability theory, due to Voiculescu D., is a new subject of operator algebras. Origi-
nally, Voiculescu D. developed this new theory in order to understand the elusive II; free group
factor. At present, the research on free probability has attracted many mathematicians in the
past ten years, and it has been developed into many new directions when it intersected with
harmonic analysis, random matrices, combination theory, etc.

Let A be a unital C*-algebra or von-Neumann algebra and let ¢ be a state on A. Then
(A, ¢) will be called a noncommutative probability space and an element in A is called a random
variable. It is easy to see that free probability is a kind of noncommutative probability. A
key notion in free probability is “freeness” instead of the classical independence in probability
theory and then some new notions have appeared such as free convolution, free entropy, and
free Fish information, etc!). Many essential problems in operator algebras have been solved by
using this theory. For instance, in 1996, Voiculescu proved free group factor L(F,) (2 < n < 00)
has no Cartan subalgebras; In 1998, GE Liming showed £(F,) (2 < n < 00) is prime, that is,
L(Fp) # L(Fn,) @ L(Fp,) (2 < n,ni,ng < 00).

Now, we fix a subalgebra B of A,(1 € B) and a conditional expectation ¢ from A onto

B, and then (A, ) will be called an operator-valued noncommutative probability space. Obvi-
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ously, noncommutative probability space is a special case of the operator-valued noncommutative
probability space, and so we hope operator-valued free probability can be more useful in wider
fields.

The most important distribution is semicircular distribution in noncommutative probability
space. We will give its definition in Section 2 after introducing the canonical forms of operator-
valued random variables. These results belong to Voiculescu D.[Z. In Section 3, we calculate the
moments of operator-valued semicircular distribution. In Section 4, 5 we discuss the asymptoti-
cally free random matrix models of semicircular distribution, and this is our main result in this
paper. Usually, determining the freeness of some random variables is not easy, and constructing
their matrix models is an effective way. In scalar valued probability space, we can find a class
of random matrices whose elements are independent and mixed moments satisfy a restrictive
condition, such that they can serve as the matrix models of semicircular distribution!’3/. While
in operator-valued case, the elements in matrix are required to be noncommutative, and so we
should find a new relation instead of independence (since independence can only be defined for
commutative random variables) and it is easy to be verified. This is so called semi-independence
which we first introduce in this paper. By using this notion, we obtain our main result:

Let (A, ) be C*-operator-valued noncommutative probability space, ns : B — B,s € N
be a family of linear maps and ¥n € N, {Y(s,n)}sen be a family of symmetric random matrices.
Y(s,n):= [G(L\/gn)} . , Vs € N, satisfying:

(1) ¢(a(i,j;5,n)) = 0; @(ali, j; s,n)ba(i, j; s,n)) = 1s(b),Vs € N, 1 < 4,5 <n.;

(2) o= SUP1<ms, . mip < [p(a(ma, ma; s1,n)a(ma, ms; s2,n) - - - a(my, ma; sk, n))|| = O(1);

(3) {a(i,j;s, n)s|11§51k,6j < n,s € N} is semi-independent.

Then (Y (s,n))sen is asymptotically free and each Y (s,n) tends to A*(1) + A(n;) in the sense of

distribution.

2. Operator-valued noncommutative probability space and algebra A(B)
In this section we introduce some notions and give the canonical forms of random variables.

Definition 2.112) Let A be a unital algebra over C, and let B be a subalgebra of A, 1 € B. ¢ :
A — B is a conditional expectation, that is, ¢ is linear over C, and ¢(byabs) = bip(a)be, ¢(b) =
b, Vb,b1,ba € B, a € A. Then we call (A, ¢) an operator-valued (or B-valued) noncommutative

probability space; elements in A will be called B-valued random variables.

Definition 2.2[2! The algebra freely generated by B and an indeterminate X will be denoted
by B(X). Let (A,¢) be as in Definition 2.1 and let a € A be a B-valued random variable.
The distribution of a is the conditional expectation p, : B{(X) — B, ug, = ¢ o 7,, where
To © B{(X) — A is the unique homomorphism such that 7,(b) = b, Vb € B, 7,(X) = a.
1o (boXb1 X -+ - by—1Xby,) is called the moments of a and 11,(bXbX - - - Xb) is called the symmetric
moments of a. For convenience, we only consider symmetric moments in this paper.

In the following, we will review the notion of canonical forms of random variables which was
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introduced by Voiculescu in [2].

Let xn(B) = L(B®™, B) be the set of all linear maps from B®™ to B (the ® and linearity
are over C) and xo(B) = B, x(B) := €D,,5¢ Xn(B) which is a right B-module.

If £ € xn(B), we define the modular gndomorphism A&) : x(B) — x(B) by:

Vn € xx(B), k > 0 (namely, degn := k > 0), A(§)n € xn+k(B), satisfying:

A©n)(m1 @ ma - -+ @ mpik)
=(Mp1f(M1 @ @Mp) @Mpi2 @+ @mpyx), VYmi €B,i=1,2,---n+k

and if k = 0, namely, n € B, put A(§)n := &n.

We also need to define \*(m), m € B by:

A*(m)n := 0, if degn = 0; and deg(\*(m)n) = degn — 1,

(A (m)n)(m1 @ --- @mp—1) =M @M @ -+ @ Mp—_1),
if degn =k > 0.
Denote by A(B) the algebra generated by {A(§)|€ € xn(B) : n >0} U {\*(m) : m € B}.

By a direct calculation, we have the following proposition.

Proposition 2.3

(1) ME)A&2) = MA(&1)E2);

(2) A (m)A(E) = A" (m)§), if degg > 0;

(3) X(m)A(&) = A*(m€), if deg€ = 0.

From this proposition, we know every monomial in A(B) can be converted into the form:
AGn)A™ (ma) - - - A" (m).

Define a conditional expectation ep from A(B) onto B by

e(A(&)A (mq) - A" (myg)) =0, if n+ k > 0;

es(A(éo)) = o, if & € xo(B) = B.

It is not difficult to verify that ep is indeed a conditional expectation, and so (A(B),ep) is
a B-valued probability space.

Remark x(B) and A(§) are similar to full Fock space and creating operator, respectively.

Definition 2.41? The elements in A(B) of the form \*(1) + Ym0 AEn) (€n € xn(B)), are

called canonical.

Proposition 2.5 Given a distribution p, there is a unique canonical element a = \*(1) +
Y nso &) € A(B), such that jiq = p1, where p, denotes the distribution of a.

3. Semicircular distribution

Definition 3.1 A random variable a will be called a B-semicircular variable, if its canonical

form is \*(1) + A(&o) + A(§1). Generally, we consider central B-semicircular distribution, namely,
v(a) =01ie & =0.
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Next, we calculate the moments of semicircular distribution.

Proposition 3.2 The m-th moment of semicircular distribution is

0, m odd
ep(\"(1) + A(&)" = ZMi’ m = 2k even
iel
where |I| = ﬁ (2:); and {M,},cr are all the combinatorial possibilities of the following factors:

i
E1(1),&(60(1)), ..., & (&1(&r -+ - &1(£1(1))), and & appears just k times.

Proof We calculate e g(A*(1)4+A(£1))™ = D €B(@i(m)@itm—1) - - - @i(1)), where a;y € {A* (1), AM(&1)},
and the sum is over all the possibilities. We can associate to each monomial a polygonal line on
the X-Y-plane. We draw line y = —1 on X-Y-plane. If a;1) = A({1), then we draw a segment
from (0,0) to (1,1); if a;(1) = A*(1), we draw a segment from (0, 0) to (1, —1). Next, we draw a
segment from the end point of the former line, and if a;2) = A(&1), we draw a V/2-length segment
with slop 1; if a;2) = A*(1), we draw a v/2-length segment with slop —1; . ... Following this way,

we can obtain a polygonal line corresponding to a;(ym,) - - - @;(1)-

From the definition of g, we can learn that if the polygonal line touches the line y = —1, or

its endpoint is not on the X-axis, then €p(a;(m) - - - a;1)) = 0. Obviously, e(a;m) - - - a;1)) = 0 if

m is odd.
When m = 2k, there are k%rl(ik) polygonal lines that end on X-axis and do not touch
y = —1. We denote these lines by Ly, Lo, ..., Ly, t = %H(%f), and VL;, it must correspond to

unique factor a;(m)@in—1) - - i1y Writing M; := ep(@i(m)ai(m—1) - - - @i(1)) and simplifying it,

we obtain the result.

4. Matrix models of semicircular distribution

Definition 4.1 Suppose (A, ¢) is a B-valued C*-noncommutative probability space. A, =
[@ijlnxn, aij € A is called a B-valued random matrix. The C*-algebra consisting of such matrices
is denoted by A,,. Define a conditional expectation on A,, by: 7,(4,) = %Z?:l ¢(a;;). Then

(A, T) is a B-valued noncommutative probability space (in fact it is B ® I,-valued).

Definition 4.2 Suppose (A, ¢) is B-valued probability space, A, C A (v € I) is a family
of subalgebras of A, and B is a subalgebra of A,, V. € I. Then {A,},cr will be called semi-

independent if it satisfies:

¢(a1ag -+ Qp_1ak . . . Akt jAktj4+1 - - - Ap)

=¢(ar1az...ap—10(Ak - . . Akt ;) Akt j+1 - - - On)s

where a; € A,;, and {tk, ..., terj 1y oy th—1, thtjt1s tn} = 0.
Given a set of elements {as} in A. Denote by Ag the subalgebra generated by as and B, if

{A;}ses is semi-independent, then we call {as}scs semi-independent.
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Remark The above definition is well defined. In fact, if

{Lk,LkJrl,...,Lk+q,...,Lk+j}ﬂ{L1,...,Lk,l,Lk+j+1,...,Ln} = {;
{Lk+p5Lk+p+17 .. ')Lk+q}ﬂ{L17 ceey by ey b p—15 bk+q+1y - - '7[’77«} = ®a

it is easy to see

G(a102 A Ay Aoq Ao+~ )
= Glaray - Ak 1Ak - Qrpp Gk Qs )Wt jt1 - )
= Glaray k- pp1(Ahtp - Qhtg)Uhtgit -~ Qhty - - n)
=dlar ar-10(ar Ghsp10(Qrsp + hiq) * Argg) - ).

If
{Lia RS L’i+m}ﬂ{L17 ceeybi—1, bidm41, - - '7['77.} = @7

{5, -vbj+p}ﬂ{L1,L2 e b1 Ll s n = 0,

then

dlaraz - ai—1G; QipmQigmt1 " Q105" Qjgpjipi1 " An)
= ¢(a1a2 -+ ai—1(a; Qi )Qipmt1 Q-1 AjypQjgpt1 - On)
= plarag - @i 10i - Qi Gitmet A5 10(A5 - Qi p)Ajipi1 - Gn)
=¢(ar - ai—19(ai ** Qigm) Qigm1 -+ 1@+ Qjgp)Ajpr1 - An).

We will give an example of semi-independence later.

Theorem 4.3 Let (A, ¢) be a B-valued C*-noncommutative probability space, n: B — B be

a linear map and Vn € N, A,, = [% be a symmetric random matrix, where a;; € (4, ¢)

} 1<i,j<n
are self-adjoint. If A, satisfies:

(1) ¢laij) = 0, daizbai;) = n(b) (1 <i <j <n),Vbe B;

(2) cx= SUP1<my,....mu<n 9@y mo@myms - - 'amkml)” =0(1);

(3) {ai; :1<i<j<n} is semi-independent,
then {A,,}22, tends in the distribution sense to the semicircular element A*(1) 4+ \(n), where the

‘limit’ is in the sense of norm.
Proof Calculate the A,,’s kth moment:

T(A}) = ! Z D(Amyma Gmams *** Gmyem, )- (4.3.1)

ns+1

1<mq,...mp<n
We group the term @(Gm,ms@mams * * * Gmym, ) according to §{my, ma, ..., my}, where £ denotes
the number of the elements which are not equal to each other in a set.

Obviously, the number of terms such that g{m1,ma,...,mg} = [ is less than < (7)1’“, so that

1 n\ *ey
—” Z (b(awumzamzmg --.amkml)H < (JW’

k
L |
nz2
I{m17...,mk}—l
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and it goes to 0 whenever [ < % + 1.

When [ > % + 1, there is a factor am,m, ,(mry1 := my) which appears only once in
GrmymsGmams * ** Gmem, Such that m; # m;y;. In fact, inducting on k, we assert there must
be an m,, appearing only once in my, ..., my. If m,_1 # my11, then either Qmy_1my OT Gmpmg,,y
is a desired factor. If m,_; = mp41, we may remove my_1,m, from mq,...,my and apply the
induction assumption.

Thus from semi-independence:

¢(am1m2 " O ymi Gmimig: Omiyimigs amkml)
= Plamims = Ui 1mi P(Cmimigy )Omisymiss *** Gmgmy] = 0.
From the above, we know (4.3.1) goes to 0 when & is odd.
When £ is even, we replace k by 2k. From the above argument, we have only to consider the
following case:
# Z O(myma Gmams *** Cmopmy )s
(a)(b)
where the sum is over 1 < my,ma,...,mor < n, satisfying:
(a) t{mi,ma,....,mopt=k+1;
(b) every element of the sequence {m1, ma}, {ma, ms}, ..., {mar, m1} appears at least twice.
Next, we will prove: If mq,ma,...,mo; satisfy (a),(b), then every pair of elements in
{m1, ma}, {ma,ms}, ..., {mag,mi},m; # m;11,1 < i < 2k, appears just twice, and partition V
of [2k] is non-crossing (the readers can find the notion of non-crossing in [4]), where V is defined
by
{i,j} € V= {mi,mip1} = {mj,mj1}.

We carry out the proof by induction on k. The case of k = 1 is trivial. We assume the conclusion

is true for k — 1. There exists p, such that m, has no repetitions in {mi, ma,...,mar}. Then
we have mp_1 = mp41 # mp. We remove mp_1, my from my, ..., mo, and obtain a shorter
sequence nq, . .., Nak—2. From the reduction assumption,the partition of this shorter sequence as

the above is non-crossing, and it is still non-crossing when adding {p — 1, p}.

On the other hand, for a pair partition V of [2k], we have {m1, ma, ..., ma}, which can be
done by induction on V as the above and the number of such sequences is n(n — 1) --- (n — k).
We also know the number of pair partitions of [2k] is Catalan number, i.e., k+r1 (Qkk)

Suppose {mi, ..., may} satisfy (a),(b). From condition (1) and semi-independence, we know
there is an ¢ € I, such that ¢(am,ms ** * Gmapm,) = M;. Therefore, there is a 1-1 correspondence
among {M;}, {&(@mims -+ Amapm, )} and {V}, where {M;};cr just as in Proposition 3.2 (just

replacing &1 by 7). So we have
1 nn—1)---(n—k)
W Z ¢(am1m2am2m3 T akaml) = nk+1 {Z Ml} ’
(a),(b) el

M;.

and obviously, it tends to ), ;

Example 4.4 Let (Q,F,P) be a classical probability space, and L := (2, LP(Q, F, P).

p=
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Consider Ms(C)-valued probability space: (L @ M>(C), E @ ids), where E(f) = [ f(w) dP(w)

Vf € L, that is, VAs = <:;11 :;12) € L@ M:(C), its expectation is defined by
21 Jf22

(f11)  E(fi2)
(EQ)ida)(A ( E(fa) E(f22))eM2(C).

Let X;; := [f]gj)]lgk)lgz (1 <i,5 <n) be a family of 2 X 2 symmetric random matrices and
X = [%11949 a M(C)-valued symmetric matrix in (L Q) M2(C) @ M, (C)).
If {f,g;j) 1<k <1<2/1<4<j<n}isaset of independent Gauss elements, then
X satisfies the conditions of Theorem 3.3, namely, in the sense of norm (for instance, choosing
| A]|3 = tra(A*A)VA € M3(C)), X tends to A*(1) + A(1) according to distribution.
We only need to show {X;; : 1 <i < j € n} is semi-independent. If
{ikds - iktpirtp} ﬂ{iljla ey U1 k=15 Ut p L kAL - - Bndn} = 0,

then from the independence, Vp; € M3(C)(X),i =1,2,...,n, we have

(E ® id?)(pl (Xiljl )pQ(Xizjz) : ijk) pk-HD( 1k+pjk+p) o 'pn(Xinjn))
. aiy a2 c11 Ci2 dyy  dyo
=(F®id
( ! 2) <CL21 az2> ( ) <d21 d22>

. aiy a2 E(ci1) E(c12) > <d11 d12>
—(E®id 7
( ide) <“21 a22> (E(C21) E(c22) day  dao

where
(Z; Z;ﬁ) = p1(Xij )P2(Xinja) -+ Pe—1(Xiy g1 )5
(Z; 22 ) = Pr(Xiwsi)  Phap (Kins i )i
(2092 ) = s )0 i),

5. Asymptotic freeness

Definition 5.112/ Let (A, ¢) be a B-valued noncommutative probability space. (A,),e; will be
called free if

p(aras---a,) =0, whenever a; € A,,,po(a;) =0, and t1 # 12 # -+ % Ln.

Definition 5.2 Let (A,,7,) be n X n B-valued C* random matrix probability space and
(X(s,n))ses € Ay, be a family of random matrices. We say they have the limit distribution
when n tends to infinity, if p is a distribution on B(X : s € S) and Vsy, $2,...,8m € S,

w(Xs, - X5, ) = lim 7,(X(51,n) X (s2,n) - X (8m, n)).

The limit is always in the sense of norm. In addition, if {X, : s € S} is free in (B(X; : s € S), u),
then we say {X(s,n): s € S} is asymptotically free.
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Theorem 5.3 Let (A4,¢) be a B-valued C*-noncommutative probability space, and let 1 :
B — B,s € N be a set of linear maps. Vn € N,{Y (s,n)}sen Is a family of n x n symmetric
random matrices on A, where Y (s,n) := ['I(L\/I’;’")]lgi,jgnﬁs € N. If Y (s,n) satisfies:
(1) ¢la(i, j; s,n)) = 0; p(ali, j; s,n)ba(i, j; s,n)) = 15(b), Vs € N, 1 <, j <n;
(2) ¢ :=supi<m,.... my<n llp(a(ma, ma; s1,n)a(ma, ms; s2,n) - - - almg, my; sg,n))|| = O(1);
(3) {a(i,j;s,m)|1 <1i,j <n,s e N} is semi-independent,
then (Y (s,n))sen is asymptotically free and each Y (s,n) tends in the distribution sense to
A1) + A1)

Proof From Theorem 4.3 we know Vs € N, Y (s,n) tends to A*(1) + A(ns) in the sense of
distribution.

In order to prove (Y (s,n))sen is asymptotically free, we first prove it has limit distribution.
Suppose iy, is the joint distribution of (Y (s,n))sen. VXs, X, - X5, € B(X, : ¢ € N), letting

Tn = @ ® tr,, we have
tn(Xsy Xsy - X5 ) = n(Y(51,n)Y (82,n) - - Y (85, n))

_k
= Z n”z pla(mi, ma; s1,n)a(me, ma; sg,n) - a(my, my; s, n)).

Similar to the proof of Theorem 4.3, we can show the above equation tends to ep((A*(1) +
A1) -+ (A"(1) + Alns))-

Assuming
lim 7,(P;(Y(s;,n))) =0, i=1,2,... . kk>1,

we will show
lim 7, (P (Y (s1,n)Pa(Y(s2,n)) - Pe(Y(sx,n))) =0,

where P; € B(X),i = 1,2,...,k;s1 # sa # -+ # sg, and for convenience, we may suppose
Pi(X) = (b;X)™ + (b;X)™ ! + ...+ b; without loss of generality. Then we have
Tn[PL(Y (51,n)) Po(Y (s2,n)) - - Pe(Y (s, m))]
= T {[(01Y (s1,1))™ + (b1Y (s1,7))" ™" + - + bi]
[(b2Y (52,n))™ + (b2Y (s2,m))" " + - 4 by

[(brY (58, n))™ + (&Y (s, m))™ "+ + bi}
= S Y (s1.n)™ (baY (s2,m))™ - - (beY (si,m))™]

0<mi,ma,....mp<m

= Z n‘%“cp{ Z [bra(ii,iz; s1,n)b1a(iz, i3; si,m) - - -

0<ma,..., mE<m 1<i,i2,..,0mg <N
bla(iml ) 7’777,1-'1-17 S1, n)]

(020 (i, 41, Ty +25 525 1)D20 (I, 425 Ty +35 52, 1) -+ - 020 (T, 4mas Tmy+mat15 52, 1))
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[bka(im1+---+mk71+1a Z.77%1+---Jr77%k71+2a Sk n) T bka(imov 11,5 Sks n)]} (531)

where mg := my +mo + - - - +myg. From the proof of Theorem 4.3, we know the terms which are
not equal to 0 must satisfy:

(1) V(ip,ipt1,si,,n) there is a unique (ig,ig41,5:,,n),(p # q), such that {ip,ip41} =
{igsigs1}, si, = Sig;

(2) Define the pair partition V of [my]:

(p,q) €V = {ip,ipt1} = {ig ig+1}, 51, = si,-

Then V is non-crossing.

Since s1 # sg # -+ # sk, VV defined as the above, there must be a nonzero monomial
bja(my o tmy 1410 gty 1425 555 ) <+ 05 Gy 4oty s Ty o my+1, 55, 1) such that VI €
{mi+---+mj_1+1,...,m1+---m;}, thereexists I' € {m1 +---+mj_1+1,....,m1+---m;}
satisfying (I,1') € V.

For a fixed bja(im 4 tm;_y+1sGmyttmy 142,555 7) = 050 Gy 4oopmy s g ooy 415 555, 1),
V;, is the pair partition as the above and satisfies the following condition: (I,I) € V;, and
le{mi+--+mj_1+1,...,my+---m;}impliesl’ € {my +---+m;_1+1,...,m1+---m;}.
We denote all of such V;, by {Vj, }ses,. Then from (5.3.1) we have:

Tn[P1(Y (51,7)) Pa(Y (s2,m)) - - Pi(Y (85, 7))]

by ROV

10<my,..., Mj—1,Mjp 1,y mi<m s€S; 1§i1,i2,...,im0§n
V‘j

[bra(iy,iz; s1,n)bra(iz, i3; 5i,1) - b1a(imy s imy 413 51,7)]

[b2a(im1+17 im1+2; 52, n)b2a(im1+27 im1+3; 52, n) Tt bQQ(imqumz ) Z.7nl+7n2+1;52,n)]

_m . .
[ E N7 205Gy ety 1 Ty e 425 S5, 1)
0<m;<m

bjalimy 4 tm; s by 4epm 41, 855 1)

[bka/(iml"l‘""'l‘mk—l"l‘l’ z'm1-i-"'-‘rmk71-i-27 Sk n) T bka(imov 1,3 Sks TL)]}

Since

1 _my . .

;SD[ E E N2 by ety 1 Ty ey 425 855, T0) <
0<m;<m Vj,
bty 4oty Gy o415 855 1)

= 1 (P;Y (s5,1)),

we can infer that (5.3.1) tends to 0.



768 MENG B and GUO M Z

References

1

VOICULESCU D, DYKEMA K J, NICA A. Free Random Variables [M]. American Mathematical Society,

Providence, RI, 1992.

[2] VOICULESCU D. Operations on certain non-commutative operator-valued random variables [J]. Astérisque,
1995, 232: 243-275.

(3] HIAI F, PETZ D. The Semicircle Law, Free Random Variables and Entropy [M]. American Mathematical
Society, Providence, RI, 2000.

[4] SPEICHER R. Combinatorial theory of the free product with amalgamation and operator-valued free prob-

ability theory [J]. Mem. Amer. Math. Soc., 1998, 132: 627.



