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Abstract A Mendelsohn (directed, or hybrid) triple system of order v, denoted by MTS(v, )
(DTS(v, A), or HTS(v, X)), is a pair (X, B) where X is a v-set and B is a collection of some cyclic
(transitive, or cyclic and transitive) triples on X such that every ordered pair of X belongs
to A triples of B. In this paper, a relation between three types of oriented triple systems was
discussed. We conjecture: the block-incident graph of MTS(v, A) is 3-edge colorable. Then we
obtain three disjoint DTS(v, A)s and four disjoint HT'S(v, \)s from a given MTS(v, A).
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1. Introduction

Let X be a finite set. In what follows, an ordered pair of X will always be an ordered pair
(x,y) where x # y € X. A cyclic triple on X is a set of three ordered pairs (z,v), (y,2) and
(z,z) of X, which is denoted by (z,y,z) (or (y,z, ), or (z,2,y)). A transitive triple on X is a
set of three ordered pairs (z,y), (y, 2) and (z,z) of X, which is denoted by (z,y, 2).

An oriented triple system of order v is a pair (X, B), where X is a v-set and B is a collection
of cyclic or transitive triples on X, called blocks, such that each ordered pair of X is contained in
exactly A triples of B. If B consists of only cyclic triples, the system is called Mendelsohn triple
system and denoted by MTS(v, A). If B consists of only transitive triples, the system is called
directed triple system and denoted by DTS(v, A). But, if there are both cyclic and transitive
triples in B, then the system is called hybrid triple system and denoted by HTS(v, A). It is easy
to see that if (X, B) is an MTS(v, A) (resp. DTS(v,A) or HTS(v, A)), then | B |= Av(v — 1)/3.
Thus, a necessary condition for the existence of an MTS(v, A) (resp. DTS(v, A) or HT'S(v, \)) is
Av(v—1) =0 (mod 3). Usually, MTS(v,1) (resp. DTS(v,1) or HT'S(v,1)) is briefly written as
MTS(v) (resp. DTS(v) or HTS(v)).

For a v-set X, some cyclic (or transitive, or cyclic and transitive) triples on X are said

to be a parallel class if their elements form a partition of X. Some cyclic (or transitive, or
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cyclic and transitive) triples on X are said to be an almost parallel class if they form a par-
tition of X\{x} for some z € X. An MTS(v,\) (or DTS(v, ), or HTS(v, \)) is resolvable,
denoted by RMTS(v, A) (or RDTS(v, A), or RHTS(v, A)), if its block set can be partitioned into
parallel classes. An MTS(v,A) (or DTS(v,\), or HT'S(v, A)) is almost resolvable, denoted by
ARMTS(v, ) (or ARDTS(v, \), or ARHTS(v, A)), if its block set can be partitioned into almost
parallel classes.

An oriented triple system is called simple if there are no repeat blocks in its block set. A
simple MTS(v, \) (X, B) is called pure and denoted by PMTS(v, A), if (z,y,2) € B implies
(z,y,z) ¢ B. Similarly, a PDTS(v, A) (X, B) is a simple DTS(v, A) in which (z,y, z) € B implies
(z,y,2) ¢ B. A PHTS(v,\) (X,B) is a simple HTS(v, A) in which (z,y,z) (or (z,y,2)) € B
implies (z,y,x) (or (z,y,2)) ¢ B.

Two oriented triple system (X,.4) and (X, B) are called disjoint if AN B = ¢. A large
set of pairwise disjoint Mendelsohn triple systems of order v and denoted by LMTS(v, A), is
a collection {(X,B;) : 1 < i < *2}, where each (X,B;) is an MTS(v, A) and all B;’s form a
partition of all cyclic triples on X. A large set of pairwise disjoint directed triple systems of order
v and denoted by LDTS(v, A), is a collection {(X,B!) : 1 < i < %, r = 1,2,3}, where each
(X,BI) is a DTS(v,\) and all BI’s form a partition of all transitive triples on X. A large set
of pairwise disjoint hybrid triple systems of order v and denoted by LHTS(v, ), is a collection
{(X, A7) 11 <i < %2 r=0,1,2,3}, where each (X, A7) is an HTS(v, A) and all A!’s form
a partition of all cyclic and transitive triples on X. Corresponding to the above definitions,
we can define LRMTS(v, A), LARMTS(v, A), LPMTS(v, \), and LRDTS(v, A), LARDTS(v, \),
LPDTS(v, A), LRHTS(v, A), LARHTS(v, \), LPHTS(v, A), respectively.

Let Y be a (v+1)-set. An overlarge set of pairwise disjoint Mendelsohn triple systems of order
v and denoted by OLMTS(v), is a collection {(Y\{y}, B,) : y € Y}, where each (Y\{y}, B,) is an
MTS(v), and all B,’s form a partition of all cyclic triples on Y. An overlarge set of pairwise dis-
joint directed triple systems of order v and denoted by OLDTS(v), is a collection {(Y'\{y}, B;)
y €Y, r=1,2,3}, where each (Y'\{y}, B}) is a DTS(v) and all B,’s form a partition of all tran-
sitive triples on Y. Similarly, an overlarge set of pairwise disjoint hybrid triple systems of order
v and denoted by OLHTS(v), is a collection {(Y'\{y}, A}) :y € Y, r =0, 1,2,3}, where each (Y,
Aj) is an HTS(v) and all Aj}’s form a partition of all cyclic and transitive triples on Y. Cor-
responding to the above definitions, we can define OLRMTS(v), OLARMTS(v), OLPMTS(v),
and OLRDTS(v), OLARDTS(v), OLPDTS(v), OLRHTS(v), OLARHTS(v), OLPHTS(v), re-
spectively.

Example 1 LMTS(10) = {({a,b} U Zs,B,) : © € Zs}, where
Bo: (012) (702) (347) (562) (674) (713) (603)
243) (142) (507) (516) (406) (154) (305)
(@10) (@26) (a31) (adb) (ab7) (a63) (a72) {(abd)
(b04y (17 (b23) (B35 (b52) B61) B76) (bal)

and B, = By + z,x € Zs.
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Observe Examples 1, 2 and 3, it is easy to see that if we replace every transitive triple

(a,b,c) with cyclic triple (a,b,c) in DTS(v), then B

i.e., three

(r = 1,2,3) turns into B,.

T
x

DTS(v)’s correspond to the same MTS(v). Similarly, if we replace every transitive triple (a, b, ¢)

with cyclic triple (a,b,c) in HTS(v), then A

(r =0,1,2,3) turns into B, i.e., four HTS(v)’s

T
x
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correspond to the same MTS(v). Here, the “correspondence relation” satisfies two properties:
(1) these oriented triples have the same underlying points; (2) three relevant transitive triples
correspond to three different cyclic shifts of a cyclic triple. Now, the problem is that whether the
“correspondence relation” suits any MTS? If this is true, then the discussion about three types
of oriented triple system may incorporate into Mendelsohn triple system. This will simplify the

research of oriented triple systems. In this paper, we will study the “correspondence relation”.

2. Theorems and conjecture

In what follows, we call the transitive triple (a, b, c) (or (b, ¢, a), or (¢,a,b)) a cyclic shift of
the cyclic triple {(a,b,c). If the cyclic shifts of all blocks in MTS(v,\) can be partitioned into
three families, such that each family can form a block set of a DTS(v, A), then we call the three
DTS(v, A)’s cyclic shifts of the MTS(v, A).

Given an MTS(v,\) = (X, B),|X| = v, we write the cyclic triples which can form some
subsystems MTS(3) as B. Define a block-incident graph G(B), where the vertex set is B\B, and
the vertices B and B’ are joint if and only if there are two common elements in B and B’. The
edge joining B = (a,b,z) and B’ = (b,a,y) is written as {a,b}. Evidently, G(B) is a 3-regular
graph. Suppose that the edges of G(B) can be partitioned into three pairwise disjoint 1-factors
G1,G2 and Gs, then G(B) is 3-edge colorable. On the other hand, if G(B) is 3-edge colorable,
then G(B) is 1-factorization. For the definitions of edge coloring, factor and factorization, we
refer to [1].

Theorem 1 If the block-incident graph of an MTS(v, A) is 3-edge colorable, then there exist
three cyclic shifts of the MTS(v, \) (i.e., three pairwise disjoint DTS(v, A)’s).

Proof Let the block-incident graph G(B) of an MTS(v, A) be 3-edge colorable. Then the edges
of G(B) can be partitioned into three pairwise disjoint 1-factors G1,G2 and G3. Now, we use
the following “method” to construct three transitive triple sets D1, Dy and Ds.

“ Let the edge which joins the points B = (a, b, z) and B’ = (b, a,y) be {a,b} in G(B).

If {a,b} € G;, then the transitive triples (b, z,a) and (a,y,b) C D;,i = 1,2,3.”
For each point {(a,b,c) of the graph G(B), there exist three elements x,y,z € X such that the
three points joining (a, b, ¢) are (b, a,x), {c,b,y), {a,c, z) in G(B). Without loss of generality, we
let the three edges {a, b}, {b,c}, {c,a} belong to G1, G2, G3, respectively.

<67 b, y> <G,C, Z>
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From the above “method”, the three edges will derive that (b,¢,a), (a,z,b) € Di; (¢, a,b),
(b,y,c) € Da; (a,b,c), (¢,z,a) € D3. So, we have the following conclusion:

(¥) The six ordered pairs contained in the two cyclic triples (a, b, ) and (b, a,y) are the same

as those contained in the two transitive triples (b, z,a) and (a,y,b).

(#x) The three transitive triples corresponding to the same cyclic triple (a point in G(B))

are exactly the three cyclic shifts of the cyclic triple, and belong to three distinct D;,i = 1,2, 3,

respectively.

Further, when B is nonempty, we define three subsystems DTS(3): {(u,v,w), (w,v, u)},
{(v,w,u), (u,w,v)}, {(w,u,v), (v,u,w)} for each subsystem MTS(3) = {(u, v, w), (w,v,u)}, and
add them into Dy, Ds, D3, respectively. By the conclusion (x), the ordered pairs contained in the

transitive triples of D; are the same as those contained in the cyclic triples of B. Hence, each

(X,D;) is a DT'S(v, A) and Dy, D3, D3 are the three cyclic shifts of 5.

Example 4 MTS(7) = (Z7,B), where

B=1{{034),
(430),
B={(034),

(236), (012

(632),

<2 3 6>7

The block-incident graph G(B) is

Obviously, G(B) is a 3-regular graph and its 3-edge coloring is displayed as above. The three

1-factors are:
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(0,5, 6)

At last, we get three cyclic shifts of 5:

<4 3 0>7

(531), (6

<07 ]" 2>

(4,6,5)

32)}.

<07 2’ 5>

(4,5,2)

G3
{0,1}
<0,1,2> ——
{0,5}
<0,2,5> ——
{4,2}
<4,5,2> ——
{4,6}
<4,6,5> ——
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It is easy to see that (Z7,D;) is a DTS(7),1 < i < 3, and they are pairwise disjoint.
Conjecture For any MTS(v,\) (X, B), the block-incident graph G(B) is 3-edge colorable.

Theorem 2 If the block-incident graph of an MTS(v, \) is 3-edge colorable, then there exist
four pairwise disjoint HTS(v, \)’s, v > 6.

Proof First, an MTS(v, \) = (X, B) exists if and only iff?l:

A =0 (mod 3), v > 3;
A=1,2 (mod 3), v=0,1 (mod 3), v >3 H (v,\) # (6,1).

So, |B| = M(gfl) is even. Secondly, from Theorem 1, if the block-incident graph of an MTS(v, \)
(X, B) is 3-edge colorable, then we can get three disjoint DTS(v, A) (X, D;), i = 1,2, 3. And the
blocks of the DTS satisfy: “if (a,x,b) € D;, then there exists y € X such that (b,y,a) € D,”,
i.e., the ordered pairs (a, b), (b, a) which consist of both side elements of the two transitive triples
are of negative direction each other. Since |B| is even, the transitive triples are in pairs, and the
six ordered pairs contained in transitive triples (a,x,b), (b,y,a) are the same as those in cyclic
triples (a,x, b}, (b,y, a). Hence, if we replace a pair of transitive triples (u,w,v), (v, z,u) in each
D; (i = 1,2,3) with cyclic triples (u,w, v}, (v, z,u) (the six transitive triples must correspond to
different cyclic triples. Since v > 6, |B| > 10, the number of blocks satisfies the condition), we
will get three HT'S(v, A)’s. At last, the six transitive triples together with the other cyclic triples
in MTS(v, A) will form an HTS(v, A). It is not difficult to check that the four HT'S(v, A)’s are

pairwise disjoint. O
Example 5 Another MTS(7) = (Z7, B) (which is not isomorphic with Example 4), where

B= {(473), (364), (461), (716), (172), (231), (632),
(256), (657), (375), (513), (154), (452), (274)}.

This MTS(7) has no MTS(3). The block-incident graph G(B) and its 3-edge coloring are dis-
played as follows:
The three cyclic shifts of B are:

Dy: (473) (364) (146) (671) (172) (231) (632)
(256) (765) (537 (135) (541) (452) (274)
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Dy: (734) (436) (614) (167) (721) (312) (263)
625) (576) (375) (513) (415) (524 27

Ds: (347) (643) (461
(562) (657) (753) (351) (154) (245

N

—_

—~I

~—

—~ o~
e~

= —

Furthermore, let

Ao (473) (364) (146) ) ( (231)
(256) (765) (537) ) (
Ay (734) ) (614) (167) (721) (312)
(513) (415)
Az (347) (643) (461) (716 17) (123)
(351) (2 45)
As: (473) (364) (461) (167) (721) (123) (632)
(256) (657) (375) (351) (154) (452) (274)

Then (Z7,D;) is a DTS(7),i = 1,2,3, and (Z7, A;) is an HTS(7), j = 0,1,2, 3.

3. Constructions for large set and overlarge set

In this part, the notion “some type” means: (1) resolvable; (2) almost resolvable; (3) pure;

(4) no limitation.

Theorem 3 If there exists “some type” large set or overlarge set of MTS(v, A), and the block-
incident graph corresponding to each MTS(v, \) is 3-edge colorable, then there exists the same

type large set or overlarge set of DTS(v, A) and HTS(v, A).

Proof First, if the block-incident graph corresponding to each MTS(v, A) is 3-edge colorable,
then each MTS(v, \) corresponds to three pairwise disjoint DTS(v, A)’s from Theorem 1. And
when some MTS(v, A)’s are pairwise disjoint, the corresponding DTS (v, A)’s are pairwise disjoint.
Secondly, an LMTS(v, A) has (v — 2)/XA MTS(v, A)’s, each MTS(v, ) has three cyclic shifts. So,
there exist 3(v—2)/A disjoint DTS(v, A)’s. An OLMTS(v) has v+1 MTS(v)’s, and each MTS(v)
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has three cyclic shifts. Then there exist 3(v + 1) disjoint DTS(v)’s. The number of small design
fits the demand. On the other hand, an cyclic triple corresponds to three transitive triples, the
number of all blocks satisfies the condition. At last, when MTS(v, A) is resolvable (or almost
resolvable, or pure), its three cyclic shifts are also resolvable (or almost resolvable, or pure).
Similarly, LHTS(v, A) (or OLHTS(v)) exists from Theorem 2. O

Corollary 4 If “some type” large set or overlarge set of MTS (v, \) can be generated from one
or several base MTS(v, \) under the action of a group of automorphisms, and the block-incident
graphs corresponding to each base MTS(v, \) are 3-edge colorable, then there exists the same

type large set or overlarge set of DTS(v, A) and HTS(v, A).
Example 6 LARMTS(4) = {(Z4,B;) : i = 1,2}, where

B ={(0,1,2),(2,1,3),(2,3,0),(0,3,1) };
B2 ={(0,2,1),(2,3,1),(2,0,3),(0,1,3)}.

The block-incident graph and 3-edge coloring are displayed as follows:

G(By):  (0:3,1) (0,1,2) G(By): (0,1,3) (0,2,1)

(2,3,0) (2,1, 3) (2,0,3) (2,3,1)

The three cyclic shifts of B are:
D, ={(2,0,1),(1,3,2),(0,2,3),(3,1,0)};
Dy ={(1,2,0),(0,3,1),(3,0,2),(2,1,3)};
Ds ={(0,1,2),(2,3,0),(3,2,1),(1,0,3)}.

The three cyclic shifts of By are:
¢ =1{(1,0,2),(2,3,1),(3,2,0),(0,1,3)};
C2 ={(0,2,1),(1,3,0),(2,0,3),(3,1,2)};
Cs =1{(2,1,0),(0,3,2),(1,2,3),(3,0,1)}.
Then {(Z4,D;) :i=1,2,3} U{(Z4,C;) : i = 1,2,3} is an LARDTS(4).
Next, when we display the block-incident graph G(B) and its 3-edge coloring of an MTS(v, A)
(X, B), we can only write the 2-factor formed by some even cycles. The two sets which consist
of adjacent edges in even cycles will give transitive triple sets D1, D2, and the remainder cyclic

shift for all cyclic triples will give Ds.
Example 7 OLRMTS(9) = {(Zio\{z},B:) : « € Z19}, where B, = By + x, © € Zy9,

Bo: (241) (547
(356) (698
(789) (132

(845) (673) (374) (652) (238) (872)
(276) (942) (816) (483) (496) (614)

(
)
)
) (319) (518) (259) (917) (715) (953)
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The 2-factor of G(By) is:
((241)-(132)-(319)-(953)-(259)-(942)-(496)-(614));
((698)-(816)-(518)-(845)-(547)-(T15)-(917)-(7809));
((673)-(356)-(652)-(276)-(872)-(238)-(483)-(374)).

The three cyclic shifts of By are:

Di: (241) (547) (845) (673) (374) (652) (238) (872)
(356) (698) (276) (942) (816) (483) (496) (614)
(789) (132) (319) (518) (259) (917) (715 (953)

D2: (412) (754) (458) (736) (437) (265) (382) (728)
(563) (986) (627) (294) (681) (834) (649) (146)
(897) (213) (931) (185 (592) (179) (571) (395)

D3: (124) (475) (584) (367) (743) (526) (823) (287)
(635) (869) (762) (429) (168) (348) (964) (461)
(978) (321) (193) (851) (925) (791) (157) (539)

Then {(Z10\{z},D%) : = € Zip, r = 1,2,3} is an OLRDTS(9), where D, = D} + z, = €

Zio, 7 =1,2,3.
Moreover, let
AY: (124) (475) (584) (367) (743) (526) (823) (287)
635 (869) (762) (429) (168) (348) (964) (461)
978) (321) (193) (851) (925) (791) (157) (539)
Al (241) (547) (845) (673) (374) (652) (238) (872)
(356) (698) (276) (942) (816) (483) (496) (614)
(789) (132 (319) (518) (259) (917) (715) (953)
AZ: (412) (754) (458) (736) (437 (265 (382) (728)
(563) (986) (627) (294) (681) (834) (649) (146)
897) (213) (931) (185) (592) (179) (571) (395)
A3 (241) (754) (845) (673) (437) (652) (238) (287)
(356) (698) (762) (942) (816) (483) (496) (614)
(789) (132) (319) (518) (259) (917) (715 (953)
Then {(Zio\{z},AL) : x € Z1p, r = 0,1,2,3} is an OLRHTS(9), where AL, = A} +z, z €

Zlo, T = 0, 1, 2, 3.
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