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Abstract The cycle length distribution of a graph of order n is denoted by (c1,c2,...,cn),
where ¢; is the number of cycles of length i. In this paper, we obtain that a graph G is uniquely
determined by its cycle distribution if: (1) G = Ky nt7 (n > 10); or (2) G = Kpnyr — A (JA] =
1,n>12);0r (3) G=Knntr — A (|[A|=2,n > 14); 0r (4) G = Knnyr — A (|A] = 3,n > 16),
where A C E(Kn nt7)-
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1. Introduction

The cycle length distribution of a graph G of order n is denoted by (c1,ca,...,¢y,), where
¢; is the number of cycles of length 7 in G, i = 1,...,n. In graph theory, there are many
interesting problems which could be reduced to the cycle length distribution problem. In 1973,
Entringer raised the problem how to determine those graphs which have their cycle distributions
(c1,¢2,...,cy) satisfying ¢; = c2 =0,¢; =1 (i = 3,4,...,n). Moreover, in 1975, Erdés proposed
another problem how to determine the maximum possible number of edges of a graph which has
its cycle distribution (c1,¢a,...,¢,) while ¢; <1 (i = 1,2,...,n). Both of these two problems
are very interesting, and have been studied in [2-5]. In general, there may exist more than one
graph having the same cycle distribution (¢, ca,. .., ¢,). Therefore, a question followed is which
kinds of graphs are uniquely determined by their cycle distributions®). In [7, 8], the authors
have proved that the following graphs are uniquely determined by their distributions:

G=K,,—A(ACE(K,,),|Al <1,n <r <min(n+ 6,2n — 3));
G=K,,—A(AC E(K,,),|A =2,n <r <min(n + 6,2n — 5));

G=Kp,—A(ACE(K,,),|A =3,n<r <min(n+6,2n —7)).
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We notice that, in [7,8], the authors discussed the uniqueness of cycle distributions for bipartite
graphs K, , — A (n <r <n+6,|A| < 3) only. In this paper, we will study the uniqueness of
cycle distributions for bipartite graphs K, , — A where r = n + 7,|A| < 3. The main results
obtained can be stated as: a graph G is uniquely determined by its cycle distribution if:

(1) G = Kpnyr (n>10); or

(2) G=Kppn+r—A(JA =1,n>12); or

(38) G=Kpn+7— A (|4 =2,n > 14); or

(4) G = Knnt7r — A (|A| =3,n=> 16)a
where A C E(Ky nt7)-

2. Some lemmas

Throughout this paper, we assume that G is a simple bipartite graph, V(G) = X Y, and
every edge of G joins a vertex in X to a vertex in Y. Let |X| =n, |Y] =r (n < r), and
X, ={G|G = K, — A,|A| = j}. Moreover, let c4(G) denote the number of cycles of length 4,
m; = mingex, c4(G), and M; = maxgex; c4(G). We have

Lemma 18 Ifn > j > 2, then
n r (n—-1 r—1 n J
mj = - ,
e \2) U 1 2
n r n—1 r—1 J
M, = -7 + r—1).
Lemma 20 If j > 2,n > 1j(j + 1) + 2, then M;,1 < m;.
Lemma 3" Let G =K, , — A,|A| =j. If r > n > j + 2, then c2,(G) # 0.

3. Main results

Theorem 1 Suppose n > 10. G is complete bipartite graph K,, ,7 if and only if its cycle

distribution (c1, ca, . .., cany7) satisfies the following conditions:
n n+7 .
%( )( )p[(p_l)']27 Z:2p7p:2737"'7n;
Ci = p p
0, otherwise.
Proof “=” Since K, 47 is a simple bipartite graph, ¢ =c2 =0, cop41 =0 (p=1,2,...,n).

n+7
complete
p

bipartite subgraphs K, , with order i. Furthermore, each complete bipartite subgraph K, , must

7
contain p[(p — 1)!]? cycles of length i. So ¢; = % (n) (n * ) pl(p— 11>

If ¢ > 2n, clearly ¢; = 0. For each i = 2p (p = 2,3,...,n), G contains n) (
p

p p
“<” If G # K, n+7, we then must have G = K, 47 — A (JA| > 1) or G = Kpik74n—k —

A (JA] > 0,1 <k <3). Consider the following cases.
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7
Case 1 If G = K, ny7 — A,|4| > 1, then we have ¢4(G) < (Z) (n—;— ) Clearly, this

contradicts the assumption.

Case 2 Suppose G = Ktk ni7—k — A, where |[A| = j > 0and 1 < k < 3. By Lemma 3, if
n+k > j+2, equivalently, 0 < j < n+k—2, then copq0r # 0. It is a contradiction. Hence, G €
{Knikmir—r—Al|A] = j > n+k—1}. Obviously, c4(G) < max|g|—j—ntr—1 ca(Knirni7—r—A).

According to Lemma 1, we have

(6 < <n+k> <n+7—k> _(n+k_1)<n+k—1> <n+7—k—1>+
2 2 1 1

(n+:_1>(n+7—k—1).

Let f(k) denote the right hand side of the above inequality. The inequality can be rewritten

7
as ¢4(G) < f(k). In what follows, we will prove f(k) < Z n—2l- . Denote H(k) =

e ()(7)
()G )

Thus, if n > 10, then H(1) < 0.

n+2 n+5 n+1 n+4 n+1
() e () )+ (e

1
= ——(n3

1
5 —3n? —46n — 12) = —E[n(nz —3n —46) — 12].

That is to say, H(2) < 0 if n > 10.
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n+3 n+4 n+ 2 n+3 n+2
()03 ) e () () (13-

1
:——M?—@f—5hw—B):—ihhf—4n—5n—1$
So H(3) < 0 when n > 10.

7
In summary, we obtain that if n > 10, then must have f(k) < Z) (n—;— ), or equiva-

7
lently, c4(G) < (Z) (n—;— ) This is a contradiction. So G ¢ {K,1kn+7—k — A||A| =5 >

n+k— 1}, that iS, G = Kn,'n.+7- O

Theorem 2 Suppose n > 12 and A C E(K,, n17). G is complete bipartite graph K, ,47 — A

(|A] = 1) if and only if its cycle distribution (c1,ca, ..., cant7) satisfies the following conditions:
n n+7 n—1 n+6 .
¢ = p p p—1 p—1
0, otherwise.

Proof “=" Let A = {e} and G = K,, n47 — €. Since K, ,4+7 — € is a simple bipartite graph,
c1=c2=0,c41=0(p=1,2,...,n),and ¢; =0 if ¢ > 2n. For each i =2p (p = 2,3,...,n),

n n+7
Ky ni7 contains & < ) < )p[(p — 1)!]? cycles of length i. Moreover, K, ,47 contains
p p

-1 6
(n ) (n + ) complete bipartite subgraphs K, ,, of order 7 which include edge e and each

p—1 p—1
of these complete bipartite subgraphs K, , contains [(p—1)!]? cycles of length i which include edge
-1 6
e. Hence, K, 47 contains " n [(p — 1)!]? cycles of length i which include edge

p—1 p—1

7 -1 6
e. Therefore, K, ,,+7 — € contains % " nt pl(p—1)!)% - " nt [(p—1))?
p p p=1/\p-1

cycles of length 3.

“<” Suppose G # K, n+7 —e. Then we must have G = K, 17 — A (JA] > 2) or G =
Kpskntr—k — A (J4] > 0,1 < k < 3). By Theorem 1, we know that if n > 10, K, p47 is
determined by its cycle distribution. So G # K, ,47. Consider the following cases.

Case 1 G = K, 47— A, where |[A| > 2. In this case, we have ¢4(G) < ¢4(Ky 47 — €). This is

a contradiction.
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Case 2 G = K1k ntk—7, where |[A] = j > 0and 1 < k < 3. From Lemma 3, if n+k > j+2, that
is, 0 < j <n+k—2, then copyor # 0. It contradicts coptor = 0. So, G € {Kptknt7—k —A||A] =
Jj>n+k—1}. Clearly, c4(G) < max|g|—=j—ntr—1 ca(Knikni7— — A). According to Lemma 1

n+k n+7—k n+k—1 n+7—k—-1
w3 () e () ()

("*5‘1>(n+7—k_1).

Let f(k) denote the right hand side of the above inequality. The inequality can be rewritten as

k
c4(G) < f(k). Now we will prove f(k) < (Z) (n;—?) - (n;l) <n—1|—6>, or equivalently,
n n+7 n—1 n+6
o (3) ()0 =
n n+7
Denote H (k) = f(k) — <2> < ) ) ( ) ( ) and consider:

e ()

1
n3 —2n% —41n +12) = n? —2n —41) +12].
2

Thus, if n > 12, H(1) < 0.
(b) k=2.
e (1) () () ()

That is to say, if n > 12, H(2) < 0.

(c) k=3.
n n+7 n—1 n+6
== (5)(737) ("3 (')

1 1
= —§(n3 —6n% —61ln—6) = —§[n(n2 —6n — 61) — 6].

So, if n > 12, H(3) < 0.
7 -1 6
In summary, we have f(k) < (Z) (n;— ) — (n ) ) <n—1l- ), or equivalently,

<))

This is a contradiction. So G ¢ {Kptknt7-k — A||A] =7 > n+k— 1}, that is, G = Kp, ny7
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Theorem 3 Ifn > 14, then G = K, 17 — A(|A| = 2) is determined by its cycle distribution.

Proof From [8], we know that K, ,4+7[A] must be one of three types of graphs as shown in

ALY

Hy Hs 3
Figure 1 Ky ni7 — |A] (JA] = 2)

Figure 1.

Denote these three types of graphs by H;, Hy and Hs, respectively. Let c4(G;) denote the
number of cycles of length 4 in G; = K,, ,+7 — E(H;). Clearly, we have

() (1)) 1)
() () ) 1)
() ) 1) o

Obviously, c4(G1) < c4(G2) < c4(G3). Tt shows that G;(i = 1,2, 3) have different cycle distribu-

tions.

Now we will prove that if G/ # G = K, n+7 — A(JA] = 2), G’ and G have different cycle

distributions. Clearly, G’ must be in one of the following three cases.

Case 1 G € {Kpni7 — A|0 < |A] <1 or |A| > 3}. By Theorems 1 and 2, G' = K, 17
or G = K, n+7 — A(JA] = 1), both are determined by their cycle distributions. Moreover, if
G = K, n+7 — A(JA| > 3), according to Lemma 2, there must have maxcs(G') < mincq(G).
Therefore, if G’ € {G|G = Ky ny7 — A, |A| # 2}, G’ and G have different cycle distributions.

Case 2 G’ € {K 4k n+7-k—A||A] = 4,0 <j <n+k—2,1 <k <3}. Obviously, n+k > j+2. By
Lemma 3, can42k(G’) # 0 and cap42k(G) = 0. Thus, G’ and G have different cycle distributions

too.

Case 3 G € {Kpyint7-k —All4] = 4,7 > n+k—1,1 < k < 3}. Let G” be any graph
in {Kptknt7—k —Al|lAl = 4,5 > n+k—1,1 <k < 3}. Then ¢4(G’) < maxcy(G”). Denote

f(k) = maxca(G"”). From Lemma 1, we know

Flk) = (n—;—k) <n+;—k> Cntk—1) (n—l—/f—l) <n+7;k—1>+
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(n+§_1>(n+7—k—1).

In what follows, we need to prove f(k) < ca(G1) < c4(G2) < ca(G3) only, or equivalently, to

e () (7)) (1)

7 -1 6
Denote H (k) be f(k) — <Z> <n—2|— ) +2 <n1 ) (n—li_ ) — 1. Counsider the following

prove

cases:
(a) k=1.
H(1)=f(Q1) - (Z) (";7> +2 <"Il> <"J1FG> —1=—%(n3—4n2—51n+26)
:—%[n(n2—4n—51)+26].
Thus, we have H(1) < 0 if n > 14.
(b) k=2
H(2) = £(2) - (’;) (”‘2”>+2<";1> (”j()') 1= L0t~ T~ 66n + 14)
1

= —g[n(n2 — Tn — 66) + 14].

Thus, if n > 14, H(2) < 0.
(¢) k=3.

wo=so- () (7)) ()

1 1
= —E(n?’ —8n? —TIn+8) = —§[n(n2 —8n—71)+38|.

Therefore, H(3) < 0 when n > 14.

In summary, we have f(k) < ci(G1) < ca(G2) < ca(G3). So ca(G') < ca(G), where
G € {G1,G9,G3}. Therefore, G’ and G have different cycle distributions. Thus we have com-
pleted the proof. O

Theorem 4 G = K, ,+7 — A(|A| = 3) is determined by its cycle distribution if n > 16.

Proof From [8], K, n+7[A] must be one of six types of graphs as shown in Figure 2.

H,y Hy Hj
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1AV

H, 5 6

Figure 2 Ky ni7 — |A] (JA] = 3)

Denote these six types of graphs by Hy, Ha, Hs, Hy, Hs, and Hg, respectively. Let c4(G;) denote
the number of cycles of length 4 of G; = K, 47 — E(H;). Clearly, we have

es(Gr) = (Z) <n—2|—7> _3(11;1) <n—1|—6> s

es(Gs) = (Z) <”‘2”> —3(";1> <"16> 1)+,
D B [
ca(Ga) = (Z) <n;7> _3(11;1) <nj6> +(2n46)—1,
D B S
(A e

Obviously, there are c4(G1) < ca(G2) < c4(G3) < ca(Gy) < ca(Gs) < c4(Gg). It shows that
G;(i =1,...,6) have different cycle distributions.

Now we will prove that if G # G = K, n47 — A(|A| = 3), G’ and G have different cycle

distributions. We know that G’ must be in one of the following three cases.

Case 1 G' € {K, ni7 — A|0 < |A| < 2 or |A| > 4}. By Theorems 1, 2 and 3, G’ = K, p+7,
G = Kpnir — A(JA| = 1), and G’ = Ky, pnt7 — A(JA| = 2) are determined by their cycle
distributions. Moreover, if G’ = K, 17 — A(JA| > 4), by Lemma 2, maxcs(G’) < minca(G).
Thus, if G' € {G|G = K, n17 — A, |A| # 3}, G' and G have different cycle distributions.

Case 2 G € {Kptint7-k — A4 =4,0<j<n+k—-2,1<k<3}. Asn+k>j+2, by
Lemma 3, captor(G’) # 0 and copp2k(G) = 0. So G’ and G have different cycle distributions.

Case 3 G' € {Knyhnt7-k —Al|lAl =j >n+k—-1,1 <k < 3}. Let G’ be any graphs
in {Kpypnir—k — A4 =j=n+k—-1,1 <k <3} So cs(G") < maxey(G”). Denote
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f(k) = maxcs(G”). By Lemma 1, we have

F) = <n42rk> <n+;—k> —(n+k—1)<n+f_1> <n+7;k—1>+

(”“L];_l) (n+7—k—1).

We now prove f(k) < c4(G1) < c4(G2) < c4(G3) < ca(Gy) < ¢c4(G5) < ¢4(Gs). In fact, we
n

7 -1 6
only need to prove f(k) < c4(G1) = <2> nt nl n—1|— +3.

7 -1 6
Let H(k) = f(k) — (Z) <n—2|— ) +3 <n1 ) (n—li_ ) — 3 and consider the following

o () () (10) (1)

(a) k=1.
Lo 3 2 1 2
:—E(n —6n —61n—|—42):—§[n(n — 6n — 61) + 42].

Thus, if n > 16, H(1) <0

(b) k=2.
n n+7 n—1 n+6
== (5)(757) = (1) (17) -

1 1
= —E(nb’ —9n? — 760 + 30) = —g[n(TLQ —9n — 76) + 30].

It shows that H(2) < 0 if n > 16.

(c) k=3.
n n+7 n—1 n+6
mo-so- () (757) (1) (1)

1 1
—§(n3 —10n? — 81n +24) = —5[n(n2 — 10n — 81) + 24].

Thus, if n > 16, H(3) < 0.

In summary, f(k) < c4(G1) < ca(G2) < ca(G3) < ca(Gq) < ca(G5) < ca(Gg). So ca(G') <
c4(G), where G € {G1,G2,G3,G4,G5,Gg}. Therefore, G’ and G have different cycle distribu-
tions. Thus, the proof is completed. O
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