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1. Introduction

Let (R, m) be a Noetherian local ring with infinite residue field. We say that F = {I,},>0 is
a filtration if [y = R D I; D I, O --- is a chain of ideals of R such that Iy # R and I,,I,, C I,;,4n
for all m,n. For any filtration F = {I,,},>0, let R(F) = D,,5¢ In and G(F) = B,,5¢ In/In+1
be the Rees ring and associated graded ring of F. If F is an_Il—adic filtration, we write R(LL)
and G(Iy) for R(F) and G(F), respectively. Further, let M be a finitely generated R-module.
We say that F is a Hilbert filtration with respect to M if A\(M/I1 M) < oo and [ I,M = I,,11 M
for large n. Hilbert F-filtration with respect to M satisfies (,,~, InM = 0.

Throughout the paper, let (R, m) be a commutative Noetheri_an local ring with infinite residue
field, M a finitely generated Cohen-Macaulay R-module of dimension d > 0 and F a Hilbert
filtration with respect to M. Let K be an m-primary ideal of R such that I,,4; C K1, for all
n > 0.

Let Fg(F) = @,,5¢ In/KI, be the fiber cone of F with respect to K, and G(F,M) =
D, InM/I 1 M, F;;(]—", M) = @,~oInM/KI,M. Then G(F,M) is a finitely generated
G(]-:)—module and Fr(F, M) is a ﬁnitefy generated Fi (F)-module.

Let Hx(F,M,n) = A\(M/KI,M) be the Hilbert-Samuel function of F with respect to M
and K, and Pk (F, M,n) the corresponding polynomial. Then

Pe ) =g (") caEan ("0 4k ) ),
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In this paper, we will discuss the properties of Hilbert coefficients ¢;(F, M) and related
problems under the assumption that G(F, M) and Fg (F, M) have almost maximal depths, i.e.,
depth G(F, M) > d — 1 and depth Fg(F,M) >d— 1.

When (R, m) is Cohen-Macaulay of dimension d > 0, I is an m-primary ideal such that depth
G(I) > d—1 and J is any minimal reduction of I, Corso, Polini and Pintol? ([5, Corollary 2.6])
showed that A(I™/JI"~!) is independent of J for all n > 1. To generalize this result, we suppose
that depth G(F, M) > d — 1 and depth Fg(F, M) > d — 1. Let J be a minimal reduction of F
with respect to M. We will show that A\(K1,M/KJI,_1M) does not depend on J for all n > 1.

Under the above assumptions on R and depth of G(I), reduction numbers have also nice
properties. It is proved in [5] that r;(I) is independent of J. Furthermore, Marley!'% showed
that r(I) = n(I) + d, where n(I) is the postulation number of I. We can also generalize these
results to the filtration case. Assume that depth G(F, M) > d—1 and depth Fx(F, M) >d—1,
and let J be a minimal reduction of F with respect to M. We will show that the K-reduction
number 7 (F, M) is independent of J and ™ (F, M) = n®(F, M) +d.

In Section 5, we will give lower bounds for g, (F, M) and go(F,M). Our results are the

following

g1 (F, M) =Y NEIL,M + JM/JM) — \(M/KM)

n>1
92(F, M) > " nNK Lpa M + JM/JM) + XM/ | J (KM + Ja_M) - If).
n>1 E>1

The above formula for the lower bound of g1(F, M) generalize the formula for g1 (F, R) obtained
by Jayanthan and Vermal”. One simply puts M = R, then

g1(F,R) = Y NKI, +J/J) = NR/K).

n>1

2. Preliminaries

Let H(F,M,n) = A(M/L,M) be the Hilbert-Samuel function of F with respect to M and

P(F,M,n) the corresponding polynomial. We have that
P(F,M,n) = eO(j:vM)<n+j_ 1) —el(f,M)<n;dI2> 4+t (—1)d€d(.7:,M).
Then go(F, M) = eo(F, M).

Anideal J C I is said to be a reduction of F with respect to M if there exists an integer r > 0
such that I,,11M = JI, M for all n > r. By [9, Lemma 1], there exist x1,...,x4 € I; such that
(z1,...,24) is a minimal reduction of F with respect to M. Then, since M is Cohen-Macaulay,
we have that eo(F, M) = N(M/(z1,...,za)M).

Let J be a minimal reduction of F with respect to M. The K-reduction number r%¥ (F, M)
of F with respect to M and J is defined by

r$(F, M) = min{n | KI,, 1 2\M = KJI,,M for all m > n},
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and the K-reduction number 7% (F, M) of F with respect to M is defined as
r5(F, M) = min{r¥ (F, M) | J is a minimal reduction of F with respect to M?}.

Set n(F, M) = min{n | Px(F,M,k) = Hg(F,M,k) for all k > n}, which we call as the
K-postulation number of F with respect to M. Note that, as Px(F, M, n) is a polynomial of
degree d, n® (F, M) > —d.

Let © € I \ Iz and z* the initial form of z in G(F). x* is said to be superficial for G(F, M)
if there exists an integer ¢ > 0 such that (I,-1M : z)NI.M = I, M for all n > ¢. Similarly,
for any € I; \ K11, let 2° be the initial form of z in Fg (F), 2° is said to be superficial for
Fi (F, M) if there exists an integer ¢ > 0 such that (KI,41M : )N I.M = KI,M for all n > c.
Superficial sequences are defined inductively.

Suppose that 20 is superficial for Fx (F, M). Let “ — " denote images modulo (z). Thus,
F=F/(x) ={In.+ (@)/()}n>0, J = J/(x), K = K/(z), M = M/zM. Since

Hp(F,M,n+1) = Hg(F, M,n+ 1) — Hg(F, M,n) + \(KIL,41 M : 2)/ KT, M),
it follows that
gi(F, M) = g;(F,M),i=0,1,...,d— 1.

The following lemma can be shown by similar arguments in [7] (cf. [3]).

Lemma 2.1 Let J be a minimal reduction of F with respect to M. Then there exist x1,...,xq €
I \KI, such that J = (z1,...,24), x},..., ), is a superficial sequence for G(F, M) and 29, ..., 2
is a superficial sequence for F (F,M).

Furthermore, if depth G(F,M) > k and depth Fg(F,M) > k for an integer k > 0, then

one may choose the above x1,...,xq such that z7i,...,z} is a regular G(F, M)-sequence and
29, ... ,x% is a regular Fg (F, M )-sequence. In this case, for all n > 0,

(KIn_HM-i- (xl,...,xi_l)M) cx; = KIL,M + (:vl,...,xi_l)M, i=1,2,...,k.

The same arguments as in [8, Lemma 3.8] and [10, Lemma 1] can be applied to get the

following

Proposition 2.2 Let J = (x1,...,24) be a minimal reduction of F with respect to M with
generators chosen as in Lemma 2.1. Suppose that x} is G(F, M)-regular and 29 is Fr (F, M)-
regular. Let “ — 7 denote images modulo (x1). Then rjf(?, M) =r¥(F, M) and nK(F, M) =
n®(F, M) + 1.
The Hilbert coefficients g;(F, M) can be calculated by Hilbert series. Write
Pt ) = oo (") = atEan (") e g )

Then gy (F, M) = go(F, M) and g[(F, M) = g;(F, M)+g;i—1(F,M),i=1,...,d. Let Hr(M,t) =
Yoo Hix (F, M,n)t" be the Hilbert series of F with respect to M and K. Then there exists
a unique polynomial f(¢) € Z[t] such that Hr(M,t) = (1_705% Then g/(F,M) = w,
i=0,1,...,d, [1, Chapt. 4].
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Using the same arguments as in [4, Proposition 1.5], we have

Proposition 2.3 Let J = (21,...,24) be a minimal reduction of F with respect to M with x}
being superficial for G(F, M) and z9 being superficial for Fx (F,M). Let “ — " denote images
modulo (z1). Then

9a(F, M) = ga(F, M) = > (~1)*N(K L1 M : 1) /KT, M).
n>0

Furthermore, if 23 is G(F, M)-regular and 29 is Fx (F, M)-regular, then
S Hp(F, M n)t" = (1—t)>  Hg(F, M,n)t".

n>0 n>0

3. Independence of lengths

In this section, we prove the independence of the length AN(KI,M/KJI,_1M) on J. We

need a lemma.

Lemma 3.1 Suppose that depth G(F,M) > d — 1 and depth Fgx(F,M) > d—1. Let J be a
minimal reduction of F with respect to M and r = r’¥(F,M). Then

r+1
M K KL M Kln_1M KI, M n
)\(KM) + [/\(W) =X KM )t + nXZIQ[)‘(KJln,lgM) o /\(KJln,lM )t
ZHK(]:’M’H)LL - (1— )it
n>0
Proof Choose generators x1,...,xq for J as in Lemma 2.1. Let “ —” denote images modulo
(21,...,24-1). Then from Proposition 2.3, we have
Z Hf(?, M, n)t"
n __ n>0
ZHK(}-aMan)t - (1—t)d_1

n>0
It is clear that \(M/KM) = A(M/KM), \(KM/JM) = \(KM/JM). For all n > 0, by Lemma
2.1,
(KIn+1M+ (Il, . ,Iifl)M) Xy = KInM+ (Il, . ,Iifl)M, = 1,2, .. .,d— 1,

it follows that
KLiyyMN(zq,...,2;)M CKJL,M,i=1,2,...,d— 1.

Hence

NKI,M/KJIL,_ M) = NKI,M/KJI,_,M),n=1,2,....

Thus, we may assume that d = 1 and it is enough to show that
r+1
KI, 1M u n
M) + MR — AEEDIE + 2 Mawr o) ~ Marr i)l

(1-1)?

> Hi(F,M,n)t" =

n>0
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Set
> ant™

n>0

> Hi(F,M,n)t" = i

n>0
Then, we get that
ag = NM/KM)
a1 = NM/KIL1M) —2A\(M/KM)
an =N M/KL,M)—-2\X(M/KIL, 1«M)+ XM/KI,,_oM), n=2,3,...

)

and, a,, = 0 for n > 0. Let n > 2. Note that
KInflM KIn72M

MM/ K1 M) = 2A(M /K Ly M) 4+ MM/ K I M) = N=530) = MG =)

Thus
an = NKIn_1M/KI,M) - XNKIL, oM/KI,_ 1M),n=2,3,....

Since 1 is M-regular and
MEM/KILILM)+ MKLM/21KM) = M(KM/21M) + Ma1 M /21 KM),

we have that

ANEM/KI, M) — N(M/KM)
ANEM/KIM) — XNay M/x K M)
ANEM/ay M) — XK I, Mz, K M).

ai

Similarly, for n > 2, since
MK, 1M/KI,M)+ NKI,M/x1KI,_1M)
=NKIn1M/21 KL, oM)+ Na1KIy_oM/x1KI, 1 M),
it follows that
an = NKI,_1M/KI,M)— XNa1KI,—oM/x1KI,_1 M)
=NKI,_1M/x1KI, oM) - NKIL,M/x1KI,_1M).
As KI,M = 1 KI,_1M for all n > r 4+ 1, we see that a,, = 0 for all n > r + 1. The result

follows. O

Theorem 3.2 Suppose that depth G(F, M) > d — 1 and depth Fg(F,M) > d—1. Let J be a
minimal reduction of F with respect to M. Then AN(KI,M/KJI,_1M) does not depend on J
for allm > 0.

Proof Let r = 7% (F, M). Then, from Lemma 3.1, we have

r+1
Mzr) + MR = AR+ ZQ[A(E};’;%) — Mg w1t

(1 —t)d+1

> Hi(F,M,n)t" =

n>0
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Denote the right side as % Since >, 5o Hi (F, M,n)t" = 37 S o MM/KIL,M)t" is a
series with coefficients independent of J, we see that a,, is independent of J.

Note that A(M/JM) = eo(F, M) is independent of J. Then A\(KM/JM) = M(M/JM) —
A(M/KM) is also independent of J. It follows that A(KIZ1M/KJM) = AM(KM/JM) — a; and
MEM/KJM) =XM/KL M) —e(F,M)— a; are independent of J. Inductively, suppose that

MKI,M/KJI,—1M) does not depend on J. Then
ANE g1 M/ K JILM) = N(KI,M/K JI,_1M) — api1

is also independent of J. The proof is completed. O

4. Independence of reduction numbers
We first show that r (F, M) is independent of J.

Theorem 4.1 Assume that depth G(F,M) > d — 1 and depth Fx(F,M)>d—1. Let J be a
minimal reduction of F with respect to M. Then % (F, M) is independent of .J.

Proof If d > 1, then, by Lemma 2.1, we may choose z1,...,x4 such that J = (x1,...,z4),
zi,. .2y, is G(F,M)-regular and 29,...,29 | is Fg(F, M)-regular. Then 7 (F, M) =
ij(?, M) by Proposition 2.2, where “ = ” denote images modulo (z1,...,24_1). Hence we
may assume that d = 1.

Suppose that d = 1. Let J; = (z) and Jo = (y) be two minimal reductions of F with respect
to M. Set r; = rﬁ‘i(]—',M) and ro = TJIZ(]:,M). If r1 # ro, say 71 > ro, then

yKI, M = KI, ;M = 2KI, M = 2yKI, _, M.

It follows that KI,, M = xK1I,,_1 M, which contradicts the minimality of ;. Hence r; = rs.

Further, we calculate the reduction number.

Theorem 4.2 Assume that depth G(F,M) > d — 1 and depth Fx(F,M) > d — 1. Then
rB(F, M) = n®(F, M) +d.

Proof Let J be a minimal reduction of F with respect to M. We want to show that r’ (F, M) =
nB(F, M) + d.

If d > 1, then, by Lemma 2.1, we may choose z1,...,24 such that J = (z1,...,zq),
ot xh  is G(F,M)-regular and 29,...,29 | is Fg(F, M)-regular. Then 7% (F, M) =
7‘?(?, M) and n®X(F,M) = n®(F, M) + d — 1 by Proposition 2.2, where “ — 7 denote im-
ages modulo (z1,...,74-1). Hence we may assume that d = 1. Let r = r&(F, M).

If n(F, M) = —1, then Pk (F, M,0) = Hy(F, M,0). But Px(F, M,0) = —gy(F, M) and
Hyg(F,M,0) = A\(M/KM). Note that

91(F, M) = ZT: MEILM/zKT, M)~ XNM/KM).

n=1
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It follows that .
> ANKIM/zKI, M) =0,

n=1
hence, KI,M = xK1I,_1M holds for all n > 1. Thus rf(]—', M) =0.
Now assume n(F, M) > 0. Since K1, 1M = xKI,M for all n > r, we have that K I, M =
2" "KI.M for all n > r. Thus
Hi(F,M,n) = AXM/KIL,M)=XXM/x"""M)+ Xa"""M/«"""KI.M)
=(n-—r)AX(M/zM)+ NM/KI.M), for all n > r.

On the other hand, since

g1 (F, M) =Y MEILM/xKI, M) - NM/KM)

n=1

=MNKIL,M/xKI,_1M)+ XNaKI,_iM/2*KI,_oM)+
s+ A" KLM /2" KM) — A\(M/KM)
=MNKILM/z"KM)—-XNM/KM),
we get that, for all n > r,
P (F, M, n) =ngo(F, M) — g1(F, M)
= nAM/xM) — NK I M/a" K M)+ \(M/KM)
=n—r)AM/zM) +rA(M/zM) — N(KI,M/x"KM)+ NM/KM)
=n—r)AM/zM) + NM/x"M) - NKI,M/x"KM) + Xaz"M/x"KM)
=n—-r)AM/zM)+ NM/KI.M)
= Hg(F,M,n).
Therefore nf (F, M) <r —1.

It remains to show that r < n®(F, M) + 1. For all n > n®(F, M) + 1, from Py (F, M,n) =
Hg(F,M,n),ie, \(M/KI, M) =nAM/zM)—g1(F, M), we obtain g, (F, M) = =A\(M/KI,M)+
A(M/z"M). Tt follows that, for all n > nf(F, M) + 1,

AMM/KI M) =(n+1)ANM/zM) — g (F, M)
M/z" P M) + N(M/KI,M) — X(M/x™ M)
"M /z" T M) + \N(M/KI, M)
M/xM) + MNaM/zKI, M)

Thus K1, 1M = xKI,M for all n. > n®(F, M) + 1. Hence r < n®(F, M) + 1 as required. O

5. Lower bounds for g,(F, M) and ¢»(F, M)

In this section, we will give lower bounds of the Hilbert coefficients g;(F, M) and go(F, M).
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Let us first give a lower bound for g1 (F, M).

Proposition 5.1 Let J be a minimal reduction of F with respect to M. Then
g1(F, M) > > NKILM + JM/JM) — \(M/KM).
n>1
Proof Choose z1,...,24 as in Lemma 2.1 such that J = (21,...,24). Let “ —” denote images
modulo (21,...,74_1). Then KI,,,wM + JM/JM = KI,, .M + JM/JM, M/KM = M/KM
and g1(F, M) = g;(F, M). Thus we may assume that d = 1. In this case, we have
g (F, M) = Z MKIL,M/x1 KT, 1 M) — XNM/KM).
n>1
But KI,M +x1M/x1M =2 KI,M/KI,M Nx1M is a factor module of KT, M/x1KI, 1M, we
get that N(KI,M/x1KI,,_ 1M) > NKIL,M + 21 M/x1M). Hence
g1 (F, M) > > NEI,M + a1 M/ M) — \(M/KM).
n>1
For the second Hilbert coefficient, we need to generalize the definition of the Ratliff-Rush

closure of a filtration introduced in [8].

Definition 5.2 The Ratliff-Rush closure of F with respect to M and K is defined asrri (F, M) =
{rrie(In, M)} >0 with 7 (I, M) = Ups (K LM 2 IF).

We will need the following propertiesiof Ratliff-Rush closure, whose proof is similar to that
of [8, Proposition 2.3].

Lemma 5.3 rrx(I,, M) = KI,M for n > 0 and, if J is a minimal reduction of Iy, then, for
alln > 1,
i (L, M) J = rrg (In-1, M).

Theorem 5.4 Suppose that d > 2. Let J be a minimal reduction of Iy and x1,...,xq as in
Lemma 2.1 such that J = (x1,...,24). Set Jg—2 = (x1,...,24—2). Then
Kl M+ JM M
F,M) > n + A .
92(F. M) 2 3 nX( JM ) (U,Ql(KIkM ¥ Ja_aM) - If)

n>1
Proof Firstly, let us show that J is also a minimal reduction of F with respect to M. Since F
is Hilbert, there exists some s > 1 such that 1 [, M = I,,;1 M for all n > s. As J is a minimal

reduction of I, we have some r > 1 such that IIH = JI]. Then, for any n > r + s,
LM =17, oM = JI[ T, .M = JI,M.

Hence, J is a minimal reduction of F with respect to M.

If d > 2, let “— 7 denote images modulo Jy_2. Then go(F, M) = go(F, M), K1, ;1 M +
JM/JM = KI, . M + JM/JM and M /rri(Io, M) 2 M/ Up>1 (KIyM + Jq—oM) : If. Thus
we may assume that d = 2 and it is enough to show that
M+ JM M

gg(f,M)ZZn)\(KIn+JM )+ (T‘TK(IQ,M))'

n>1
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Because that 77 (I, M) = KI,M holds for n > 0, we can use }_, )\(WA{LM))IS” to
calculate g (F, M) and g, (F, M).

Consider the exact sequence

M P M ) o JM
LY po A
i (L1, M) : J rri (In—1, M) Jrrg (In-1, M)

00—

— 0

where the map « and (§ are defined as, a(7,3) = z17 + z25 and B(F) = (27, —x17). It follows
that for all n > 2,

M M JM
2A(m~K(In,l,M)) =A rri (In—1, M) : 7t ’\(JrrK(In,l,M))
Y M A M M

N —
i (L1, M) : J JTTK(InflvM)) (JM)
M M

- A(wK(In,l, M) : 7+ ’\(JrrK(In,l, M)) — eo(F, M).
Therefore
co(F, M) + 2/\(7’1";(([”,1, M)) - )\(T’I’K(]X, M) B A(TTK(Ii\{Q, M))
M M M M
- /\(JTTK(In,l, M)~ /\(rrK(In, M)) + A(wK(In,l, M) : 7 A(wK(In,Q, M))

15 (L, M) Y i (Lh—1, M) : J)
JT‘TK(In_l,M) T‘TK(In_g,M)
rri (In, M)
J’f‘?‘[{(,[n_l,]\f))7

where the last equality holds because of rri (I, M) : J = rri (L,—1, M) for all n > 1, by Lemma
5.3.

Let Yoo Mt " = @ (tt) Since

eo(F, M) — f(t)  eoF M) = (1=)* 3, o Mfran )t

1-1¢ 1-1¢

M M M n
= Té[eo(f, M) + 2A(T‘TK(In—1,M)) - )\( ) - )\(TT‘K(In_2,M) )]t +

eo(F, M)(1 +1¢t) — X( (1 —2t) = M(—————=)t

rri (I, M)

- rri (L, M) |, M
=D Mgt e F M) (1 +1) — Mool

rric (Lo, M)

)(1—2t)—

it follows that

rrr (In, M)
=eo(F,M)— (1—-1)] E /\—
f() 0( = JTTK n— 1,M)

M M
(T’I’K(I(),M))(l —2) - /\(TTK(IMM)

W+ eo(F, M)(1+t)—

).
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Then
M n M ey M,
f Z JTTK - hM))t +eo(F, M)(1 +1) )\(TTK(IO,M))(l 2t) /\(TTK(Il,M))t
_ M ne1 oMM
(1= 7;2 nA( Jrr (In— 1,M))t +eo(]:’M)+2)\(T7’K(IO,M)) )\(T’I’K(Il,M))]
and
non rri(In, M) . _ M M
f (t) _2[7§2n)\(JTT'K(In_1,M))t ! +80(F7 M) +2/\(T‘TK(IQ,M)) - A(T'TK(Il,M))]_
rri (L, M) e
Hence
rri (In, M) M M

gi(F, M) = f(1) = Z)\(JTTK(LWMM))+2€O(f7M)+A(TTK(Io,M)) _)\(TTK(IlaM))

Z nA( rr (In, M) M M

(]: M) JTTK (L— 1,M))+eo(]:7M) +2)\(T7’K(10,M)) _)\(TTK(Il,M))'

n>2
Therefore

92(F, M) = g5(F, M) — g1(F, M) = go(F, M) — g,(F, M) + eo(F, M)
_ Z TT’K n+1,M) +)\ M

= JTTK (I,, M) rri (Lo, M)
- Z TTK(In-i-luM) )_i_/\(KIn-l-lM'i‘JrTK(InuM))] M )
= K, 1M + Jrrg (I, M) Jrri (L, M) rri (Io, M)
rrK In 1,M KIn 1M M
3 alx U M)y : 4 A )
=~ KL, M+ Jrri (I, M) KL, M0 Jrrg (I, M) rri (Lo, M)

_ Z”[/\( rri (Iny1, M) Y KI, M N

KL M+ Jrri (T, M) JM N KLy M
JMNKI, M M
A - )]+ A )
Kl M N Jrrg (I, M) 1y (Io, M)
KIn+1M +JM M
= A
nZ:l )+ (TTK(107M))+

A 7 (Iny1, M) +Z \ JMNKI, M
n
D n KI, 1AM + Jrrg (I, M) KI, M0 Jrrg(I,, M)

n>1
Kl M+ JM M
> A A .
—;” ( JM ) Ao
The proof is completed. O
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