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Abstract Matsushita, Takahashil* proved a strong convergence theorem for relatively nonex-
pansive mappings in a Banach space by using the hybrid method (C'Q method) in mathematical
programming. The purpose of this paper is to modify the hybrid method of Matsushita, Taka-
hashi by monotone C@Q) method, and to prove strong convergence theorems for weak relatively
nonexpansive mappings and maximal monotone operators in Banach spaces. The convergence
rate of monotone C'Q method is faster than the hybrid method of Matsushita, Takahashi. In
addition, the Cauchy sequence method is used in this paper without using the Kadec-Klee prop-
erty. The results of this paper modify and improve the results of Matsushita, Takahashi and
some others.
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1. Introduction

In recent years, the C'QQ iteration methods for approximating fixed points of nonlinear map-
pings have been introduced and studied by various authors!! 4.
In 2003, Nakajo and Takahashill proposed the following modification of Mann iteration
method for a single nonexpansive mapping 7" in a Hilbert space H:
xg € C, chosen arbitrarily,
Yn = nZpn + (1 — ap)Txy,
Cn={2€C: lyn — 2|l < llon — 2]}, (1.1)
Qn=1{2€C:{zy— 2,20 — xy) >0},
Tn+1 = Pe,nq. (900)7
where C' is a closed convex subset of H and Pk denotes the metric projection from H onto a

closed convex subset K of H. They proved that if the sequence {c,} is bounded above from one,
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then the sequence {z,} generated by (1.1) converges strongly to Pp(r)(0), where F'(T') denotes
the fixed points set of T.
In 2006, Kim and Xul? proposed the following modification of the Mann iteration method
for asymptotically nonexpansive mapping 7" in a Hilbert space H:
xg € C, chosen arbitrarily,
Yn = WnZn + (1 — )T 2y,
Co={2€C:lyn —2I” < 2w — 2> + 00}, (1.2)
Qn={2€C:{x, — 2,39 — xpn) >0},
Tnt1 = Po,nq. (7o),

where C' is bounded closed convex subset and
0, = (1 — ay) (k% — 1)(diamC)? — 0 as n — oo.

They proved that if the sequence {a,} is bounded above from one, then the sequence {,}
generated by (1.2) converges strongly to Pr(ry(o).

They also proposed the following modification of the Mann iteration method for asymptoti-
cally nonexpansive semigroup < in a Hilbert space H:
xg € C, chosen arbitrarily,

1 tn
Yn = app + (1 — an)t— / T(s)zpds,
0

Crn={2€C:|yn— Z||2 < [lzn _Z|‘2+§n}a
Qn=4{2€C:{x,— 2,29 — xy) > 0},

x’ﬂ"rl = Pcn NQn (‘TO)7

where C' is bounded closed convex subset and

9, = (1— an)[(% /Ot" L(u)du)? — 1](diamC)? — 0 as n — oco.
They proved that if the sequence {ay,} is bounded above from one, then the sequence {,}
generated by (1.3) converges strongly to Pp(g) (o), where F(3) denotes the common fixed points
set of .
In 2006, Martinez-Yanes and Xul®l proposed the following modification of the Ishikawa iter-
ation method for nonexpansive mapping 7" in a Hilbert space H:
xo € C, chosen arbitrarily,
Yn = @nZpn + (1 — ap)T 2y,
2n = Bnn + (1 = Bn)Tn,
Cn={2€C: |lyn —2I” < [lan — 2[*+ (1.4)
(1- an)(l|zn”2 - ”anQ + 2(zn — 2n, 2)) }
Qn={2z€C:{xyn— 2,20 —xp) >0},

Tni1 = Pe,nq, (o),

where C' is a closed convex subset of H. They proved that if the sequence {e,} is bounded

above from one and (3, — 0, then the sequence {z,} generated by (1.4) converges strongly to
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Prr) (o).

Martinez-Yanes and Xul®! proposed also the following modification of the Halpern iteration
method for nonexpansive mapping 7" in a Hilbert space H:
xo € C, chosen arbitrarily,

Yn = anzo + (1 — apn) Ty,
Cn={2€C: |yn —2|” < [lzn — 2P+
an([|zol” + 2{xn — w0, 2))},
Qn=4{2€C:{x,— 2,20 — xy) > 0},

x’ﬂ"rl = Pcn NQn (‘TO)7

where C' is a closed convex subset of H. They proved that if the sequence «,, — 0, then the
sequence {x,} generated by (1.5) converges strongly to Pp(r)(zo).
In 2005, Matsushita and Takahashil¥ proposed the following hybrid iteration method with

generalized projection for relatively nonexpansive mapping 7" in a Banach space E:
xg € C, chosen arbitrarily,
yn = J HanJzg + (1 — apn)JTx,),
Cn={2€C:¢(z,yn) < d(z,2,)} (1.6)
Qn={z€C:{(xy— 2z Jxg— Ja,) >0},
Tny1 = e, nq, (7o)

They proved the following convergence theorem.

Theorem MT Let E be a uniformly convex and uniformly smooth Banach space, let C' be a
nonempty closed convex subset of E, let T be a relatively nonexpansive mapping from C' into
itself, and let {c, } be a sequence of real numbers such that 0 < «,, < 1 and limsup,,_,, o, < 1.
Suppose that {x,} is given by (1.6), where J is the duality mapping on E. If F(T) is nonempty,
then {x,} converges strongly to Ilp(ryxzo, where llp(7)(+) is the generalized projection from C
onto F(T).

The purpose of this paper is to modify the hybrid method of Matsushita, Takahashi by
monotone C'Q method, and to prove strong convergence theorems for relatively nonexpansive
mappings and maximal monotone operators in Banach spaces. The convergence rate of monotone
CQ method is faster than the hybrid method of Matsushita, Takahashi. In addition, the Cauchy
sequence method is used in this paper instead of using the Kadec-Klee property. The results of
this paper modify and improve the results of Matsushita, Takahashi and some others.

2. Preliminaries

Let E be a Banach space with dual E*. We denote by J the normalized duality mapping
from E to 2F" defined by

Jr={f" € E":(z,f) = |«|* = I£]*},

where (-,-) denotes the generalized duality pairing. It is well known that if E* is uniformly
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convex, then J is uniformly continuous on bounded subsets of E.

As we all know that if C' is a nonempty closed convex subset of a Hilbert space H and
Peo : H — C is the metric projection of H onto C, then Pg is nonexpansive. This fact actually
characterizes Hilbert spaces and consequently, it is not available in more general Banach spaces.
In this connection, Alber!®! recently introduced a generalized projection operator I in a Banach
space F which is an analogue of the metric projection in Hilbert spaces.

Next, we assume that E is a smooth Banach space. Cousider the functional defined as in [5,
6] by

$(x,y) = ||z[|* = 2(z, Jy) + |ly[|* for z,y € E. (2.1)

Observe that, in a Hilbert space H, (2.1) reduces to ¢(x,y) = ||z — y||?, x,y € H.
The generalized projection Il : E — C is a map that assigns to an arbitrary point z € E
the minimum point of the functional ¢(z,y), that is, IIcx = Z, where Z is the solution to the

minimization problem

(7, x) = min oy, ). (2.2)

Existence and uniqueness of the operator Il follow from the properties of the functional ¢(z,y)
and strict monotonicity of the mapping J1°~7. In Hilbert space, I = Pc. It is obvious from
the definition of function ¢ that

Iyl = N1z)* < ¢y, 2) < (lyll + ll«]))* for all z,y € E. (2:3)

Remark If F is a reflexsive strictly convex and smooth Banach space, then for z,y € E,
¢(z,y) = 0 if and only if z = y. Tt is sufficient to show that if ¢(z,y) = 0, then z = y. From
(2.3), we have ||z|| = |ly||. This implies (z, Jy) = ||z||> = ||Jy||*. From the definitions of j, we
have Jx = Jy. That is, x = y; see [8, 9] for more details.

Let C be a closed convex subset of E, and let T' be a mapping from C into itself. We
denote by F(T) the set of fixed points of T. A point of p in C is said to be an asymptotic fixed
point of 710
limy— oo (T2 — 2,,) = 0. The set of asymptotic fixed points of T will be denoted by F(T). A
mapping T from C into itself is called nonexpansive if |Tz — Ty| < ||z — y|| for all z,y € C
and relatively nonexpansivel!0=12 if F(T) = F(T) and ¢(p,Tz) < ¢(p,z) for all 2 € C and
p € F(T).

Now, we present the definition of weak relatively nonexpansive mappings.

if C' contains a sequence {x,} which converges weakly to p such that the strong

Let C be a closed convex subset of E, and let T' be a mapping from C into itself. We denote
by F(T) the set of fixed points of T. A point of p in C is said to be a strong asymptotic fixed
point of T if C' contains a sequence {x,} which converges strongly to p such that the strong
lim,, o (T, — x,) = 0. The set of strong asymptotic fixed points of T’ will be denoted by F(T).
A mapping T from C into itself is called weak relatively nonexpansive if F(T) C F(T) and
o(p, Tx) < ¢p(p,x) for all x € C and p € F(T).

It is obvious, relatively nonexpansive mapping is weak relatively nonexpansive mapping.
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A Banach space E is said to be strictly convex if |ZEL| < 1 for all 2,y € E with |[z| =
lyl = 1 and = # y. It is said to be uniformly convex if lim, o |2 — yn|| = O for any
two sequences {z,}, {yn} in E such that ||z,| = |lya|| = 1 and lim, .o || 22222 = 1. Let
U= {xz € E: || =1} be the unit sphere of E. Then the Banach space E is said to be smooth
provided

tim [z + tytll — =l
exists for each x,y € U. It is also said to be uniformly smooth if the limit is attained uniformly
for z,y € E. It is well known that if £ is uniformly smooth, then .J is uniformly norm-to-norm
continuous on each bounded subset of E. A Banach space is said to have the Kadec-Klee property
if a sequence {x,} — = € E and ||z,| — ||z||, then =, — z. It is known that if E is uniformly
convex. Then E has the Kadec-Klee property; see [8, 9] for more details.

We need the following Lemmas for the proof of our main results.

Lemma 2.1 Let E be a uniformly convex and smooth Banach space and let {x,}, {y.} be

two sequences of E. If ¢(xn,yn) — 0 and either {x,} or {y,} is bounded, then x,, — y, — 0.

(5]

Lemma 2.2 Let C' be a nonempty closed convex subset of a smooth Banach space E and

x € E. Then, o = llgx if and only if
(kg —y,Jox — Jxg) > 0 for y e C.

(5]

Lemma 2.3 Let E be a reflexive, strictly convex and smooth Banach space, let C be a

nonempty closed convex subset of E and let x € E. Then
$(y, 1) + §(ILa, ) < Py, 2) for all y e C.

Lemma 2.4 Let E be a strictly convex and smooth Banach space, let C' be a closed convex
subset of E, and let T be a weak relatively nonexpansive mapping from C into itself. Then F(T)

is closed and convex.

Proof We first show that F'(T) is closed. Let {x,} be a sequence of F(T) such that z,, — g € C.
From the definition of T" we have

¢(@n, Tq) < d(an,q)
for each n > 1. This implies
¢(a;Tq) = lim ¢(zn, Tq) < lim @(an,q) = ¢(g,9) = 0.
Therefore, we obtain ¢ = T'q, so that ¢ € F(T). Next, we show that F(T') is convex. For
x,y € F(T)and t € (0,1), put z = tx + (1 — t)y. It suffices to show Tz = z. In fact, we have
#(2,Tz) = |[2]|* = 2(z, JT2) + | T2|)*

= I = 2(tz + (1 = )y, JTz) + [|T=|*

= |l2]I* — 2t(w, JT2) — 2(1 = t){y, JTz) + || T2||?

< 121 + té(z, 2) + (1 = 1)d(y, 2) — tlz]* — (1 = )]yl
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= 2l = 2(te + (1 — t)y, J2) + |||
= [l2lI* = 2(z, Jz) + |12
= ¢(z,2) =0.

This implies z = Tz. This completes the proof. O

3. Main results

Now, we can prove a strong convergence theorem for weak relatively nonexpansive mappings

in a Banach space by using the monotone C'Q) method.

Theorem 3.1 Let E be a uniformly convex and uniformly smooth Banach space, let C' be a
nonempty closed convex subset of E, let T be a weak relatively nonexpansive mapping from C' into
itself, and let {an, } be a sequence of real numbers such that 0 < o, < 1 and limsup,, . an, < 1.
Suppose that {x,} is given by

xg € C, chosen arbitrarily,

Yn = J Handzy, + (1 — an)JTxy),

Cr={2€Cn1[)Qn-1:6(2,yn) < Bz, 20)},

Co={z€C:¢(z,50) < &(2,20)}, (3.1)
Qn = {Z S Cnfl ﬂanl : <:En - Z,J.IO - J:En> Z 0}7
QO = Cu

:En-i-l = ch ﬂQn (‘TO)7
where J is the duality mapping on E. If F(T) is nonempty, then {xz,} converges strongly to
Hp(ry®o, where lpry is the generalized projection from C onto F(T).

Proof We first show that C,, and @,, are closed and convex for each n > 0. From the definition
of C,, and @Q,, it is obvious that C,, is closed and @,, is closed and convex for each n > 0. We

show that C,, is convex. Since ¢(z,yn) < ¢(z, x,) is equivalent to
2(z, Jan = Jyn) + lyal® = [lzal* <0,
it follows that @,, is convex.
Next, we show that F(T') C C,, [\ Qn for each n > 0. For any p € F(T) and n > 0,
S(p,yn) = ¢, I~ (anJan + (1 = an) JTay))

= IplI? = 2(p, anJzn + (1 — an)JTz,) + ||anJxn + (1 — ap)JTx,)|?
< pll* = 2an(p, Jzn) = 2(1 = an)(p, JTn) + anl|zal* + (1 — an) [Tz, |?
= an(llpl* = 2(p, Jzn) + [2al®) + (1 = o) (Ipl* = 2(p, JTz0) + [Tz |?)
= and(p, 2n) + (1 = an)P(p, Ten)
< and(p,en) + (1 = an)o(p, 2n)

= ¢(p7 $n),
we have p € F(T). Therefore, we obtain F(T') C C,, for each n > 0.
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Next, we show that F(T') C @, for all n > 0, we prove this by induction. For n = 0, we have
F(T) C C = Q. Assume that F(T) C Q.. Since x,1 is the projection of zy onto C;,, N Q,, by
Lemma 2.2 we have

(1 — 2, Jxo — Jxpt1) 20, Vz € CpNQp.

As F(T) c C, N @, by the induction assumptions, the last inequality holds, in particular, for
all z € F(T). This together with the definition of Q41 implies that F(T') C Qpn+1-
Since zp41 = g, ng, xo and C, ([ Qn C Cp—1[) Qn-1 for all n > 1, we have

(n,20) < A(Tnt1,70) (3.2)

for all n > 0. Therefore, {¢(xn,xo)} is nondecreasing. In addition, it follows from definition of

Q@ and Lemma 2.2 that z,, = IIg, z9. Therefore, by Lemma 2.3 we have

¢($n, ‘TO) = ¢(HQH.’IIQ,J;Q) S ¢(p7 'IO) - ¢(p7 xn) S ¢(p7 xo)a

for each p € F(T') C @, for all n > 0. Therefore, ¢(xy, zo) is bounded. This together with (3.2)
implies that the limit of {¢(zn,x0)} exists. Put

lim ¢(x,, o) = d. (3.3)

n—oo

From Lemma 2.3, we have, for any positive integer m, that

(b(Inera In) = (b(Inerv chxo) S ¢(In+ma IO) - ¢(ch$0, xo)
(3.4)
= ¢($n+m7 «TO) - ¢($n, ‘To)u
for all n > 0.
We claim that {z,} is a Cauchy sequence, if not, there exists a positive real number £y > 0
and the subsequence {ny}, {mi} C {n} such that ||zn,+m, — Tn, || > €o0-
On the other hand, from (3.3) and (3.4) we have

(b(xnk-i-mk ) xnk) < (b(x"k"l‘mk ) ‘TO) - (b(‘r"k ) ‘TO)
< |¢(xnk+mka$0) - d| + |d - ¢(xnk7x0)| - 07 k — oo.
Because from (2.3) we know that the ¢(z,, o) is bounded implies the {z,} is also bounded, by
using Lemma 2.1, we obtain
k]*LIEO Hxnk"l‘mk = Tny, ” =0.

This is a contradiction, so that {x,} is a Cauchy sequence. Therefore, there exists a point p € C
such that {x,} converges strongly to p. Hence we have

lim ||@pt1 — zn] = 0. (3.5)
In addition, from (3.3) and (3.4) we have lim,, oo ¢(Zn+1,2n) = 0. This together with the fact
Tp41 € Cp, implies that

nh—>ngo ¢(xn+l 5 yn) =0.

By using again Lemma 2.1, we have

nh_{r;o [zn+1 = ynl = 0. (3.6)
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Since J is uniformly norm-to-norm continuous on bounded sets, we have

im ||Jzp41 — Jynl = lim ||Jzpi1 — Jzn| = 0. (3.7)

On the other hand, we have, for each n > 0,
[J2n 41 = Jynll = | Jent1 = (anJzn + (1 = an)JTz,)|
= |lan(Jzpnt1 — Jxn) + (1 — ) (Jxpg1 — JTzy) ||
= (1 = an)(Jznsr — JTx) — an(Jzy — JTpi1)||
2 (1= an)Jznia = JTanl| = anl|Jon — Joni|

and hence .

1—a,
1
1—a,

([JZns1 = Jynll + an||Jzn — Jzpia ||

IN

([JZns1 = Jynll + | Jzn — Jzpga|)-
From (3.7) and lim,,_,+, a;,, < 1, we obtain

lim ||Jzp41 — JTxz,| = 0.

n—
Since J~! is also uniformly norm-to-norm continuous on bounded sets, we obtain
lim ||zp1 — Ta,| = lim ||[J  Jznq — J T2, || = 0.
n—oo n—oo
Therefore, from
|zn — Txpll < l|2n — Toga || + |2nt1 — T2,

we have lim,, o |2y, — Tz, || = 0. This together with the fact {x,} converges strongly to p € C
and the definition of weak relatively nonexpansive mappings implies that p € F(T).

Finally, we prove that p = Ilp(1)zo. From Lemma 2.3, we have

o(p, Up(rywo) + ¢(Lp(1y 0, 20) < (p, T0). (3.8)

On the other hand, since ,,41 = Il¢, 0 @, (z0) and Cy, N Qn O F(T'), for all n. Also from Lemma

2.3, we have

(U pryxo, Tni1) + O(@ni1,70) < O(Ilpryzo, xo). (3.9)

By the definition of ¢(z,y), we know that
nlingo ¢(In+17x0) = ¢(pax0) (310)
Combining (3.8), (3.9) and (3.10), we know that ¢(p, o) = ¢(Ilp()x0, o). Therefore, it follows
from the uniqueness of Ilp(7yzo that p = Ilp(1ywo. This completes the proof. O

4. Applications

In a similar fashion, we can modify iteration methods (1.1)—(1.5) by monotone CQ methods.
So we can obtain some strong convergence theorems, respectively, we omit here.
Now, we apply Theorem 3.1 to prove a strong convergence theorem concerning maximal

monotone operators in a Banach space E.
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Let A be a multi-valued operator from F to E* with domain D(A) = {z € E: Az # (0} and
range R(A) ={z € E: z € D(A)}. An operator A is said to be monotone if

(1 — 22,91 —y2) >0

for each x1,z2 € D(A) and y; € Axq,y2 € Azo. A monotone operator A is said to be maximal if
its graph G(A) = {(z,y) : y € Az} is not properly contained in the graph of any other monotone
operator. We know that if A is a maximal monotone operator, then A~10 is closed and convex.

The following result is also well-known.

Theorem 4.1'3 Let E be a reflexive, strictly convex and smooth Banach space and let A be
a monotone operator from FE to E*. Then A is maximal if and only if R(J + rA) = E* for all
r > 0.

Let E be a reflexive, strictly convex and smooth Banach space, and let A be a maximal
monotone operator from E to E*. Using Theorem 4.1 and strict convexity of E, we obtain that

for every r > 0 and x € FE, there exists a unique z, such that
Jr € Jx, +rAz,.

Then we can define a single valued mapping J, : E — D(A) by J, = (J +rA)~J and such
a J, is called the resolvent of A. We know that A= = F(J,) for all r > 0, see [9, 14] for
more details. Using Theorem 3.1, we can consider the problem of strong convergence concerning

maximal monotone operators in a Banach space. Such a problem has been also studied in [1],
(7], [15]-[18].

Theorem 4.2 Let E be a uniformly convex and uniformly smooth Banach space, let A be a
maximal monotone operator from E to E*, let J, be a resolvent of A, where r > 0 and let {a,}
be a sequence of real numbers such that 0 < «,, < 1 and limsup,,_, ., o, < 1. Suppose that {x,}

is given by
xo € E, chosen arbitrarily,

Yn = J o Jon + (1 — an)J Jpan),

Cpn={2€Cph_1 ﬂanl C0(2,yn) < O(z,20) 1,
Co={z€ E:d(z,y0) < d(2z,20)},

Qn=9{2€Ch ﬂQn_l Axy, — 2z, Jaxg — Jxy) > 0},
Qo =E,

Tp41 = chan Zo,

where J is the duality mapping on E. If A='0 is nonempty, then {x,} converges strongly to
I 4-1970, where I1 41 is the generalized projection from E onto A~10.

Proof We first show that F\(J,) C A=0. Let p € F(J,). Then there exists {z,} C E such
that 2z, — p and lim, . ||2n — Jr2n| = 0. Since J is uniformly norm-to-norm continuous on

bounded sets, we obtain

1
;(Jzn —JJrzn) — 0.
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It follows from .
—(Jzn — JJrzpn) € Adrzn
r

and the monotonicity of A that
1
(w— Jpzp,w* — ;(Jzn —JJrzn)) >0

for all w € D(A) and w* € Aw. Letting n — oo, we have (w — p,w*) > 0 for all w € D(A) and
w* € Aw. Therefore, from the maximality of A, we obtain p € A~10. On the other hand, we
know that F(.J,) = A~10 and F(J,) C F(J,), therefore, A=10 = F(J,) = F(J,.). Next we show
that .J,. is a relatively nonexpansive mapping with respect to A=10. Let w € E and p € A~10.

From the monotonicity of A, we have
o, Jyw) = |Ipl|* = 2(p, T Jrw) + || Jrw]|?
= |l +2{p, Jw = JJyw = Jw) + || Jywl|?
= [Ipll* + 2(p, Jw — JJ,w) — 2{p, Jw) + || Jyw|/?
= lIp|l* = 2(Jrw — p — Jyw, Jw — JJ,w — Jw) — 2(p, Jw) + || Jrw]||*
= IplI* = 2(J,w — p, Jw — JJpw — Jw)+
2w, Jw — JJ,w) — 2(p, Jw) + || Jow||?

< pll? + 2(Jvw, Jw — JJyw) — 2(p, Jw) + || Jrw]|?
= lIpll* = 2{p, Jw) + [[wl® — | Jrw]* + 2{Jrw, Jw) — [Jw]|?
= o(p,w) — o(Jrw, w)
< ¢(p, w).

This implies that J,. is a relatively nonexpansive mapping. Using Theorem 3.1, we can conclude

that {z,} converges strongly to II4-19zo. This completes the proof. O

Remark In the monotone CQ iteration methods, because {C), )@y} is monotone sequence
of sets, that is, C,, (1Qn C Cp_1[)Qn—1 for all n > 1, the convergence rate of monotone CQ
iteration method is faster than the hybrid(CQ) method of Matsushita, Takahashi and others.
In addition, by using the monotone C'Q) iteration method, we can obtain the strong convergence

theorem for weak relatively nonexpansive mappings.
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