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Abstract In this paper, we are concerned with the minimum real root of the adjoint polynomial
of the connected graph G with cut-vertex u, in which G — u contains paths, circles or D,
components. Here D,, is the graph obtained from K3 and path P,_s by identifying a vertex of
K3 with an end-vertex of P,_2. Some relevant ordering relations are obtained. This extends
several previous results on the minimum roots of the adjoint polynomials of graphs.
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1. Introduction

All the graphs considered here are finite, undirected and simple. Undefined notation and
terminology will refer to those in [1]. For a graph G, let G, V(G) and E(G), respectively, be the
complement, vertex set and edge set of G. For a vertex v of G, we denote by Ng(v) the set of
vertices of G which are adjacent to v. Let P, and C,(n > 4) denote the path and cycle with
order n, resp. D, (n > 4) denotes the graph obtained from K3 and P,_2 by identifying a vertex
of K3 with an end-vertex of P,,_3, and F,,(n > 6) denotes the graph obtained from K3 and D,,_»
by identifying a vertex of K3 with the vertex of degree 1 of D,,_.

The adjoint polynomial was introduced for solving the chromaticity problem of the comple-
ments of graphs. For details, one can refer to [2, 6]. Roots and properties of the polynomials
related to the chromatic polynomials of graphs have been studied for several years. For ex-
ample, Brenti, Royle and Wagner studied the roots and log-concavity of the coefficients of the
o-polynomials of graphs [3, 4] (In fact, the adjoint polynomial of the graph G can be considered
as the o-polynomials of the graph G in [3]). The ordering relations of the minimum real roots
of the adjoint polynomials of graphs can be applied to sort out graphs that are not adjointly
equivalent. Recently, by comparing the minimum roots of adjoint polynomials of graphs, many

new classes of chromatically unique (chromatically equivalent) graphs have been obtained!'0—12l,
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But comparing the minimum roots of adjoint polynomials of graphs is not easy. In this paper,
we are concerned with the minimum real root of the adjoint polynomial of the connected graph
G with cut-vertex u, in which G — u contains paths, circles or D,, components. Some relevant
new ordering relations are obtained. This extends several previous results on the minimum roots

of the adjoint polynomials of graphs in [10-13].

2. Prelimininaries

In this section, we first introduce some basic definitions and results.
A partition {41, As, ..., Ax} of V(G), where k is a positive integer, is called a k-independent
partition of a graph G if each A; is a nonempty independent set of G. Let «(G,i) denote the

number of i-independent partitions of G. Then
PG, ) = 2P (@, i) V)i,

is called the chromatic polynomial of G, where (A\); = A(A —1)(A —=2)--- (A — i+ 1) for each
i > 100,

In [2, 6], N(G, i) denotes the number of i-ideal subgraphs of G, that is, the number of ways
of partitioning G into i cliques, then N(G,i) = a(G,1).

Definition 2.12:9 Let G be a graph with p vertices and
P(G,\) =38_ a(G,i)(N\);.

Then the polynomial
h(G,z) = ¥!_ N(G,i)x'

is called the adjoint polynomial of G.

Let S(h(G,z)) denote the minimum real root of h(G,z). For brevity we shall write h(G)
instead of h(G, ), and B(G) instead of B(h(G,x)). There is at least one real root in h(G,x).
Since h(G,0) = 0 this is in fact obvious, and (G) < 0 follows.

Let H be a subgraph of G. The graph G — H is obtained from G by deleting the vertices of

H and all edges incident to these vertices.

[ Let e € E(G) with u and v as end points, writing H = G * e for the graph

Lemma 2.1
obtained from G by omitting u,v and adding a new vertex x to G, such that E(H) = {zy |y €

Ng(u) N Ng(v)} U E(G — {u,v}). Then
hG,z) = h(G —e,z) + h(G x e, x).

Corollary 2.1 If vertices u and v are adjacent and edge uv does not belong to any triangle
in G. Then

h(G,z) = h(G — wv,z) + 2h(G — {u,v}, z).

For convention, let h(Py) = 1,h(P1) = x,h(Do) = —x,h(D1) = 22 + 1,h(D3) = h(P) =
22 + 2, h(D3) = h(C3) = h(K3) = 23 + 32% + 2.
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Lemma 2.28 Tet1<r < ro, 71 < 81 < S§9 and 71 + 19 = S1 + So, where 11,79, 81, S are the

positive integers. Then
h(Prl)h(PTz) - h(Psl)h(Psz) = (_1)T1xT1+1h(P81—Tl—l)h(PSQ—Tl—l)'

Lemma 2.313 Let4 <r, < ro,1r1 < 81 < 89 and r1 + ro = S1 + So, where r1, 72, S1, So are the

positive integers. Then
h(DTl)h(DT2) - h(Dsl)h(Dsz) = (_:l)rlilizjrlig[x5 + h(P4)h(P2)]h(P51*Tlfl)h(P@*h*l)'

Lemma 2.4 Let r;1 +ry = 81 + S2, 71 # $1 and rg, 82 > 4, where 11,79, 81, S2 are positive
integers. Suppose that min{ry,r2} < min{sy, sa}.
(i) If min{ry,re} = ry, then

h(Pr)(Dy;) = h(Ps )h(Dsy) = (1) & h(Pyy —py—1)A( Dy, 1),
where h(D_,) = z~*(z 4 1)
(i) If min{ri, 75} =y, then
h(Pr)(Dry) = h(Ps, )M(Ds;) = (1) " h(Poy—ry—1) [M( Dy —rp+3) — Th(Psy 1)),
Proof By Lemma 2.1 we have
h(Pn) = x[h(Pa-1) + h(Py-2)] (1)
and
h(Dy) = h(Py) + h(P2)h(Py—3). (2)
Thus,
(P )2(Dry)=h(Ps, )t(Dsy) = h(Pr, )h(Pry)=T(Pe, ) Pay )+ Po) [ Pry )1 Pry —3) =1 Pe, ) (P, —3)].

(i) If min{ry,r2} = 71, note that sy — r1 = ro — s1, then by (1), Lemmas 2.1 and 2.2 it is
seen that the first assertion holds for so —r; =0,1,2,3 or so — 11 > 4.

(ii) If min{ry,ro} = ro. It is easy to check the second assertion by (1), Lemmas 2.1 and 2.2.

The proof is completed. O

Lemma 2.5['? Let G be a connected graph and H a proper subgraph of G. Then 3(G) < B(H).
Let f(z) be a polynomial in z, denote by 9(f(z)) the degree of f(z).

Lemma 2.6 Let f;(z) be the real coefficient polynomials in the form fi(x) = Z aijad fori =

1,2 such that a;n, > 0, where n; = 0(f(x;)). Suppose that /1 # Ba. If (1) f3(z) Z 1f2(x) + fi(z)
and ng —ny = 0(mod2) or (2) fs(x) = f2(z) — f1(x) and ne —nq =1 (mod2), then there exists
at least one real root B3 such that B3 > min{f1, B2}, where [3; denotes the minimum root of
fi(z) for i =1,2,3.

Lemma 2.7% Let G be a graph and u € V(G). Then h(G) = = > uev(k,),j>1 MG — K;), where

the summation is over all the complete subgraphs of G which contain u.
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Let K;y1 be the complete subgraph of G. Suppose that V(K1) = V(K;) U {w;+1}. Let
G — K; + e;4+1 denote the graph obtained from G — K; by adding a pendant edge e;11 to the
vertex wi+1. Since h(G — K; + ¢;) = 2h(G — K;) + 2h(G — K;4+1) by Corollary 2.1. Denote by
K* the complete graph of order n which contains the vertex u. Then Lemma 2.7 implies the

following corollary 2.2.

Corollary 2.2 Let K = {K!|i > 2, K C G}. For each K} € K, if i = 1(mod2), then set
V(K}) = V(K*,)U{w;} such that u # w;, where G — K!* | + e; denotes the graph obtained
from G — K* | by adding a pendant edge e; to the vertex w;. So we have

hG) — zh(G — u)
=a > h(G - K!) + > (WG - K& +eim1) — ah(G - KY)).

K*eK,i=0(mod2) K*ek,i=1(mod2)

Lemma 2.8 Let u be a cut vertex of graph G. If Gy —u and G5 — u are two components of
G — u such that G; N Gy = {u}. Then

h(G,x) = h(G1 — u, 2)h(Ga,x) + h(G1, 2)h(G2 — u,x) — 2h(G1 — u, 2)h(G2 — u, x).

3. Main results and proofs

For a connected graph G of order n, pick a vertex u € V(G). Let s and ¢ be the positive

integers.

Theorem 3.1 Let H,,,(G, Psy1, Piy1) be the graph with order m obtained from G by identifying
u with an end-vertex of Psy1 (resp. Pit1), wherem =n+s+t,n>2and 1 < s <t. Then

B(Hu (G, Psy1, Pry1)) < B(Hm(G, Ps, Pry2)).
Proof By Lemma 2.8 we have
Hp (G, Pst1, Piy1) = h(G — w)h(Psti42) + [M(G) — zh(G — w)|h(Ps)h(P,).
Since n > 2 and 1 < s < t. Then, by Lemma 2.2, we have
Hp (G, Psy1, Piy1) — Hy (G, Ps, Pryo) = (—1)°2°h(Pi—s) [M(G) — zh(G — u)].

Considering the parity of s and by Lemmas 2.5, 2.6 and Corollary 2.2, we know that the assertion
holds. The proof is completed. O

Theorem 3.2 Let H,,(G,Cs43,Cty3) be the graph with order m obtained from G by identifying
u with a vertex of Cgy3 (resp. Ciy3), wherem =n+s+t+4,n>1and 2 < s <t. Then

B(Hm(G7 CS+37 Ct+3)) < B(Hm(G7 CS+27 Ct+4))'

Proof By Lemma 2.1 we have
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Also, by Lemma 2.8
H,,(G,Csy3,Ciy3) = h(G)h(Psy2)h(Pry2) + 22h(G — w)[h(Psy1)h(Pit2) + h(Pry1)h(Psy2)].
Since 2 < s < t. Then, by Lemma 2.2, it is easy to see that
Hm (G, Csy3,Cii3) = Hn(G, Csp2, Crqa)
= (1) P2h(Po ) {ah(G — u) = [MG) = zh(G — u)]},
and the rest is as in Theorem 3.1, so the proof is completed. O

Theorem 3.3 Let H,,(G, Dst3, Dit3) be the graph with order m obtained from G by identifying
u with the vertex of degree 1 of Dsy5 (resp. Diy3), wherem =n+s+t+4,n>2and 2 < s <t.
Then

B(Hm (G, Dsts, Diy3)) > B(Hm (G, Dsya, Diya)).
Proof By Lemma 2.8 we have
H(G, Dsys, Digs) = h(G — u)h(Faqiss) + [W(G) — 2h(G — u)|h(Deg2)h(Dsy2).
Note that 2 < s <t. Then, by Lemma 2.3, we easily know that
Hum (G, Dst3, Dit3) — Hi(G, Dsy2, Diya)
= (=1 P h(Ps)[2” + h(Py)R(P2)][W(G) — 2h(G — u)].

Since B(Fs) < B(z° + h(Py)h(P))([13]). As in Theorem 3.1, also by Lemmas 2.5, 2.6 and
Corollary 2.2, we know that the assertion holds.

Theorem 3.4 Let H,,(G, Ps11, D;13) be the graph with order m obtained from G by identifying
u with an end vertex of Psy1 and the vertex of degree 1 of D.y3, respectively, where m =
n+s+t+2,n>2,s>1andt>1. Then

B(Hm (G, Pst1, Diy3)) < B(Hm (G, Ps, Di14)).
Proof By Lemma 2.8 we have
Hy (G, Psy1, Diys) = MG — u)h(Dsyi43) + [M(G) — 2h(G — w)|h(Dyq2) h(Fs).
Note that s > 1 and t > 1. Then, by Lemma 2.4

Hp (G, Psy1, Diy3) — Hi (G, Ps, Dy14)

(=)t W (Ds—y) — 2h(Ps—1—2)] - [R(G) — 2h(G — u)], if s >t + 3;
(=12 h(D¢—s42)[M(G) — zh(G — u)], Otherwise.

Considering the parity of s(or t), as in Theorem 3.1 we easily know that the assertion holds.

Theorem 3.5 Let H,,(G, Psy1,Cty3) be the graph with order m obtained from G by identifying
u with an end vertex of Psy1 and a vertex of Cyy3, respectively, where m =n+s+t+2,n > 2,
s>landt>1. If s <t+1, then S(Hp, (G, Pst1,Cry3)) < B(Hnm(G, Ps,Ci14)); Otherwise,
B(Hm (G, Psy1,Ci43)) > B(Hm (G, Ps, Ciia)).
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Proof As in Theorem 3.1, also by Lemmas 2.1 and 2.8 we have
Hp (G, Pst1,Cig3) = h(G)h(Ps)h(Pig2) + h(G — u)[h(Ps—1)h(Pi+2) + 2h(Pip1)h(Ps)].
Note that s > 1 and ¢t > 1. Then, by Lemma 2.2, we distinguish with the following cases:
Case 1 If s <t+1, then
Hy (G, Psy1, Cry3) — Hin (G, Ps, Cyya)
= (=12 {h(Pi—s42)[M(G) = 2h(G — w)] + zh(G — w)h(Pi—s11)}.
Case 2 If s =t + 2, then
H,, (G, Pst1,Cty3) — Hpn (G, Ps, Ciia) = (—=1)°2°[R(G) — zh(G — u)].
Case 3 If s =t + 3, then
H, (G, Psi1,Ciy3) — Hin(G, Py, Crya) = (—1)'2'h(G — u).
Case 4 If s >t + 4, then
Hum (G, Pss1, Cras) — Hn (G, Ps, Crqa)
= (=1)' " {h(Ps—1-2)[1(G) — 2h(G — u)] = M(G — u)h(Ps—¢—3)}.

By considering the parity of s(or ¢) in the cases 1-4, as in Theorem 3.1 we easily know that the
assertion holds.

In the proof of Theorem 3.5, let n = 1. Then we have the following immediate corollary 3.1.

Corollary 3.1 Let H,,(Ps+1,Ciy3) be the graph obtained from Psy1 and Cyys by identifying
an end-vertex of Py with a vertex of Cyy3, wherem =s+t+3,s>1andt > 1.

(i) If s <t+1, then 8(Hy(Pss1,Ciy3)) < B(Hpm (Ps, Ciy4));

(i) If s =t +2, then B(Hp(Pst1,Cty3)) = B(Hp(Ps, Crta));

(iii) If s >t + 3, then B(H, (Pst1,Cit3)) > B(Hpm (Ps, Cita)).

Theorem 3.6 Let H,,(G, Cs13, Diy3) be the graph with order m obtained from G by identifying
u with a vertex of Csy3 and the vertex of degree 1 of D43, respectively, where m = n+s+t+4,
n>1,s>2andt>1. Then

B(Hm (G, Csts, Diss)) < B(Hm (G, Csy2, Diya)).
Proof By Lemma 2.1 we have
h(Dn) = z[h(Dp-1) + h(Dn—2)].
As in Theorem 3.1, also by Lemma 2.8 we have
Hu (G, Cst3, Digs) = MG)h(Pog2)h(Div2) + xh(G — w)[2h(Pss1)h(Dit2) + h(Des1) h(Psi2)].
By Lemma 2.4, we distinguish with the following five cases:
Case 1 Ift > s+ 2, then
Hm (G, Csy3, Digs) = Hm(G, Cst2, Dita)
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= ()M FHA(G = w)h(Di—si1) = (D) [M(G) — zh(G — u)]}.
Case 2 Ift =s+1, then

Hm(Gu CS+37 Dt+3) - Hm(Gu CS+27 Dt+4)
= (=) 2T H[n(Py) + 2] - [0(G) — xh(G — u)] — zh(G — u)h(P2)}.

Case 3 Ift = s, then

Hm(G7 CS+37 Dt+3) - Hm(G7 CS+27 Dt+4)

= (=122 [A(G) — 2h(G — u)] + h(G — u)[h(P2) + %]}
Case 4 Ift =5 — 1, then
Hyo (G, Cst3, Diys) — Hin(G, Csta, Dieta)
= (=) 2 {[n(G) — zh(G — u)|R*(Py) + k(G — u)]}.

Case 5 Ift < s —2, then

Hm(G; OerB; Dt+3) - Hm(G; Os+2; Dt+4)
= (=) H[M(G) = 2h(G — w)] - [M(Ds—t42) — th(Pe—t)]+
2h(G = u)[M(Ds—t41) — xh(Psr1)]}-

And the rest is as in Theorem 3.5. So the proof is completed. O
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